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DYNAMIC  LOADS  IN  UNDERWATER  EXPLOSION 


by 

B.  V.  Zamyshlyayev  and  Yu.  S.  Yakovlev 


Foreword 

In  the  total  complex  of  problems  in  modern  shipbuilding, 
dynamic  strength  occupies  a  prominent  place.  Since  theoretical 
methods  for  evaluating  stresses  and  deformation  under  known  loads 
have  been  thoroughly  researched  in  many  studies,  there  is  signif¬ 
icant  value  in  the  study  of  external  forces. 

Dynamic  loads  in  underwater  explosion  are  a  separate  and  es¬ 
sential  part  of  the  total  problem  of  external  forces.  Final  sol¬ 
utions  in  the  field  of  dynamic  loads  have  only  recently  appeared 
in  the  scientific  literature.  This  is  explained  by  difficulties 
arising  in  research  of  similar  problems.  Indeed,  even  when  eval¬ 
uating  the  hydrodynamic  field  for  the  simplest  case  of  an  undeform¬ 
ed  obstacle,  we  must  take  into  account  the  effect  of  a  shock  wave 
passing  around  an  obstacle,  in  addition  to  the  reflection  and  re¬ 
fraction  of  waves;  this  "rounding  of  waves"  is  usually  called 
diffraction.  The  analytic  intricacy  of  wave  equation  diffraction 
problems  is  well  known.  It  is  this  fact  alone  which  has  hindered 
the  development  of  practical  methods  for  dynamic  calculation  of 
structures. 

Consequently,  it  seemed  appropriate  to  present  the  primary 
findings  in  the  field  of  diffraction  problems  of  the  theory  of 
underwater  explosion  within  a  separate  chapter  of  this  monograph 
(Chapter  II) .  We  discuss  difrraction  of  a  plane  wave  around  a 
completely  rigid  wedge.  The  first  solution  of  this  problem  was 
given  by  S.  L.  Sobolyov  and  V.  I.  Smirnov  [18,  19).  Another 
simpler  method  was  given  by  A.  A.  Kharkevich  in  his  study  of  the 
diffraction  field  at  the  edge  of  a  semi-infinite  plate  [21] . 
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The  use  of  the  method  recommended  by  Kharkevich,  which  consisted 
in  using  a  Laplace  equation  in  place  of  a  wave  equation,  allowed  us 
to  derive  simple  relationships  without  difficulty.  The  use  of  these 
relationships  enabled  us  to  explain  the  distinctive  features  of  the 
diffraction  field  by  an  angle  and  give  practical  methods  for  evaluat¬ 
ing  external  forces  for  the  effect  c£  a  shock  wave  on  the  body  of  a 
ship  whose  outlines  can  be  geometrically  reduced  to  a  polygon. 

Thus  we  thought  it  necessary  to  explain  the  possible  use  of  a 
ratiation  integral  solution,  in  some  cases,  in  the  analysis  of  diff¬ 
raction  problems  and  to  indicate  those  cases  where  its  use  would  not 
lead  to  appreciable  error. 

The  study  of  wave  equation  boundary-value  problems  permitted  us 
to  form  conclusions  on  the  general  mathematical  features  of  a  descrip¬ 
tion  of  a  single  wave  being  diffracted  around  an  obstacle,  the  motion 
of  this  obstacle  at  a  velocity  which  changes  according  to  the  unit 
function  law,  and  to  establish  a  connection  between  wave  solutions  and 
solutions  based  on  the  classic  notion  of  a  noncompress ible  fluid.  We 
found  that  after  a  certain  time  interval,  the  load  developing  during 
the  diffraction  of  a  wave  around  a  body  is  easy  to  calculate  in  terms 
of  apparent  mass.  The  proper  approximation  of  this  transient  function 
permits  us  to  analyze  the  external  forces  for  the  entire  period  of 
transient  motion,  with  sufficient  accuracy  for  practical  application. 
On  this  basis,  in  particular,  the  diffraction  load  on  a  round  cylin¬ 
der  and  an  ellipsoid  of  revolution  can  be  written  in  a  very  simple 
form. 


For  these  reasons,  we  can  speak  of  designing  an  approximate  but 
rather  universal  method  for  evaluating  hydrodynamic  forces,  based  on 
the  assumption  of  an  obstacle  having  absolute  rigidity  (collective 
forces  of  the  first  order) . 

The  appreciable  acoustic  resistance  of  water  predetermines  the 
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second  basic  problem  in  evaluating  external  forces.  The  motion  of 
an  obstacle  during  elastic-plastic  deformations  generates  wave  dis¬ 
turbances  which  greatly  affect  the  total  hydrodynamic  field.  The 
interrelationship  between  deformation  and  load  necessitates  the  study 
of  the  systems  of  integral-differential  equations  of  motion.  A  def¬ 
ined  approximation  of  the  kernel  permits  us  to  reduce  these  equations 
to  ordinary  differential  equations.  The  representation  of  motion  in 
its  main  forms  of  change  enables  us  to  investigate  these  equations 
independently  of  each  other,  in  some  cases.  In  this  way,  we  can  find 
an  evaluation  of  hydrodynamic  forces  of  the  second  order  which  takes 
into  account  the  effect  of  deformation  and  displacement  on  the  re¬ 
sulting  load. 

In  the  interaction  of  a  direct  shock  wave  resulting  from  the  motion 
of  an  obstacle  with  an  expansion  wave,  negative  stresses  may  be  creat¬ 
ed  in  a  fluid  and  subsequently,  areas  of  cavitation.  This  process 
may  no  longer  be  described  by  classic  hydrodynamic  equations  and  re¬ 
quires  the  development  of  special  research  methods.  However,  we  must 
take  account  of  this  process  in  many  cases,  since  the  external  load 
depends  greatly  on  it.  This  type  of  problem  can  be  solved  by  using 
integrated  evaluations  based  on  the  universal  laws  of  conservation  of 
energy  and  momentum. 

■  i 

The  entire  range  of  questions  is  reflected  in  the  contents  of 
Chapter  III.  Since  the  nature  of  interaction  of  a  wave  and  a  struct¬ 
ure  and  the  final  formulas  derived  are  in  many  respects  defined  by  the 
direct  shock-wave  curve,  and  since  universal  theoretical  research 
methods  are  based  on  a  certain  apparatus  of  g&s  dynamics,  the  second 
and  third  chapters  of  this  monograph  are  preceded  by  an  introductory 
first  chapter  which  briefly  states  the  necessary  data  for  hydrodyn¬ 
amic  fields  in  underwater  explosion  in  a  free  fluid.  Nevertheless, 
seme  sections  in  this  introductory  chapter  do  contain  new  elements. 
Subsequent  development  of  Kirkwood's  ideas  in  particular,  permitted 
us  to  derive  a  clear  picture  of  underwater  explosion  at  great  charge 
depths.  Consideration  of  nonlinear  effects  with  utilization  of  the 
Fermat  principle  made  it  possible  to  derive  a  rather  simple  method 
for  evaluating  the  effect  of  a  free  surface  and  the  bottom  of  a  basin 
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in  the  reflection  of  a  spherical  wave. 

Very  little  literature  exists  on  the  subject  of  this  monograph, 
with  the  exception  of  information  covered  in  Chapter  I.  Clarification 
of  questions  on  acoustic  wave  diffraction  around  an  obstacle  was  facil¬ 
itated  by  the  work  of  S.  L.  Sobolyov,  V.  I.  Smirnov,  and  A.  A.  Khar- 
kevich.  r.  cowle's  book  ("Underwater  Explosions"  [10])  and  Yu.  S. 
Yakovlev's  book  ("The  Hydrodynamics  of  Explosion" [26] > -  as  well  as 
a  number  of  articles,  mainly  by  S.  A.  Khr istianovich ,  were  of  aid  in 
writing  Chapter  I  and  several  paragraphs  in  Chapters  II  and  III;  these 
last  articles  have  been  published  at  various  times  in  the  journal 
"Applied  Mathematics  and  Mechanics". 

The  main  contribution  to  the  solution  of  this  problem  was  made, 
in  our  opinion,  by  the  work  of  Academicians  V.  V.  Novozhilov,  D.  A. 
Aleksandrin,  Yu.  V.  Golyainov,  M.  N.  Lefonova,  K.  V.  Lopukhov,  I.  L. 
Mironov,  I.  G.  Novoselov,  A.  N.  Patrashev,  A.  K.  Pertsev,  L.  I.  Slep- 
yan,  Yu.  A.  Fyodorovich,,  L.  V.  Fremke,  and  to  some  degree,  the  authors 
of  this  book. 

The  large  number  of  papers  recently  published  in  the  field  of 
shell  dynamics  compels  us  to  view  the  problem  of  interaction  between 
a  shock  wave  and  a  shell  as  a  separate,  important,  and  interesting 
problem;  a  brief  summary  of  even  the  main  aspects  of  this  theory  would 
require  a  separate  monograph.  In  this  study,  we  will  only  be  con¬ 
cerned  with  certain  aspects  of  this  question ;  mainly  from  the  stand¬ 
point  of  evaluating  the  diffraction  field  near  an  absolutely  rigid 
body. 

The  manuscript  of  this  book  was  reviewed  by  L.  I.  Slepyan,  V.  A. 
Timofeyev,  and  P.  F.  Fomin.  Y.  I.  Kolyzheva  designed  the  layout. 

To  these  persons,  and  to  the  scientific  editor  of  this  book,  Acad. 

V.  V.  Novozhilov  the  authors  express  their  sincerest  appreciation. 
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Comments  and  questions  concerning  this  book,  should  be  sent  to: 
"Sudostroyeniye"  Publishers,  8  Gogol  Street,  Leningrad,  D-65,  USSR. 


PRESSURE  FIELDS  FORMED  DURING  UNDERWATER  EXPLOSION  IN  A 


FREE  FLUID 

SI.  Second-Order  Discontinuity  Surfaces.  Dynamic  Compatibility 

Conditions . 


In  the  explosion  resulting  from  the  rapid  liberation  of  energy, 
high  pressures  and  temperatures  are  formed.  These  quantities  are 
generally  distributed  arbitrarily  along  the  boundary  surface  between 
the  detonation  products  and  the  ambient  medium.  At  the  same  time, 
the  existence  of  this  unique  boundary  surface  of  two  media  is  incom¬ 
patible  with  the  laws  of  conservation  of  matter,  momentum,  and  energy. 
Transient  disintegration  of  the  initial  surface  occurs  as  three  new 
surfaces  are  formed.  The  distinctive  feature  of  each  of  these  sur¬ 
faces  is  the  abrupt  change  in  hydrodynamic  parameters  (pressure,  den¬ 
sity,  temperature,  and  particle  velocity).  These  surfaces  are  called 
discontinuity  surfaces;  if  the  hydrodynamic  parameters  themselves 
change  abruptly,  we  are  speaking  of  second-order  discontinuity  sur¬ 
faces;  if  their  first  or  high  derivatives  change  -  of  first-order  dis¬ 
continuity  surfaces. 


In  underwater  explosion,  the  surface  propagated  through  the  am¬ 
bient  medium  is  a  non-stationary  second-order  discontinuity  surface 
(shock-wave  front) .  The  boundary  surface  between  explosion  products 
and  the  medium  is  a  stationary  second-order  discontinuity  surface 
(gas-bubble  surface) .  The  third  surface  propagated  through  the  pro¬ 
ducts  of  explosion  is  a  first-order  discontinuity  surface,  or  the 
"characteristic" . 


The  main  task  of  the  theory  of  explosion  in  an  infinite  medium 
is  the  study  of  transient  fluid  motion  between  two  boundary  surfaces, 
the  shock-wave  front  and  the  gas-bubble  surface.  This  motion  is  char¬ 
acterized  by  a  system  of  partial  differential  equations.  A  statement 
^  of  the  problem  entails  the  recording  of  this  system  and  the  definition 
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^  of  the  previously  mentioned  boundary  conditions. 

Using  the  iaw  of  conservation  of  momentum  and  the  law  of  con¬ 
servation  of  matter,  Leonard  Euler  (1755)  first  established  the  equ¬ 
ation  of  motion  and  the  equation  of  discontinuity  for  an  ideal  fluid. 

These  equations,  which  are  universal  for  all  fluids  and  gases,  have 
the  form 

(1.1)  j 

(1.2)  j 

I 

* 

The  two  equations  of  motion  include  five  variables:  pressure  p*,  j 

density  p,  and  three  components  of  the  velocity  vector  v  ,  v  ,  and  v  .  ! 

x  y  z  | 

Without  adding  any  other  variables,  the  equation  of  discontinuity 
nevertheless  completes  the  system.  Sometimes,  the  assumption  is  made 
that  the  problem  can  be  solved,  considering  that  density  is  constant 
(  (the  hypothesis  of  a  noncompressible  fluid).  Accordingly,  the  equ-  i 

ations  of  motion  and  the  equation  of  discontinuity  form  a  closed  sys-  * 
tem  and  for  a  one-dimensional  case  a  solution  may  be  derived  using  t 

quadratic  equations.  This  is  precisely  what  Lamb  did  at  one  time  j 

(1923) ,  the  first  person  to  theoretically  derive  the  pressure  field  j 

in  underwater  explosion.  To  this  very  day,  his  solution  has  not  lost 
its  methodological  and  practical  value  for  the  analysis  of  individual 
problems . 


P  ~7  +  P  ~  '1 
at 

—•  -f  f*  div  v  »  0. 

lit 


In  a  general  statement  cf  the  problem,  however,  the  use  of  the 
hypothesis  of  fluid  noncompressibility  is  inadmissible,  since  under  ! 

the  high  pressures  formed  during  explosions  fluids  are  highly  com¬ 
pressed.  Water,  for  example,  is  compressed  by  more  than  20%  at  ! 

pressures  of  10,000  atm.  But  this  is  not  the  deciding  factor.  The  j 

main  objection,  with  respect  to  the  possible  utilization  of  the  hypo¬ 
thesis  of  noncompressibility , is  revealed  on  investigating  the  energy 

balance.  As  is  well  known,  an  assumption  on  noncompressibility  of  a 
*In  studying  transient  flow  resulting  from  underwater  explosion, 
pressure  (p)  is  understood  as  being  pressure  in  excess  of  hydro¬ 
static  pressure. 
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medium  does  not  permit  us  to  take  into  account  the  dissipation  of 
energy,  thereby  totally  excluding  dissipative  processes  from  analysis. 
However,  in  the  propagation  of  a  shock  wave  formed  at  the  beginning 
of  the  first  pulsation  of  the  gas  bubble  in  an  underwater  explosion, 
one  cannot  ignore  that  about  60%  of  the  initial  energy  is  dissipated. 
Ultimately,  the  hypothesis  of  noncompressibility  excludes  from  dis¬ 
cussion  shock  waves  and  their  concomittant  local  areas  of  heightened 
pressure  and  the  finite  propagation  rate  of  disturbances. 


Therefore,  we  must  write  additional  equations  to  completely 
describe  the  system  of  (1.1)  and  (1.2).  Tb^se  equations  are  the 
equation  of  state  and  the  equation  of  energy.  These  equations  con¬ 
tain  another  two  variables  which  were  not  previously  mentioned:  ab¬ 
solute  temperature  T  and  heat  flux  e.  However,  the  high  rate  of  occur¬ 
rence  of  explosive  processes  almost  eliminates  heat  exchange  with  the 
ambient  medium.  Heat  flux  is  assumed  to  be  equal  to  zero,  and  the 
system  of  equation  is  closed.  After  excluding  temperature  using  an 
equation  of  state,  we  generally  derive  five  equations.  For  of  them 
are  universal  for  all  fluids  and  gases.  The  difference  in  the  phys¬ 
ical  properties  of  various  media  is  reflected  only  in  the  condition  "' 
of  adiabaticity  (in  terms  of  the  quantity  of  internal  energy,  defined 
by  the  parameters  of  state). 


Problems  of  a  mathematical  nature  compel  us  to  reject  the  initial  I 
system  of  equations  from  our  analysis  of  the  universal  case  of  fluid  ' 
spatial  motion.  At  the  present  t:me,  only  a  few  studies  have  been 
carried  out  on  motion  having  plane,  axial,  and  spherical  symmetry. 

It  is  namely  one-dimensional  motion,  however,  which  is  of  practical 
interest. 


The  initial  system  of  equations  is  integrated  with  respect  to 
boundary  conditions  assigned  at  the  two  boundary  surface  -  the  shock¬ 
wave  front  and  the  gas-bubble  surface.  We  will  investigate  these 
conditions  in  greater  detail,  bearing  in  mind  that  the  wave-front  is 
a  non-stationary  second-order  discontinuity  surface  where  the  quanti¬ 
ties  of  the  fluid  hydrodynamic  parameters  abruptly  change. 
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If  we  assume  that  the  equation  of  a  second-order  discontinuity 
surface  E  is 

F(x,  y ,  z,  t)  =  0, 

then  the  area  F  >  0  can  be  considered  relatively  positive,  the  para¬ 
meters  of  this  area  being  assigned  the  index  +  j  accordingly,  the 
quantities  in  the  area  F  <  0  will  be  assigned  the  index 

A  discontinuity  or  rapid  change  in  function  b  on  surface  E  we 
shall  call  the  difference  in 


b,-b_  =  \b). 


(1.3) 


Let  us  introduce  the  notion  of  the  rate  of  travel  of  surface  E 
at  any  given  point.  The  rate  of  travel  is  the  limit  of  the  ratio  of 
a  point  traveling  along  a  normal  toward  the  surface  to  time 


N  «=  lim  ~ . 

it-0  U 


(1.4) 


Velocity  N  defines  the  motion  of  a  discontinuity  surface  with  re¬ 
spect  to  a  stationary  observer. 

Another  interesting  quantity  is  the  rate  of  motion  of  a  discon¬ 
tinuity  surface  with  reference  to  particles  of  fluid,  called  the  dis¬ 
continuity-surface  propagation-rate  and  designated  by  the  symbol  6. 


By  definition 


6  ~N~v^, 

0  «  N  —  vm  . 


(1.5) 


On  discontinuity  surfaces,  as  in  other  areas  of  fluid  motion, 
the  universal  laws  of  conservation  of  momentum  and  energy  are  satis¬ 
fied. 


The  mathematical  form  f.or  writing  these  laws  is  called 
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f  *  '  ,v<r  v  ' 


.  r-r-  *  —  . .  i  .  i'1'.wwii' 1  u..  >  jr  r . 


dynamic  compatibility  conditions. 

N.  Ye.  Kochin  (1926)  derived  these  conditions  in  the  form 


lf*6|  -  0, 


(-0|u|  «|p)n, 


(1.6) 

(1.7) 

(1.8) 


where  we  also  designate:  u  -  internal  energy;  A  -  thermal  work  equi¬ 
valent.* 


If  the  rate  of  propagation  0  «  0,  the  discontinuity  surface  is 
not  in  motion  with  respect  to  the  particles  and  is  called  stationary. 
Based  on  (1.7),  pressure  discontinuity  |p]  =  0  on  such  a  surface.  By 
definition,  as  well  as  on  the  basis  of  (1.8),  density  discontinuity 
[p]  is  relative.  The  discontinuity  of  tangential  vc-  ocity  components 
is  also  relative.  This  is  easily  verified  by  scalar  multiplication  of 
both  sides  of  equality  (1.7)  by  the  unit  vector  7  which  is  at  right 
angles  to  n.  Consequently,  a  stationary  second-order  discontinuity 
surface  is  often  called  a  tangential  discontinuity  surface  or  sometimes, 
a  contact  surface. 

If  the  rate  of  propagation  0  /  0,  a  discontinuity  surface  is 
called  non-stationary.  On  this  surface  there  is  always  an  abrupt 
change  in  the  quantity  of  pressure  and  the  normal  components  of  the 
particle  speed  vector:  [p]  ^0,  [vnJ  jt  0.  Indeed,  if  we  assume  that 
[p]  =  0,  then  based  on  (1.7)  [vnJ  =  0  and  consequently,  based  cn  (1.8) 
0=0.  According  to  (1.6)  [pi  »  0,  i.e.,  there  is  no  second-order 
discontinuity. 

Let  us  examine  the  corollaries  derived  from  dynamic  compatibil¬ 
ity  conditions  for  non-stationary  second-order  discontinuity  surfaces. 


♦Assuming  that  internal  energy  is  expressed  in  thermal  units. 


First  of  all,  let  us  note  that  the  three  equations,  (1.6) -(1.0)  in¬ 
clude  seven  variables:  N,  p+,  p_,  v+,  v_,  p+,  and  p_*.  Thus,  if  the 
hydrodynamic  parameters  of  an  undisturbed  medium  are  known  (  +,  v+,  p+) , 
we  only  have  to  be  given  one  element  on  the  discontinuity  surface  so 
that  the  remaining  parameters  are  identically  defined. 


After  excluding  mass  velocity  v  from  (1.6)  and  (1.7),  it  is  easy 
to  derive  expressions  for  the  rate  of  propagation  of  the  shock-wave 
front 


m  .  ti.  l£L 
* '  ft.  (Pl  * 


(1.9) 


(1.10) 


The  physical  interpretation  of  equalities  (1.9)  and  (1.10)  will 
become  quite  clear  if  we  use  specific  volume  t(t  *  1/p) instead  of 
density  p.  We  then  find  that 


4v=r 


(1.11) 


(1.12) 


Let  us  first  examine  expression  (1.12).  For  a  given  initial  state, 
the  coefficient  t*  is  constant.  Consequently,  the  propagation  rate  of 
shock-waves  0, ,  corresponding  to  various  degrees  of  compression,  de- 

T 

pends  only  on  the  ratio  (p_  -  p+)/(t+  -  t_) ,  i.e.,  it  is  a  function 
of  the  tangent  of  the  slope  of  the  corresponding  straight  lines  which 
connect  initial  point  p+,  x+  with  points  p_,  (Fig.  1).  The  pro¬ 
pagation  rate  of  small  disturbances  at  point  A  is  defined  by  the  slope 
of  tangent  AD 

V  I  =  fli 

■*  M  +  ♦ 


*  0  and  u  are  not  independent  variables,  since  by  definition  0  = 

=  N  -  v  ,  and  the  quantity  of  internal  energy  u  is  expressed  in  terms 
of  p  an8  p  by  means  of  an  equation  of  state. 


11 


and  is  equal  to  the  speed  of  sound  in  an  undisturbed  medium  a+.  We 
>  can  also  see  that  8+  >  a+. 

Based  on  identical  arguments  (see  Fig*  1) .  iz  follows  that 
0+  <  a_.* 

If  we  are  examining  a  stationary  second-order  discontinuity  sur¬ 
face  where  N  =  0  and  consequently,  6  *  -vn,  then  the  relationships 
derived  produce  an  important  corollary:  a  second-order  discr ntinuity 
can  be  created  only  in  supersonic  fluid  flows.  In  the  stationary 
problems  of  gas  dynamics,  this  discontinuity  is  usually  called  a 
consolidation  discontinuity . 

Since  passage  through  the  local  speed  of  sound  qualitatively 
changes  the  nature  of  motion,  the  ratio  of  the  speed  of  particles  to 
the  speed  of  sound,  M  =  v/a  is  often  used  as  a  criterion  of  similar¬ 
ity.  This  criterion,  called  the  Mach  number,  can  easily  he  extended 
{  to  nonstationary  processes.  In  this  connection,  we  should  of  course 
examine  reversed  motion  by  studying  the  motion  of  particles  with  re¬ 
spect  to  the  wave-front. 

We  will  then  define  the  two  Mach  numbers 


M 

(1.13) 

+  «►  ’ 

u 

(1.14) 

where  M_  <  1  if  M+  >  1, 

In  most  cases  which  are  of  practical  importance,  a  shock-wave  is 
propagated  in  an  undisturbed  medium.  In  this  connection,  v+  *  0, 

8+  =  N.  Consequently,  the  velocity  of  shock-wave  motion  is  always 
greater  than  the  speed  of  sound  ahead  of  the  front  (m+  »  (N/a+)  l) . 

C~wAs  we  know,  pressure  change  is  (32p)/O  z)  >  0  for  the  dynamic 
adiabatic  curve  of  water,  on  which  we  base  the  universal  nature  of 
the  conclusions  formulated. 
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Fig.  1.  Schematic  Comparison  of  Shock-Wave 
Propagation  Rate  and  Local  Speed  of  Sound. 

However,  the  difference  in  the  rates  of  wave  motion  and  particle  mot¬ 
ion  is  always  less  than  the  speed  of  sound  behind  the  front  (m_  = 

=  (N  -  v  /a  )  <  1;  N  <  a  +  v„  } .  On  this  basis,  weak  disturbances  in 
a  fluid  which  are  propagated  at*“the  local  speed  of  sound  can  catch  up 
to  the  shock-wave  front,  but  cannot  outdistance  it. 

Inequality  M+  >  1  >  M_  is  often  given  as  evidence  that  the  only 
second-order  discontinuities  which  are  possible,  are  those  in  which 
pressure  increases  (Cemplen  theorem) . 


Let  us  return  to  dynamic  compatibility  conditions  (1.6)- (1.8). 
After  excluding  the  variables  v  and  0,  we  find  that 


(/>,  !-/>_)(—] 


(1.15) 


Equation  (1.15)  is  the  dynamic  or  shock  adiabatic  equation. 


For  an  ideal  gas,  the  quantity  of  internal  energy  is  expressed  by 
a  linear  function  of  absolute  temperature 


« ---  cur, 


(1.16) 


and  the  equation  of  state  is  the  Mendeleyev-Clapeyron  equation 
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p  « f/?r. 


(1.17) 


Moreover,  the  product  of  the  gas-constant  R  times  the  thermal- 
work-equivalent  is  equal  to  the  difference  in  specific  heats  at  con¬ 
stant  pressure  and  volume 


»At  ■  »  t. 


(1.18) 


Using  these  relationships,  equation  (1.15)  can  be  written  in  the 


form 


\P 


(1.19) 


or,  by  expanding  the  signs  of  the  discontinuities  and  performing 
simple  transformations, 


P>  '  •)*+-(*- 1)?_  *  (1.20) 


where  k  =  cp/cv  “  the  adiabatic  coefficient. 


Equality  (1.20)  is  the  dynamic  adiabatic  curve  of  an  ideal  gas, 
or  the  Hugoniot  adiabatic  curve.  The  Hugoniot  adiabatic  curve  inter¬ 
sects  the  static  adiabatic  curve  (the  Poissonian  adiabatic  curve) 


K  “(£)*  (1.21) 


at  point  (p_/p+)  *  1,  (p./p+)  35  1  and  has  a  second-order  tangency  at 
this  point. 


The  theoretical  distinction  between  the  Hugoniot  and  the  Poisson 
ian  adiabatic  curves  is  that  the  Poissonian  adiabatic  curve  is  a 
single-parameter  curve,  whereas  the  Hugoniot  curve  is  a  two-parameter 
curve.  To  exhaust  all  possible  Poissonian  adiabatic  curves,  one  only 
has  to  run  through  a  one-dimensional  series  of  entropy  (S)  values; 
while  to  exhaust  all  possible  Hugoniot  adiabatic  curves,  one  must 


14 


-*  f-I 


plot  "infinity  squared"  curves  to  satisfy  all  possible  values  of  p+  I 
and  p+.  In  other  words#  in  contrast  to  the  Poissonian  adiabatic  curve#  | 
where  entropy  maintains  a  constant  value#  every  point  on  a  dynamic  I 
adiabatic  curve  is  satisfied  by  a  certain  value  of  entropy  which  is  § 
inherent  only  to  that  point.  Consequently#  if  an  area  of  variable  I 
pressure  is  formed  behind  the  shock-wave  front#  there  will  be  a  con-  I 
comittant  area  of  variable  entropy. 


ity 


The  function  of  entropy  of  an  ideal  gas  is  defined  by  the  equal¬ 


ly  « 


(1.22) 


Using  equation  (1.20),  we  can  derive  an  order  expansion  Ap/p+ 
of  function  AS  near  point  (p+#  p+) : 


AS- 


£v  **_ 

A  I 


m\' 


3 

T 


A? 

tv 


(1.23) 


Based  on  (1.23)#  at  small  values  of  Ap/p+,  an  increment  of  en¬ 
tropy  in  the  shock-wave  is  proportional  to  the  cube  of  relative  con¬ 
solidation.  In  weak  shock-waves#  the  increment  in  entropy  is  so  small 
that  we  can  view  the  propagation  of  such  waves  as  an  isentropic  proc¬ 
ess,  with  no  detriment  to  practical  precision. 


Assertions  made  for  a  dynamic  adiabatic  curve  of  an  ideal  gas# 
with  respect  to  quality#  are  also  valid  for  other  fluids  and  gases. 
For  quantiative  evaluations#  we  must  know  the  thermodynamic  proper¬ 
ties  of  the  medium  and#  above  all#  the  equation  of  state.  Numerous 
attempts  a  theoretical  derivation  of  the  equation  of  state  for  water 
have  not  produced  the  desired  results;  for  this  reason#  various  em¬ 
pirical  and  semi -empirical  equations  of  state  for  water  are  used  to 
solve  practical  problems  which#  as  a  rule#  approximate  Bridgman's 
experimental  data  in  one  form  or  another. 

For  an  area  of  high  pressure  (p  >  30*10j,  kG/cm2),  we  can  recom- 
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DP 


T 


mend  the  following  empirical  dynamic  adiabatic  equation  for  water: 


(1.24) 


At  pressures  less  than  30* 10 3  kG/cma,  the  change  in  entropy  may 
be  disregarded  and  consequently,  the  static  and  dynamic  adiabatic 
curves  almost  coincide  and  can  be  expressed  by  the  so-called  T§te 
equation : 


(1.25) 


where  B  =  pQaa/n  *  3045  kG/cma  (where  t  *  15°C,  aQ  *  1460  m/s,  and 
n  =  7.15) . 


Equations  (1.24)  or  (1.25)  in  conjunction  with  equalities  (1.6) 
and  (1.7)  constitute  a  system  which  permits  us  to  identically  define 
any  hydrodynamic  parameter  in  a  shock-wave  front,  if  we  are  given  one 
of  them  in  conjunction  with  the  parameters  of  an  undisturbed  fluid. 

For  the  sake  of  convenience,  we  will  write  the  system  of  these 
relationships  after  assigning  the  parameters  of  the  front  the  index 
"<j>"  and  the  parameters  of  the  undisturbed  medium  the  index  "0". 

Based  on  (1.6)  and  (1.7)  we  immediately  find  that 

P*  —  P«  ^  M  A  —  c,)  (0+  —  Co), 

N  ~ 

* 

(«♦  -  v*)1  -  <P*  -  P.)  . 

If  vQ  =  0,  then 

P*-P*"=.VVp*  (1.30) 


(1.26) 

(1.27) 

(1.215) 

(1.29) 
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Vt~N*£ib. 

** 


(1.31) 

(1.32) 


Equalities  (1.26) -(1.32)  are  valid  for  all  fluids  and  gases. 
For  water,  when  pressure  on  the  front  is  in  excess  of  30,000  kG/cm2 


„-*-„  [(£)*-.,]  JtG/om2> 

N*  ~  ,  2 

cm  /3ec  , 

2  2 

f-o’'*  \  **♦  J  err  /sec* , 


(1.24a) 

(1.33) 

(1.34) 


where  d  *  4250  kG/cnr ,  k  -  6.29. 


For  isentropic  motion  (p  <  30,000  kG/cm2),  according  to  the 
T§te  equation 


fl»= 


e»«  ~  (*»»  —  P.) 


("f/.-iES) 
[■- 


»  ) 

(1.35) 

_ _ L  .  1 

(1.36) 

*  .1 

-P»  ’  B 

(1.37) 

P* 

In  studying  the  propagation  of  an  underwater  shock-wave  having 
pressure  on  the  front  less  than  1,000  kG/cm2,  dynamic  compatibility 
conditions  can  be  linearized. 


After  performing  simple  operations,  considering  that 
we  find  that 


<<  Bn 


t 


tf-.-P.)]. 
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(1.38) 

(1.39) 

(1.40) 


(1.41) 


Let  us  note  that  the  linearized  dynamic  compatability  conditions 
for  an  ideal  gas  have  the  form  (for  Ap^/pQ  <<  1) 

I  A/*a 

•  (1.42) 

+  (1.43) 

N  <=  o,(l +  ~~ (1.44) 

(1.45) 


(1.43) 


(1.44) 


(1.45) 


where  Ap^  -  excess  pressure  on  the  shock-wave  front. 

In  contrasting  (1.38)- (1.41)  to  (1.42)-(1.45) ,  we  can  see  an 
identity  of  the  systems  by  replacing  the  adiabatic  exponent  with  the 
exponent  n  and  pressure  Pq  with  the  constant  B.  Let  us  now  give  a 
complete  general  characterization  of  the  physical-mathematical  form¬ 
ulation  and  an  analysis  of  the  problem  of  propagation  of  weak  shock- 
-waves  in  an  ideal  gas  or  fluid. 


§2.  Differential  Equations  of  Gas  Dynamics.  Equations  of  the 

(jharacterlstics. 

An  abrupt  change  in  hydrodynamic  parameters  of  a  fluid  occurs 
only  on  discontinuity  surface.  In  the  remaining  area,  the  transient 
motion  induced  by  the  explosion  can  be  described  by  a  system  of  dif¬ 
ferential  equations  from  gas  dynamics.  These  equations  are  the  equat¬ 
ions  of  motion,  the  equation  of  discontinuity,  and  the  equation  of 
energy.  The  derivation  of  these  equations  has  been  given  in  many 
hydrodynamics  courses  and  thus,  there  is  no  need  to  repeat  it  here. 

The  equations  of  motion  on  a  rectangular  system  of  coordinates 
have  the  form 
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Fig.  2.  Spherical  and  Cylindrical 
Coordinate  Systems. 


is  the  adiabatic  curve  equation.  This  equation  can  be  a  mathematical 
expression  that  entropy  of  a  particle  remains  constant  in  the  adia¬ 


batic  process 


(2.7) 


(2.8) 


In  many  problems  it  is  more  suitable  if  we  write  equations  in 
curvilinear  coordinates,  and  not  in  Cartesian  coordinates.  Cylindri¬ 
cal  and  spherical  coordinates  are  special  cases  of  the  former. 

The  connection  between  cylindrical  and  rectangular  coordinates  is 
defined  by  the  relationships  (Fig.  2) 

x  »  rcosfi  r  «•  l/**  +  v*. 

y ■» Mint  9 »» arete -jp ,  (2.9) 

*e»I  |»|,  • 

*  | 

The  spherical  coordinates  r,  Q,  ip  (Fig.  2)  are  connected  with 
Cartesian  coordinates  by  the  relationships 

x  -irsirivcos^*  t  ~  J  +  ^  + 

y«=rsin9tin^  0  =»  arctg .  (2.10) 

Jof  cos®  <J»  ■=  arctg . 

The  equations  of  motion  and  the  equation  of  discontinuity  in  a 
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cylindrical  system  of  coordinates  have  the  form 

do,  ,  *»,  ,  ®»  *»,  ,  „  *V  *2.  _ L^L 

~  +  tV^:  +  7»lf  +  o,*5r-r  ,  »  „  *,  • 

a*  ***.„**  »  9,v*  ■' _ L& 

•5 *>  a • 


A*.  \  ,  »'♦  A>,  ,  „  *>-,  |  dp 

-i'  +  v,~T7-y+«i7“-7T 
dr  r  d 9  dz  *  w 


A  .  1  *(?”,)  ■  1  d(^«)  ,  *(>*«)  _q 
A*'1’  t  dr  '  at  di 

In  spherical  coordinates,  they  are  written  in  the  following  manners 


(2.11) 


do 

do 

it  do. 

r 

dt 

+  V’ 
dr 

H - • 

r  dh  1 

*» 

A', 

4.  fi  — i 

-v-  ~  fHi  4. 

dl 

+  V’  dr 

+  r  at  + 

»»  *>,  pj  t- 
flint 
>  A, 


f 

v,vt 


dp 
dr  * 


is  +  0,S!  +  i^ 

dt  dr  r  d$ 


«£<*»* 


>♦ .  v» 

r 


c 


flint 
4.  ******* 


I 

P  i »  * 


I 


pr^int  ty  * 


jlp.  .  ^(frtw1)  , 
A  r»  dr 


I  ^(p»i  *<nt)  |  d(POj,) 


Mint 


flint  Ai 


.0. 


(2.12) 


In  view  of  the  difficulty  in  integrating  these  systems,  we  more 
often  examine  one-dimensional  fluid  motion.  This  is  motion  which  is 
a  function  of  one  spatial  coordinate  r,  and  time  t.  Special  cases  of 
one-dimensional  motion  are  motion  having  plane,  cylindrical,  and 
spherical  symmetry. 

On  the  basis  of  (2.1),  (2.6),  (2.8),  (2.11),  and  (2.12)  it  is 
not  difficult  to  derive  equations  of  one-dimensional  motion  in  the 
form 


do 


<k>  .  I  dp  _  n 
t-  i) -  f  • —  — -  *s  U, 

01  u  dr  f  Or 


€ 


dp  ,  „  dp  1  ,  do  ,  b  -  l)op  „ 


as  ds  n 
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(2.13) 

(2.14) 

(2.15) 


,,ai  ‘fi* 


vyikr?®#*?  yv**' 


■rr  h.  <  ta*: 


vhere  v  *  1,  2,  and  3,  respectively,  for  motion  having  plane,  cylin¬ 
drical,  and  spherical  symmetry. 


For  isentropic  flow,  equation  (2.15)  is  replaced  by  an  equation 

in  finite  form  [for  an  ideal  gas  -  by  the  Poissonian  adiabatic  curve 
k  k 

P/p  “  Po/Po1  for  water  ”  by  the  Tdte  equation  (1.25) 1 .  It  is  suit¬ 
able,  in  this  case,  to  use  the  variables  v  and  a  in  the  system  (2.13)- 
-(2.15)  in  place  of  the  variables  v,  p,  and  p.  As  a  result  of  simple 
transformations  we  find  that* 


dv 


2a  Ai 
n  —  I  dr 


«  0, 


(2.16) 


*  +  „ *  +  S^lg  A  4.  2-tJ. ±=Jl£.  tst  Q. 


i 

(2.17)  | 


In  spite  of  the  apparent  notational  simplicity,  no  precise  sol¬ 
ution  of  system  (2.16)-(2.17)  has  been  derived.  Consequently,  we 
use  various  approximate  methods.  The  most  widely-used  and  universal 
{  of  these  is  the  characteristic  method,  the  essence  of  which  we  will 
explain  in  brief. 


Let  us  assume  that  in  the  plane  r,t  we  are  given  curve  L  whose 
equation  is  r  *  r(t).  The  functions  v_ ,  a_  on  this  curve  are  known. 

U  U 

The  problem  consists  in  defining  the  integrals  of  the  system  of  equ¬ 
ations  (2.16),  (2.17)  which  could  be  converted  into  the  given  values 
in  curve  L.  In  other  words,  we  must  find  the  integral  surface  which 
satisfies  equations  (2.16),  (2.17)  and  passes  through  curve  L.  The 
task  of  defining  a  solution  with  respect  to  these  conditions  is  usu¬ 
ally  called  a  Cauchy  problem. 

Let  us  consider  that  the  functions  v  and  a  are  the  analytic 
functions  of  r  and  t.  The  following  equalities  are  plotted  on  curve 
L 

C*The  corresponding  system  tot  an  ideal  gas  differs  from  (2.16)-(2.17) 
only  in  that  it  will  have  the  adiabatic  coefficient  k  in  place  of  the 
quantity  n. 
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rf/  dr  * 


(2.18) 


Moreover,  the  equations  of  hydrodynamics ,  (2.16)  and  (2.17), 
must  be  satisfied  on  the  same  curve. 

Let  us  explain  which  constraints  are  imposed  on  the  basic  system 
of  equations  because  the  solution  of  this  system  must  satisfy  the 
given  values  of  hydrodynamic  parameters  on  curve  L.  For  this  purpose, 
let  us  find  the  magnitudes  of  the  partial  derivatives  dv^/dt  and 
daL/dt  on  the  basis  of  (2.18),  and  substitute  them  in  equations  (2.16) 
and  (2.17).  We  will  then  find  that: 


Or  « — ■  1  Ur  Cf 

a  -  I  „  Ov  .  d*  do £ 


a  — I  (>— l)at>. 
~  2  f 


(2.19) 


System  (2.19),  generally  speaking,  permits  us  to  find  the  partial 
derivatives  3v/3r  and  3a/3r,  except  where  the  determinants  are  equal 
to  zero.  Moreover,  there  is  a  countless  set  of  values  for  the  deriv¬ 
atives  3v/3v  and  3a/ 3r  which  satisfy  a  given  system,  i.e.,  a  count¬ 
less  set  of  integral  surface  may  pass  through  curve  L.  This  curve 
is  called  the  characteristic  curve  (eigenvalues). 

In  the  universal  theory  of  differential  equations  it  has  been 
proven  that: 

the  solution  of  characteristic  equations  is  equivalent  to  the 
solution  of  an  initial  system  of  equations; 

the  characteristics  are  invariant  during  substitution  of  varia¬ 
bles  which  establishes  an  equivalent  transformation  of  the  points  in 
one  space  to  the  points  of  another  space. 


Characteristic  equations  are  not  difficult  to  write  after  equal* 

izing  the  determinants  of  the  initial  system  to  zero:* 

*  The  second  determinant  o£  the'  system  is  not  written  out,  since  no 
additional  conditions  are  imposed  on  the  hydrodynamic  parameters. 
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The  following  relationship  must  be  satisfied  in  (2.26): 


dt  n  —  I  «#/  ' 


(2.27) 


First  and  second-  class  characteristic  equation  systems  cannot  be 
solved  independently  of  each  other#  since  each  of  them  represents  two 
equations  having  four  variables.  Nevertheless#  it  is  much  sinpler  to 
integrate  these  equations  than  to  integrate  the  initial  system  of 
partial  differential  equations.  This  also  constitutes  the  basic  merit 
of  the  characteristics  method.  System  (2.24)- (2.27)  generally  has  no 
integrable  combinations.  However#  for  motion  having  plane  symmetry# 
the  equations  of  the  characteristics  have  first  integrals. 


It  is  now  possible  to  find  precise  solutions.  Let  us  now  move  to 
a  familiarization  with  these  solutions. 


t 


§3.  Some  Precise  Solutions  for  One-Dimensional  Transient 

Fluid  Motion 


For  one-dimensional  isentropic  motion  having  plane  symmetry  (v 
=  1)#  equations  (2.25)  and  (2.27)  are  integrated  and  system  (2.24)- 
- (2. 27) assumes  the  form 


dr 

• - ss  I)  4.  fL 

dt 


CH- 


n  —  I 


• a  -  const  *=•  25 ; 


«*  u  —  o. 


2 


a—  l 


■  a  -  const  —  2r(. 


(3.1) 


(3.2) 


Let  us  view  r  and  t  as  functions  of  the  characteristic  integers 
£  and  n: 

i).  I  (3<3) 


^  Since  the  quantity  5  is  constant  in  the  first-  class  character¬ 

istic#  r  and  t  in  this  characteristic  will  be  functions  only  of  n 
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V 


dr-£-dn,  dt.JLd% 
di  dn 


On  this  basis,  the  first  equation  in  (3.1)  can  be  written  in 
the  form 


(3.4) 


By  analogy,  in  the  second-class  characteristic 

» (p — a)  JL 

a  a)  k  ■ 


(3.5) 


Moreover,  based  on  the  second  equations  in  (3.1)  and  (3.2) 

+ *4.  ) 


(3.6) 


After  substituting  this  result  in  (3.4)  and  (3.5),  we  will  find 


that 


Jt  *  (n  1  1  s .»  s-«  ¥\  J*_ 

•3T  hr* 1 —  Tip 


(3.7) 


System  (3.7)  is  called  a  canonical  system  of  gas  dy  lies 
equations  for  motion  having  constant  entropy.  In  contrast  to  the 
quasilinear  system  (2.16)-(2.17) ,  system  (3.7)  is  linear  and  can  be 
reduced  to  an  even  simpler  form.  For  this  purpose,  we  only  have  to 
differentiate  the  first  equation  in  (3.7)  with  respect  to  £,  the 
second  with  respect  to  r\,  and  subtract  one  from  the  other. 

Consequently,  we  find  that 


*  *  •!  1 

(JL.~ 

JL\ 

2<«-l|(5-».) 

u 

*»/ 

(3.8) 
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If  -i - =  m,  where  m  :.e  an  integer,  then  equation  (3.8) 

is  called  a  Darboux  equation  and  is  integrated  in  finite  form.  For 
air  in  particular,  assuming  that  n  =  k  *  1.4,  we  will  find  that  m  *  3. 

For  water,  n  *  7  and  the  quantity  - “  ^  y  is  a  fractional  number. 

In  this  case,  however,  as  is  shown  in  paper  (261,  after  choosing  the 
appropriate  form  of  approximation  for  the  condition  of  isentropy  the 
system  of  equations  of  plane  motion  can  be  reduced  to  a  Darboux  equ¬ 
ation  .  * 


Let  us  touch  upon  yet  another  case  of  isentropic  motion  of  a 
fluid  having  plane  symmetry  which  permits  integration  of  gas  dynam¬ 
ics  equations  in  finite  form.  Let  us  assume  that  the  quantities  of 
partible  velocity  v  and  the  speed  of  sound  are  constant  values 
along  one  of  the  first-series  characteristics  in  plane  r,t. 
according  to  the  first  equality  in  (3.1),  this  characteristic  will 
be  a  straight  line,  since  it  has  dr/dt  *  constant.  The  second-class 
characteristics  L^,  L2,...Li  intersect  this  straight  line  at  points 

Mj ,  Mj , . . .  . 


For  the  points  indicated,  the  following  equalities  are  valid; 


v,i.  —  ~~r ** 


i»~T  M‘ 


Vu  —  . 1  ,  ft, M  " 

•*<  n  —  1 


and  since  the  quantities  v  and  a  are  constant  at  points  M^, 
the  characteristic  integers  n2»  .  become  equal. 


*  At  pressure  up  to  2,66o  kG/cm  ,  one  possible  form  of  this  approx¬ 
imation  is  .......  .  .  .  J49 


*  +  l  *  !l— O.to-M* 

I  *•  J 


In  this  connection,  the  quantity  m  in  the  Darboux  equation  equals 
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one. 


V^-5'  **  yi 


wr,-  *  CjH— Bag  I WB8CT8RS8BWBW?* 


Thus,  the  relationship  is 


v~7ZTa~2* 


(3.9) 


will  be  satisfied  not  only  along  the  given  characteristic ,  but  in 
its  entire  plane. 


If  we  now  express  the  quantity  a  in  terms  of  v  and  substitute 
it  in  the  equation  of  motion  (2.16),  we  will  arrive  at  a  partial 
differential  linear  equation  of  the  first  order 


(3.10) 


which  is  equivalent  to  a  system  of  ordinary  differential  equations 


JL  „  »  * 

J  «.h  "X* 


(3.11) 


The  common  integral  of  (3.11)  is 


r "  [H^  v ~ (rt  ~  !>  ']  *  +  » (®>* 


(3.12) 


This  result  was  first  obtained  by  Riemann  in  1860.  The  solut¬ 
ion  of  (3.12)  and  (3.9)  is  called  a  Rieraannian  trend  or  a  unidirect¬ 
ional  direct  wave.  If  we  assume,  by  analogy,  that  the  quantities 
of  particle  velocity  and  the  speed  of  sound  are  second-class  char¬ 
acteristic  constants,  we  get: 


[~  m#|r  +*<»), 


(3.13) 


V  ,  _  a  «  2;,. 


(3.14) 


The  solution  of  (3.13)  and  (3.14)  is  called  a  unidirectional 


backward  wave. 


Unidirectional  direct  and  backward  waves,  which  depend  only  on 
one  arbitrary  function,  are  not  special  cases  of  the  general  solution 
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of  initial  system  (2.16) , (2.17) .  They  are  particular  solutions 
of  this  system  which  describe  completely  fixed  physical  processes. 

The  chief  feature  of  these  solutions  is  that  motion  characterized 
by  a  unidirectional  direct  or  backward  wave  can  be  associated  with 
an  area  of  rest  or,  generally,  with  an  area  of  stationary  medium 
motion. 

If  the  function  <Mv)  or  ^(v)  in  (3.12)  or  (3.13)  is  exactly 
equal  to  zero,  then  motion  is  only  a  function  of  the  ratio  of  r/t. 

The  distribution  of  hydrodynamic  parameters  at  various  points  in 
time  will  oe  similar  to  each  other,  only  differing  in  scale.  This 
type  of  motion  is  called  self-similar.  The  natural  extension  of 
self-similar  motion  is  the  dependence  of  hydrodynamic  parameters  on 
the  parameter  ta/r^  ,  where  a  and  6  are  constants.  For  self-simi¬ 
lar  motion,  integration  of  a  system  of  partial  differential  equations 
can  always  be  reduced  to  integration  of  ordinary  differential  equat¬ 
ions. 


Let  us  touch  briefly  upon  yet  another  class  of  precise  solutions 
for  transient  motion  of  a  fluid  which  is  valid  for  studying  disturb¬ 
ances  of  infinitely  low  amplitude.  These  solutions  are  often  called 
the  acoustic  approximation. 

Let  us  cite  the  hydrodynamic  equations  whic*  are  required  for 
further  statement  in  acoustic  approximation,  restricting  ourselves 
to  an  examination  of  one-dimensional  motion. 

Let  us  assume  that 

P  P#  +  f>>  I 

I  (3.15) 

The  ratios  p'/Pg  and  v/*g  be  considered  small,  of  the  first 

order.  Then,  according  to  (2.13),  (2.14),  and  (3.15),  for  one-dimen¬ 
sional  motion  we  will  find  that 
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&) 

dt 


_J _ d?_ 

h  +  t’  * 


-0, 


(3.16) 


*C 

to 


+  «f -  +  &»*')•£-  +  ^nSu±iiK0„  o. 


(3.17) 


Disregarding  numerically-small  second-order  values  in  equations 
(3.16)  and  (3.17)  and  bearing  in  mind  that 

tof  ^  to  Op  I  dp 
to  Op  ot~  ^  ot  * 


we  will  have 


*L.  4  ill  „  o. 

•“  to  T  * 

JL  &L  +  %  iL  +  .  0. 

4  to  ***  to  *  r 


(3.18) 


Differentiating  the  first  equation  in  (3.18)  with  respect  to  r, 
the  second  with  respect  to  t,  and  subtracting  the  second  from  the 
first,  we  find  that 


i  top'  <,-i> 

<*  *T - T~h 


(3.19) 


3v  * 

After  substituting  Pq  "  !§r  '  we  that 

— »  2sL  +  iirJL  jgl„p  (3.20) 

Equation  (3.20)  is  called  a  wave  equation.  It  is  easy  to  prove 
that  this  type  of  equation  will  be  satisfied  by  p'  and  v  for  the 
assumptions  formulated. 


For  motion  having  plane  symmetry  (v  *  1) , 
wave  equation  is 

«/»('-•£) +M/+ i\ 


the  solution  of  the 


(3.21) 


Based  on  the  structure  of  (3.21),  this 
sum  of  two  traveling  waves;  any  disturbance 
travels  at  the  speed  of  sound  aQ,  remaining 


equation  represents  the 
formed  at  some  point  r 
unchanged  in  form. 
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For  the  case  o£  motion  having  spherical  symmetry,  the  physical 
sense  of  the  wave  equation  solution  remains  the  same,  the  difference 
being  that  disturbance  amplitudes  will  change  in  inverse  proportion 
to  the  distance 


(3.22) 


The  solution  of  (3.20)  for  motion  having  axial  symmetry  has  a 
slightly  more  complex  form: 


where  we  designate  the  distance  from  a  point  having  pressure  p'  to 
the  origin  of  the  coordinates,  i;i  terms  of  r,  as  before;  and  the  dis¬ 
tance  from  the  same  point  to  the  axis  of  symmetry  in  terms  of  R. 


In  all  these  cases,  the  functions  f^  and  f2  have  been  set  on 
the  basis  of  the  problem's  boundary  conditions. 


In  conclusion,  let  us  formulate  recommendations  for  the  prac¬ 
tical  application  of  the  acoustic  approximation.  For  this  purpose, 
let  us  evaluate  the  order  of  magnitude  in  the  initial  equation  of 
motion,  (3.16).  Let  us  note  that  according  to  dynamic  compatibility 
condition, 


The  spatial  and  temporal  characteristics  are  associated  by  the 
scale  of  the  speed  of  sound 

oj. 


3v 


Consequently,  the  term  v  which  was  rejected  in  acoustics 

equations  will  be  of  the  order  of  magnitude  p*/Pftan  comparison 

to  and  If  1  00 

t  pn  9r 
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Let  us  assume  than  an  error  of  *5%  is  possible.  In  other  words,  let 

=;  0.05, 

m 

Substituting  the  appropriate  density  and  speed  of  sound*  values 

into  this  equation,  we  come  to  the  conclusion  that  the  use  of  the 

acoustic  approximation  for  water  is  possible  with  the  error  indicated 

2 

where  pressure  on  the  front  is  <  1100  kG/cm  ;  and  in  the  air  where 

2 

Ap^  <0.07  kG/cm  . 

In  our  arguments  we  have  been  based  on  dynamic  compatibility 
conditions  and  therefore,  the  conclusion  that  we  formulate,  strictly 
speaking,  is  only  valid  for  the  proximity  of  a  shock -wave  front. 


§4.  Laws  of  Similarity  in  the  Theory  of  Explosion.  Gas  Bubble 

Expansion.  "  * 


Generally,  in  motion  of  a  compressible,  ponderable,  viscous 
fluid,  the  conditions  of  similarity  require  the  equality  of  four 
dimensionless  criteria  at  similar  points  in  flow: 

homochronicity  number,  or  Strouhal  number 


Sh«  iL, 
i 


(4.1) 


Froude  number 


*-•§-. 


( 4.2) 


Euler  number 


Eu  JL. 

fV* 


(4.3) 


?or  water, 


'0 

,2  An* 


i*,  an  *  1500  m/sec. i  for  air,  pn  = 


0.125  kG*sec2/mH,  cQ  *  340  m/sec. 
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Reynolds  number 


Re  »  — , 

V  * 


(4.4) 


where  g  -  the  acceleration  of  gravity;  v  -  the  kinematic  coefficient 
of  viscosity. 

In  most  problems  in  the  theory  of  explosion  we  can  utilize  the 
notions  of  an  ideal  fluid  from  gas  dynamics.  Consequently,  we  only 
have  to  consider  two  of  the  four  criteria  of  similarity  -  the  homo- 
chronicity  number  and  the  Euler  number.  Nonfulfillment  of  similarity 
for  the  Froude  and  Reynolds  numbers  does  not  entail  a  scaling  effect. 


Let  us  assume  that  natural  and  test  explosion  are  being  produced 
in  the  same  medium  (p^  »  pQ  ) .  On  the  basis  of  dynamic  compatibility 

conditions,  irrespective  of  She  cause  of  shock-wave  formation,  there 
is  an  equivalent  interrelationship  between  hydrodynamic  parameters  on 
the  front.  Consequently,  it  we  established  that  pressure  quantities  on 
the  wave-front  are  identical  at  certain  distances  from  the  explosion 
centers  of  two  charges,  then  the  Euler  numbers  would  be  identically 
equal 


Ph  zs  _  P*_ 


(4.5) 


Based  on  the  condition  of  homochronicity,  (4.1),  it  follows  that 


is.  /* 


(4.6) 


Thus,  in  simulating  fluid  motion  induced  by  an  explosion,  the 
scale  of  linear  dimensions  must  be  identical  with  the  time  scale. 


The  typical  linear  dimensions  defining  the  scale  of  effects  in 
explosion  in  an  infinite  medium  are  the  charge  dimensions.  The 
following  law  of  similarity  for  explosion  of  identical  explosives  is 
based  on  this:  the  parameters  of  transient  motion  induced  by  an  ex¬ 
plosion  do  not  change  if  the  scales  of  length  and  time,  by  which  these 
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parameters  are  measured,  are  Increased  or  reduced  by  the  same  number 
of  times  as  are  the  charge  dimensions. 

The  formulation  of  the  laws  of  similarity  is  slightly  complicated 
when  contrasting  the  hydrodynamic  fields  in  a  fluid  which  are  formed 
during  the  explosion  of  different  explosives.  As  experience  shows  us, 
our  similarity  can  be  based  on  the  energy  principle,  of  course,  ow¬ 
ing  to  differences  in  boundary  conditions  in  direct  proximity  to  a 
charge,  no  similarity  in  the  fields  will  be  observed.  However,  since 
the  energy  dissipation  process  occurs  at  a  high  rate  for  strong  shock 
waves,  the  time  inevitably  comes  when  the  pressure  values  will  be  id¬ 
entical  at  certain  distances  from  the  centers  of  two  different  charges; 
and  consequently,  because  of  dynamic  compatibility  conditions,  the 
quantities  of  density  and  particle  speed  will  be  identical. 

Compatible  points  may  be  characterized  by  an  equation  of  the 
ratios 


r i  rt 

*  -ir-  . 

r  b,  v  c, 


(4.7) 


where  and  E2  -  energy  liberated  during  the  explosion  of  two  dif¬ 
ferent  charges. 

Compatible  time  periods  will  be  found  in  '.he  same  relationship 


i-jLf!. 

I'e, 


(4.8) 


The  energy  of  an  explosion  is  proportional  to  the  weight  of 
the  charge,  G.  The  latter,  in  turn,  equivalently  defines  the  quantity 
of  the  radius  of  a  spherical  equivalent  charge,  because 


G  -  ~r  oT* 
9 


(4.9) 


where  y  -  the  density  of  the  explosive. 


Given  that  y  =  1.6  g/cur  for  trinitrotoluene,  we  will  find  that 
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(4.10) 


.C7  **“  •'tff'Wyiy*?}. 


#,*0.053  \/G, 

where  RQ  -  the  charge  radius,  m. j  G  -  weight,  kg. 

These  notions  will  be  used  many  times  henceforth. 

In  addition  to  the  shock-wave  front,  the  gas-bubble  surface  is 
a  limiting  surface  of  transient  fluid  motion  during  an  explosion. 

Let  us  first  discuss,  after  Lamb  [36],  the  expansion  of  a  gas 
bubble  in  an  infinite  noncompressible  medium. 

Considering  the  motion  has  spherical  symmetry,  we  will  write 
the  equation  of  discontinuity  in  the  form 


Jl  +  0A+.* L.fia.«o. 

*  T  dr  p  <),  • 


(2.14) 


Given  that  p  ■  pQ  «  constant,  we  will  find  that 


*  ,  »  n 


(4. XI) 


Integrating  (4.11),  we  find  that 


t. ,  m 

»*  ’ 


(4.12) 


where  f(t)  -  an  arbitrary  function  of  time, 


Let  us  use  the  equation  of  motion 

,  <  4p 

»  T%  +V  *r- 


(2.13a) 


After  substituting  the  quantity  v  in  it  according  to  (4.12),  we  will 
have 


(<)+•§•  1/(01*. 


(4.13) 
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(4.14) 


Integrating  equality  (4.13)  with  respect  to  r,  we  find 

P  a  |/(/)j*  -f  F(t), 

where  F(t)  -  another  arbitrary  function  of  time. 

The  value  of  F(t)  is  found  based  on  the  condition  that  r  •+•  00  p  + 
-*•  pQ ,  where  pQ  -  hydrostatic  pressure  deep  in  the  explosion  center: 

/>.  =  />, +  7#.  (4.15) 

pa  -  atmospheric  pressure;  y  ”  gravimetric  density  of  water;  H  - 
explosion  depth. 

Since  £(t)  and  f*(t)  are  finite,  we  will  find  that  from  equat¬ 
ion  (4.14)  F(t)  =  pQ  and  consequently, 

o  ■=/>.  +  *•/'«>- -jt-l/WP.  (4.16) 

The  function  f(t)  can  easily  be  evaluated  on  the  basis  of  dyn¬ 
amic  compatibility  conditions  at  the  boundary  of  the  gas  bubble. 

Since  this  boundary  is  a  stationary  second-order  discontinuity  sur¬ 
face,  the  following  equalities  must  be  satisfied  in  it,  according 
to  (1.6)  and  (1.7) 

|0|  **  0,  J 

|p] « 0. 1  (4.17) 

Let  the  radius  of  the  gas  bubble  be  characterized  by  the  co¬ 
ordinate  R.  Then,  according  to  (4.12)  and  the  first  equation  in 
(4.17) 

ilr ,m. 

*  *•  '  (4.18) 


whence 
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(4.19) 


If  we  also  designate  pressure  on  the  gas -bubble  surface  in  terms 
of  pr,  on  the  basis  of  (4.16)  and  (4.19)  we  can  write  for  this  sur¬ 


face 


2  2 

or  by  solving  with  respect  to  d  R/dt  , 


iL=Jt„±JLi*!L'{ 

f •**  2  R  \  41  I  ‘ 


(4.20) 


An  ordinary  differential  equation, (4.20) ,  permits  us  to  define 
the  motion  of  the  gas-bubble  surface  R (t) ,  if  we  are  given  the  pres* 
sure  change  within  it  pr (R) • 

The  adiabatic  expansion  of  TNT  denonation  products  was  studied 
by  Jones.  The  Jones  adiabatic  curve  is  shown  in  Fig.  3  which  has 
been  borrowed  from  Cowle's  book [10] .  It  can  be  approximated  by  the 
relationship 


* 


(4.21) 


where  R  *  R/RQ  -  the  relative  radius  of  the  gas-bubble;  A,  x  - 
coefficients  which  are  constate  for  a  fixed  range  of  variation  in 
R  (Table  1) . 

Assuming  that  density  and  pressure  within  the  gas-bubble  are 
uniformly  distributed  (the  so-called  notion  of  "ordinary"  explosion) , 
we  integrate  (4.20)  using  (4.21): 


introducing  another  variable 
. »  /  4*  \* 


ffl- 


JL  m  **.  *L  «  ££.  I  (4.22) 

dR  dt  dR  it  dO  dR  m  dO  I 

we  derive  a  linear  differential  equation  with  respect  to  £: 

3«  t  f  A  | 

dR  R  “  I  S*  *]•  (4.23) 


Table  1 


0,3  t  3  iO  30  Hi  300  tooo  v 

Fig.  3.  Adiabatic  Curve  for  Products  of  TNT 
(according  to  Jones) . 


The  solution  of  equation (4. 23)  has  the  form 

.  *  »  S - J _ d.„ 

*»  M  pj»*  /’  (4.24) 


Since  at  the  point  of  maximum  gas-bubble  expansion  its  surface  speed 
is  equal  to  zero,  when  R  =  R__  .  dR/dt  =  0  and  5=0,  whence 

IuoX 


Substituting  this  value  in  (4.24)  and  returning  to  the  variable 
R,  we  find  that: 


(4.25) 


A  numerical  integration  of  (4.25)  permits  us  to  find  the  relat¬ 
ionship  of  the  gas-bubble  radius  as  a  function  of  time.  Having  this 
relationship,  we  can  easily  calcualte  particle  speed  at  any  point  in 
the  medium: 

/(<>»«•■£. 

(4.26) 

•*  •*  it  ' 

On  the  basis  of  (4.26)  and  (4.16)  the  quantities  of  pressure  are 
defined.  A  final  solution  is  derived  for  the  problem.  However,  in 
view  of  previously-state  concepts  (cf.  §1),  this  solution  cannot  even 
be  utilized  for  the  approximate  evaluation  of  pressure  fields  in  an 
underwater  explosion.  At  the  same  time,  it  does  permit  us  to  derive 
a  simple  relationship  for  calculating  the  first  pulsation  period  of 
a  gas-bubble. 


Let  us  return  to  equation  (4.25)  for  this  purpose.  If  we  exclude 
the  initial  expansion  section  from  our  examination,  then  starting  with 
some  R  >  1,  we  can  disregard  the  first  term  in  brackets  in  the  radi- 
cand  of  (4.25).  Instead  of  (4.25)  we  will  then  find  that 


(4.25a) 
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based  on  which  the  gas-bubble  expansion  time  to  its  maximum  radius 
will  be  defined  by  the  relationship 


f 7(¥F' 


(4.27) 


Introducing  another  variable  x  =  ( — — - )s  and  considering  that 

,  Rtoax 

-  «  0,  we  will  write  formula  (4.27)  in  the  form 


_  i 

J  f\  ~  J>«  -*)•-'  dx. 


(4.28) 


where  r  *  5/6  and  q  *  1/2. 

As  we  know*,  the  integral  in  (4.28)  is  a  total  0-f unction  (a 
primitive  Euler  integral) : 

; 

Bx(r,  q)*»  J  /-'(I  —  xf-'dx. 


It  can  easily  be  calculated  in  terms  of  r-f unctions: 


specifically, 


„  rwrw)  . 

S,(M>  rF? T' 


Substituting  this  result  in  (4.28),  we  can  write 


^  n  T  r  ma  # 


(4.29) 


The  first  pulsation  period  is 


Part  II,  GIRML  (1963). 


“,  J.  N.  Watson,  A  Course  in  Modern  Analysis, 
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2< 


MIX 


».&>»Xg. 


(4.30) 


or  in  a  dimensionless  form, 

T=*  zisssSs,  —  l,t3*>*V?«.i 


(4.31) 


Let  us  return  to  equation  (4.27)  which  will  now  be  written  in 
the  form  of  an  integral  having  a  variable  upper  limit  and  new  vari¬ 
ables  y  =  R/R  av ,  t  =  t/T. 


We  have 


(4.32) 


When  y  »  1,  the  integral  of  (4.32)  is  calculated  by  parts: 


t  *o  0,268  —  y^j 


(4.33) 


or  similarly. 


V.0.4 


(4.34) 


where 


Rll 


r,  =  3,73  —yt . 


(4.35) 


Relationships  (4.34)  and  (4.35)  permit  us  to  approximately  cal¬ 
culate  gas-bubble  motion  for  any  initial  hydrostatic  pressure  values. 
In  this  connection,  the  only  parameter  which  must  be  given  is  the 
first  pulsation  period  (or  maximum  radius) . 

Evaluations  made  on  this  scheme  do  not  produce  considerable 
error  for  small  pQ,  until  it  becomes  necessary  to  calculate  the  in¬ 
ternal  energy  of  the  detonation  products  (R  <0.4  ^max) • 
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Henceforth,  we  will  need  more  complete  and  precise  information 
on  gas-bubble  motion.  This  information  forms  the  basis  of  the  theory 
developed  by  Herring  110] . 


Let  us  give  a  brief  account  of  Herring's  solution,  supplementing 
it  somewhat.  Let  us  return  to  Euler's  equation  for  motion  having 
spherical  symmetry 


«  dr  f  dr 


(2.13) 


Integrating  this  equation  from  the  gas-bubble  surface  to  infin¬ 
ity,  we  find  that: 


{**+}•£*- J-f 


(4.36) 


We  will  introduce  spherical  divergence  of  velocity  as  a  new 
variable 


Let  us  integrate  the  first  term  in  (4.36)  by  parts,  using 
this  expression: 


*  4 


i'?.  i  .  i!  1  in  + 

<n..*  *  «  WfT(TTj 


2  l<fR\* 


■ r  ft  <»  H 


Thus, 


The  second  integral  of  (4.36)  is  taken  by  parts: 


a  f- 


Equation  (4.36)  can  be  written  in  the  form 


(4.37) 


If  we  are  examining  a  range  of  pressures  which  are  not  m  excess 
2 

of  1000  kG/cm  ,  we  can  use  the  acoustic  approximation  to  define  the 
integral  consisting  of  the  left  side  of  equation  (4.37).  Function 
X  will  then  be  the  solution  of  a  wave  equation  of  the  type  (3.20): 

Considering  this,  we  can  write 

j' r  dr  «  ^  (ri)dr  »  —  «/*|  *  <*»!?>•(#). 

and  equation  (4.37)  is  reduced  to  the  form 

D*k  3  /  _  n<m/,  I  <f*\  ?<to 


(4.38) 


Let  us  note,  furthermore,  that  according  to  the  equation  of  dis¬ 
continuity  ,  (2.14), 


1  J  I-  <ii  Uor  «V  Li 


Therefore , 


v  «.# 

-&!  I 

’i _ L.«L>— f 

/  ««? 

«  U 

«•  di  j  J 
V 

Within  the  range  of  pressures  assumed,  we  can  state  rougnly 
that  a  -  aQ,  p  s  Pq.  Consequently, 

R£L+3Li**PmJLjiL\  / 1 Li*U .*-*  it  ,Qv 

*  dtt  +  2  u  )  T+1T Ul1  •  (4.39) 

Equation  (4.39)  differs  from  (4.20)  only  in  the  first  term  on 
the  right  side  which  takes  into  account  compressibility  of  water. 

The  left  side  of  (4.39)  is  a  derivative  in  terms  of  R  of  the  function 


*•&?’  ■**  ;-^<^T>^vi  rrY^'K**y+  ***  *«  '*r-  *->  ■  wg»>K«i»tCTwa r^*>^greaw»t«9«^*y^^ 


( 1/2 ) R3 (dR/dt ) 2  divided  by  R2.  Considering  this  fact,  and  choosing 
a  value  of  R*  as  the  lower  limit  of  integration  where  the  assumptions 
are  valid  to  a  certain  precision,  let  us  integrate  (4.39).  Conseq¬ 
uently,  we  will  find  that 


(4.40) 


Multiplying  both  sides  of  the  equation  by  2upQ,  let  us  rewrite 
equation  (4.40)  in  the  form 


- 1  Pt  W)dR  — -*(**- /r*)  P,  - 


(4.41) 


It  is  not  difficult  to  give  a  physical  picture  of  the  relation¬ 
ship  derived.  The  left  side  of  equation  (5.41)  characterizes  the 
increment  in  kinetic  energy  of  a  radial  flow  of  fluid.  The  first 
term  on  the  right  side  defines  the  work  performed  by  detonation  pro¬ 
ducts  during  expansion  of  the  gas-bubble  from  R*  to  R: 


(4 *R*)dR  m  |pr(4* R*)dR  —  |p,  (4x#*)rf#  » 
■=£,»<«*)- £„(#). 


(4.42) 


The  second  term  on  the  right  side  is  equal  to  the  work  performed 
in  overcoming  hydrostatic  pressure  during  expansion  of  the  gas-bubble j 
the  third  term  on  the  right  side  defines  the  energy  expended  in  the 
radiation  of  pressure  (shock-wave)  during  expansion  of  the  gas-bubble 
from  initial  radius  R*  to  the  flowing  radius  R.  Let  us  combine  the 
terms  containing  the  initial  radius  R*  as  a  parameter,  and  designate 
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tee*1 


that 


(4.43) 


E'  “  +  *»<«•>  f-f 

Then,  (4.42)  can  be  written  in  the  form 

f  (-f-)'  +  £»  «>  +  T  *#»•  (4.44, 


where 


(4.45) 


Using  concepts  from  the  theory  of  similarity,  let  us  reduce 
(4.45)  to  a  dimensionless  form.  Assuming  that 

*  *.* 


* 


where  RQ  -  initial  charge  radius  calculated  according  to  (4.10), 
we  will  find  that 


V-.  (*>. 


(4.46) 


where 


,(#) 


il. 


"^PrfrdR, 


(4.47) 

(4.48) 

(4.49) 
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Equation  (4.46)  is  an  integro-dif ferential  equation*  with  respect 
to  R1.  It  can  be  numerically  integrated  without  difficulty.  It  is 
advisable,  in  this  connection,  to  calculate  from  Rmax  to  R*  ~  2.  ** 

In  the  interval  R  <  2,  the  process  of  gas-bubble  expansion  is  only 
slightly  affected  by  hydrostatic  pressure  and  therefore,  this  range 
can  be  calculated  once  and  for  all  by  the  characteristics  method 
(see  §5). 

Subsequently,  calculations  for  various  pQ  are  carried  out  from 

5  to  W 


Omitting  details  of  calculation,  let  us  only  cite  the  final 
results,  with  a  brief  explanation  of  their  physical  nature.  Let  us 
first  note  that  energy  expended  in  the  formation  of  an  underwater 
shock-wave  is  as  great  as  hydrostatic  pressure  pQ  is  small. 

*lf  we  reject  e  ,  (4.4£T  becomes  an  ordinary  differential  equation 
of  the  1st  order;  2 

**Based  on  data  of  study  110] ,  it  was  assumed  that  p0  *  2.55  kG/cm  , 

*  22'3-  Also-  5*  *  2>  r  ’  1-17-  ‘  e*  *  38>30°  w-w/cm*. 
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^  A  rough  approximation  of  the  corresponding  calculations  results 

in  the  expression 


1*1:.*.  _j  tn  ~  *■ 

~«.i  ~  ~~ 


*  0,56  -  1,06-  l(r5,(Jf*  -  1), 


(4.50) 


where  en  -  total  explosive  energy;  pQ  -  initial  hydrostatic  pressure, 
adjusted  to  1  atm. 

The  nature  of  gas-bubble  motion  in  time  is  shown  in  Figs.  4  &  5. 


For  the  range  1  <  pQ  <  100, 

(1  +  tfT  2  <  £  <  0,6*. 


(4.51) 


According  to  (4.46)  and  (4.50),  the  maximum  radius  of  the  gas- 
-bubble  can  be  derived  from  the  equation 


(4.52) 


whose  solution  results  may  be  accurately  approximated  by  the  relat¬ 
ionship 


(4.53) 


The  first  pulsation  period  is  roughly  equal  to 


T  «  «  o,307 


i.U  On 


(4.54) 


Relationship  (4.54)  almost  coincides  with  the  semi-empirical 
formula  whose  structure  was  derived  from  Lamb's  solution  [10]. 
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Fig.  5.  Relative  Size  of  Gas-Bubble  as  a  Function 
of  Relative  Time  in  Underwater  Explosions  in  an 
Infinite  Medium  Having  Different  Initial  Hydro¬ 
static  Pressure. 


§5.  Approximate  Evaluation  of  Pressure  Field  in  Underwater 
Explosion  In  an"  Infinite  Fluid  I . " 


The  limiting  conditions  on  a  shock-wave  front  and  gas-bubble 
surface  previously  examined  permit  us  to  move  on  to  the  integration 
of  hydrodynamics  equations  for  evaluating  transient  fluid  motion 
induced  by  an  explosion. 

From  the  many  currently-known  approximation  integration  methods, 
let  us  touch  upon  only  the  one  proposed  by  Kirkwood  and  Bethe  [10], 
who  examined  isentropic  one-dimensional  motion  having  spherical  sym¬ 
metry.  They  found  it  convenient  to  introduce  another  variable  - 
enthalpy  -  which  is  associated  with  internal  energy,  pressure,  and 
density  by  the  expression 
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U»  «*  £  -f  — 

f  * 


(5.1) 


whence 


dm**AE  +  ■&.  +  pd(-Ly 


(5.2) 


According  to  the  laws  of  thermodynamics, 


dQmTdS 


d£  +  pd(-L). 


(5.3) 


Since  entropy  S  is  considered  a  constant,  on  the  basis  of  (5.2) 
and  (5.3), 


dv»  i 


Jp 


(5.4) 


The  equation  of  motion  and  the  equation  of  discontinuity  were 
previously  written  in  the  form 

*-+(£v)S+-~w«o. 


+  pdiv  +  div  (po)  »0. 


(2.2) 

(2.5) 


Let  us  introduce,  following  Kirkwood  and  Bethe,  so-called  kinet¬ 
ic  enthalpy,  defining  it  by  the  equation 


2e>«  +  -U*. 


(5.5) 


Then, 


V8  **  yu»  f  (wy)  v. 


(5.6) 


In  view  of  (5.4)  and  (5.6),  the  equation  of  motion  (2.2)  can  be 
written  thus: 


■ 

dt 


ss  —  yo>, 


(5.7) 
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Let  us  furthermore  note  that 

it  *,*LJLtaJLJE.. 

dt  dp  dt  a*  dt 


p  dm 

«*  dt  ' 


(5.8) 


Using  this  equation  and  relationship  (5.5),  let  us  transform 
the  equation  of  discontinuity  (2.5): 


du» 

-  JLi 

r*e 

I 

dc«\ 

dt 

a*  ' 

dt 

~  2 

<«  ) 

*  \  *  dt  t  dt  )  «**  «*12  dt  J 

„±i±_JL[JL(e,vy+ *L1. 

«•  dt  «*l  2  v  v;  T  dt  J 
Let  us  introduce  velocity  potential  4> 

— V?. 

then,  the  equation  of  motion  is  written  in  the  form 


O  »S  it* 


(5.9) 


(5.10) 


(5.11) 


the  equation  of  discontinuity 

A*?  «  JL  J&  +  J  LL  ipV)  *» .  i‘Vj  & 
dt •  o'  l  2  '  v;  dt  J 


.  J.  *2.  .— L[J.(Svt*+  — 1. 

a*  dt *  a*  2  ‘  V  dt  J 


(5.12) 


The  Laplace  operator  for  one-dimensional  motion  having  spherical 
symmetry  is 

A*«  »  +  X  A 

dr*  '  to' 

Allowing  for  this,  (5.12)  can  be  written  in  the  following  way: 

d*y  ,  2  _ l_ ji|?  ^ /  p 

dr*  ^ '  f  to  a*  dt*  a»  \  2  dr  «#  J*  (5.13) 

If  we  seek  a  solution  in  the  form  $  =  #/r,  then  in  place  of 

(5.11)  and  (5.13)  we  will  have: 


*♦_ _ i_.£i 

dr*  a*  ~di* 


(5.14) 


rQ~ 


<*> 
dt  * 


t  {  9  do*  .  do*  \ 

*\T~iT  +  -ir)- 


(5.15) 


The  derived  equations,  generally  speaking,  are  no  simpler  than 
the  initial  equations.  However,  they  present  a  clear  physical  pic¬ 
ture  and  permit  us  to  examine  the  two  limiting  cases  without  diffi¬ 
culty  -  an  incompressible  fluid  and  the  acoustic  approximation  - 
which  in  turn  enables  us  to  project  simpler  schemes  for  writing 
approximate  solutions. 


Indeed,  when  a  «'  (incompressibility  hypothesis) &  $  =<Mt) , 

4  (t) 

$  s  — .\ and  we  arrive  at  the  expression  for  velocity  v  _s  given 
by  Lamb  [see  (4.12)].  When  a  aQ,  particle  velocity  is  small  and 
the  right  side  of  (5.15)  can  be  assumed  to  equal  zero.  In  this  case, 


* 


(5.16) 


The  function  of  G  **  rft,  according  to  (5.16)  and  (5.14),  is  equal 
to 


C 


o 


(5.17) 

(5.18) 


Considering  that  in  this  case 


and  introducing  a  new  function 


we  can  derive  the  Gilmore  solution  [33]  from  (5.17)  and  (5.18): 
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A#»  +  - \t&~- 


V  — 


(5.19) 

(5.20) 


This  solution  differs  from  the  acoustic  solution  Icf.  (3.22)] 
only  in  that  the  quantity  rAp  is  not  propagated  at  a  rate  ot^,  but 
at  G  *  rft.  However,  this  difference  is  often  considerable.  Thus, 
in  the  proximity  of  the  gas-bubble  some  time  after  the  explosion, 
the  speed  of  sound  is  close  to  ot^  and  the  ratio  of  v/aQ  is  small. 

At  the  same  time,  the  quantity  (1/2) pQv2  is  not  only  not  less  than 
Ap,  but  much  exceeds  it. 


In  spite  of  this,  the  Gilmore  solution  does  not  guarantee 
sufficient  precision  of  evaluations  both  in  the  proximity  of  the 
shock-wave  front  and  at  the  origin  of  its  tail  section.  Kirkwood 
and  Bethe  suggested  examining  the  permutation  of  function  G  with 
some  variable  velocity  c  for  waves  of  finite  amplitude: 

C”(£L»u'  (5-2D 

The  function  r(G,t)  can  be  plotted  in  the  form  of  a  series  of 
curves  in  plane  r,t  for  various  values  of  G.  If  the  parameters  of 
gas-bubble  motion  are  given,  is  is  easy  to  define  the  function  G  at 
its  boundary  at  a  given  moment  in  time  tr.  The  propagation  rate  of 
quantity  G(tr)  is  a  function  of  the  parameter  tp  and  the  coordinate 
of  point  r(G,t): 

r«e(l„  r). 


The  time  interval  in  terms  of  which  quantity  G  becomes  equal  to 
G(tr)  at  point  r  is 


t  *3 


4r 

r)  ' 


(5.22) 


Time  x  is  often  called  the  "lag  time". 
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l 


*&**‘*Lf?‘  V‘2^  ->  jfy*i ,Vj  y 


^cgrosgagg^^ 


By  definition  of  function  G,  kinetic  enthalpy  fl(r,t)  is 

'-’<'.  l)  *  -2-&-CL  -  £&L  „  i. «(/,). 


(5.23) 


where  fl(tr)  is  defined  at  the  boundary  of  the  gas-bubble  R  at  time 


Therefore,  in  order  to  evaluate  pressure  fields,  we  only  have  to 
calculate  the  kinetic  enthalpy  on  the  gas-bubble  surface  and  find  the 
lag  time  t.  The  first  problem  is  easily  solved  using  relationships 
established  in  the  proceeding  section.  We  must  know  the  function 
of  c  *  c(tr,  r)  to  define  the  lag  time.  Kirkwood  and  Bethe  carried 
out  these  calculations  only  for  the  shock-wave  front  proximity. 

For  this  area,  they  were  able  to  assume  that 


c  —  a  i*  *» 


where  a  -  the  Riemannian  function: 


(5.24) 


K- 


(5.25) 


and  moreover,  to  roughly  assume  that 


PS*  3. 


(5.26) 


Since  each  of  the  quantities  a,  p,  a,  and  w  near  the  front  is 
a  function  of  Ap,  the  lag  time  t  can  be  easily  calculated  and  this 
problem  is  brought  to  final  solution.  However,  Kirkwood  and  Bethe' s 
scheme  is  untenable  for  calculating  pressure  on  the  wave  tail,  be¬ 
cause  mass  velocity  v  at  that  point  is  considerably  greater  than  o 
and  equation  (5.24)  is  invalid. 

To  define  the  function  c  *  c(tr,  r),  more  general  considerations 
are  required.  Let  us  return  to  equation  (5.15)  for  this  purpose.  Let 
us  seek  its  solution  in  the  form 


*-♦(/ 


(5.27) 


where  r  -  the  running  coordinate;  r*  -  the  distance  from  explosion 
center  to  a  certain  fixed  observation  point;  c  =  c(r*)  -  the  pro¬ 
pagation  rate  of  function  G(tr)  at  point  r*. 

Let  us  express  mass  velocity  v  and  its  partial  derivatives  in 
terms  of  function  4> 

~  ~dr~  r*  ?  d r  ' 

_ 2<t>_  ^  2_  _ Li£2! _ iSL  *  d*4> 

dr"  **  r»  dr  '  d t*  ~  '  T~&' 

_  1  d»  I  ** 

hi  r*  df  ~  dtdi  * 


Substituting  the  relationships  derived  in  (5.15),  we  will  find 

that 


/)»«!> 

_ 

<)r* 

«* 

<)/* 

«*  V 

«  _L(V  + «/» J£t  -  *  it  +fc>  — ^ 

a*\  dr*  '  dt  drdi ) 


first  order. 


Therefore ,  instead  of  (5.30) ,  we  will  derive 


or,  since 


ao  ~  as  * 

'  a  '  dt 


(5.32) 


The  local  speed  of  sound  o  and  mass  velocity  v  enter  into  (5.32) 
in  addition  to  6.  The  speed  of  sound  can  easily  be  calculated  acc¬ 
ording  to  the  given  excess  pressure  Ap,  if  the  equation  of  state  is 
given.  The  mass  velocity  of  particles  is  associated  with  the  func¬ 
tions  $  and  ft  by  the  equation 


a.  JL_«* 

r  dr  ,*  re  4/ 


(5.33) 


Relationship  (5.33)  is  valid  for  the  entire  area  of  transient 
fluid  motion,  including  the  boundary  of  the  gas-bubble  R.  Since 
the  quantities  v  and  ft  can  easily  be  calculated  at  this  boundary, 
we  have  for  the  function  of  potential  4  from  (5.33) 


(5.34) 


where 


v*  «=  v. 


c(ir. 


(5.35) 


Considering  the  small  function  of  the  second  term  in  (5.35) 
and  the  small  difference  between  c  and  aQ,in  equations  (5.34),  (5.35), 
we  can  assume  that  c(tr,  R)  *  <Xq.  Then,  using  (5. 33)- (5.35) ,  let  us 
derive  an  expression  for  defining  mass  velocity  an  terms  of  the  known 
parameters  of  gas-bubble  motion 
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...  Mu*  ,  Mir 

V(t.. ') ---*-  +  —. 


(5.36) 


where 


v*  **  «r  —  ■ 


(5.37) 


For  practical  calculation  of  pressure  fields,  we  only  have  to 
represent  the  quantities  w  and  a  as  functions  of  pressure. 

Let  us  use  the  condition  of  isentropy  in  the  form  of  a  Tete 
equation  for  this  purpose: 


^  fl  [  ("h )’ ~  *]  ■ 


(1.25) 


For  Ap  <  B  let  us  derive: 


K  * 

•a  it  / 1  _  _if  _  j,  | 

n  V  i«a*  " 


(5.38) 


(5.39) 


For  Ap  <  1000  kG/cm  ,  we  will  derive  from  (5.5)  and  (5.39)  with 
great  precision  that 


U«  J*-  +  .!«*. 
2 


(5.40) 


According  to  (5.24),  (5.36),  and  (5.40),  excess  pressure  on  the 
shock-wave,  expressed  in  terms  of  gas-bubble  parameters  is 


/V  hMrK  »  ,  «*  i  ««*  .  'J.  \* 

*P{r.  1)  --  - »  "j-J. 


(5.41) 


where 
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ox,  using  dimensionless  parameters, 


where 


±P(r,  i) 


t 


+ 


f-O-r  =  *Pr  +  ~  IBV}, 


*  ~  K  H-  *. 
nB  «  Wl. 


(5.42) 


(5.43) 


(5.44) 


(5.45) 

(5.46) 


Let  us  return  to  the  definition  of  lag  time  t.  Formula  (5.32) 
was  previously  derived,  into  which  enter  the  quantities  v,  ft,  and 
3ft/3t.  The  first  two  quantities  have  already  been  calculated  [cf. 
(5.36),  (5.40),  and  (5.41)];  to  evaluate  the  derivative  3ft/3t  we 
can  roughly  assume  that 

31? l_  dG 

di  r  Of  (5.47) 


The  relationships  derived,  in  conjunction  with  the  more  refined 
data  on  gas-bubble  expansion  (cf.  §4)  and  widely-known  empirical 
formulas  for  evaluating  pressures  on  a  shock-wave  front  were  used  as 
the  basis  for  calculating  pressure  fields  in  underwater  explosion  at 
various  depths.  Omitting  the  details  of  calculation,  let  us  cite 
only  the  final  results. 

Pressure  on  a  shock-wave  front  is  defined  by  the  relationships* 
*The  second  part  of  ($.48)  taken  from  Cowle  [10] . 
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*150- (®~)  *« .:*:f!9!L  .  *  -•-.« 

\  '  /  ;  u  where  b  v- r  •*  *2 

&«.  I  ®,'*V,W  M7W  .„  . 

*”  TVj  ““7T.tr  where  I2<r<240. 


(5.48) 


The  arrival  time  t^  of  a  wave-front  at  a  given  point  r  is  char¬ 
acterized  in  the  data  of  Table  2. 


t 

!  5 

6 

7 

•  ; 

1 

10  |  12 

1  2.3 

1 

3.1 

3.9 

'  ,  i 

t  t.i>  i 

i 

r.,4  •  n.  2 

For  r  >  12,  the  following  approximation  is  valid: 

i^sj  r  —  in, 

wi  ~  11,4  "y^u  -t  -  ^ . 


(5.49) 


When  the  charge  is  not  too  deep  (pQ  <  10  kG/cm2) ,  pressure  in  the 
proximity  of  the  shock— wave  front  can  be  described  by  the  expressions: 


e  *  where  t  <0 

W)  ~  Pm  0,3«i  ,  . 

~Y"  where  0</<(5-,-  |0)Of 

u 


(5.50) 


where  6  -  the  exponential  damping  constant  depending  on  distance 
V  ~  3,5 1  k r  ~~  where  30  • '  7 «*  210.  .(5.51) 

In  accordance  with  (5.50),  the  pressure  surge  quantity  is 


I . ) 


f 

■I 


ndt  ~  pj) 


\  —  e  *  where  t  <  0 


0,632  + 0,368 In  L  where  0 <  /  c  (5  -10)0.  (5,52) 


An  important  feature  of  fluid  motion  during  explosion  is  the  energy 
flux  density.  It  is  customary  to  call  this  the  (...)  integral* 

(Translator's  note:  two  items  on  this  page  designated  (...)  indicate 
words  and  symbols  missing  in  original  texf*. 

#  *  A  here  also  designates  an  increment  in  the  quantity  enclosed  in 

^  brackets  in  equation  (5.53).  Therefore,  integral  (5.53)  expresses  ex¬ 
cess  energy  transmitted  by  a  shock-wave  through  a  unit  of  surface. 
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/:  -  \VM“  +7-)d/* 


(5.53) 


At  pressures  less  than  1000  kG/cnr ,  we  can  disregard  the  first 
two  terms  in  equation  (5.53). 


Since  the  rate  of  particle  motion  near  the  shock-wave  front  can 
also  be  calculated  in  the  acoustic  approximation 


f 

V  ‘fl  (P  —  p„)  f  -y  \  (P  —  Po )d(. 


(5.54) 


we  will  derive  an  expression  for  energy  flux  density  in  the  form 


E  ■; f  ip'-di  :•  *~f  f  ip  \  ^PdC  ill- 


(5.55) 


In  proportion  to  the  increase  in  distance  r,  the  second  term, 
which  represents  the  influence  of  the  so-called  "speed  of  the  retard¬ 
ing  flux"  would  become  negligibly  small  in  comparison  to  the  first. 


Using  (5.50),  we  will  derive 


(5.56) 


I  -*  «•  - 


where  t  -q 


c  iuw...."-?-  where  4 


I » i2~4T\)  where  /<  9 


0.10-  ■  0.1 3ft In 


where  0 <»  *  M»«. 


Let  us  remember  that  relationships  (5.50)- (5.56)  are  valid  for 
(...)  <  10  kG/cm2  and  t  <  10  0. 


The  calculated  findings  of  pressure  change  for  a  wide  range 
of  charge  depths  and  for  the  entire  effect-time  of  the  compression 
and  reflection  phases  are  shown  in  Figs.  6  &  7.  We  can  see  that  as 
hydrostatic  pressure  p^  increases,  excess  pressure  drops  considerably 


2 

solely  in  the  tail  section  of  the  shock-wave.  For  pQ  <  100  kG/cm  , 
pressure  hardly  changes  when  t  <  0. 


2 

Ap,  kG/cm 


Fig.  6.  Change  in  Excess  Pressure  Behind  Shock-Wave 
Front  for  r  *  60  at  Initial  Period  in  Time. 

-  theoretically  calculated 

— - - —  calculated  by  empirical  formula 


The  entire  range  for  r  >  10  and  Pq  <  100  can  be  approximated  by  the 
relationships: 


r,  r9) 


“-n  where  t  <  t> 

'■  (*'f*  i  MS.**-'*,?- 


(5.57) 


I  I  *  .*  Itl*  |i  .  .*< 

f*  "  ’  : 


where  t  >  t*. 


where  p*  is  defined  prior  to  some  point  in  time  t^  by  equation  (5.50); 
and  in  the  interval  t ^  <  t  <  t *  according  to  the  formula: 


ip* 


J_  _  7320 _ 

r  'Oi  5,2  —  * 


(5.58) 
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850 
Po01* 


(5.59) 

(5.60) 


4350 

T5JT 

P« 


30,7 

*F 


4-m; 


pQ  -  hydrostatic  pressure,  adjusted  to  1  atm. 


(5.61) 


Time  t^  is  derived  from  the  equation 


u 

(l,  |.5.2-*)^ 


6.10  -**pmVr, 


(5.62) 


quantity  m  =  r  -  t  ^ ,  according  to  formula  (5.49);  and  time  t  is 
counted  from  the  moment  that  the  shock-wave  approaches  the  observat¬ 
ion  point. 


Since  the  second  terms  in  the  formulas  of  (5,57)  change  in  pro- 
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portion  to  1/  r4,  they  can  be  rejected  when  r  >  60.  For  this  purpose, 
the  range  of  distances  is 


**ii-(±.yj|  -  - 

[  V  **  /  j  where  t  <  t* 

i,(/.  p.>-  4. (5|r+6,ipS-"I!r£_ao.7p!“;"“) 


(5.63) 


where  t  >  t* 


The  physically-dimensionless  time  t*  characterizes  the  positive 
phase  of  the  kinetic  enthalpy  quantity  fi(t)  and  in  formula  (5.63)  it 
coincides  with  the  positive  excess  pressure  effect  time  (t*  =  t+) . 
The  relationship  t+  =  t+(r)  where  pQ  =  1  is  shown  in  Fig.  8. 

f. 


to  ii  jo  40  so  so  in  to  «r> 

Fig.  8. Duration  of  Excess  Pressure  Compression 
Phase  of  Underwater  Shock-Wave  as  a  Function  of 
Distance  in  Underwater  Explosion  in  an  Infinite 
Medium,  for  pQ  *  1  kG/cm  . 

The  shortest  compression  phase  occurs  at  distances  equal  to  the 
gas-bubble  radius,  when  the  pressure  inside  it  becomes  equal  to  pQ: 

f  ^  jw 

*+  min  -  0,67”  •  (D.  04; 


The  change  in  the  duration  of  the  compression  phase  as  a  funct¬ 
ion  of  hydrostatic  pressure,  where  r  >  60,  can  be  judged  on  the  bas¬ 
is  of  (5.60).  We  can  easily  calculate  minimum  pressure  in  the  re¬ 
flection  phase  from  (5.57),  if  we  assume  that*  t  »  tL  (£  =  1) : 

IU 


M«u»  *  4-  (0,7p  §•** 30,7 p  J“)  —jZ. 


(5.65) 


*It  is"  also  apparent  that  ^Pmin  =  Rmax/rf  where  Apr  -  pressure  in  the 
gas-bubble  corresponding  to  R  . 


.  V>  ft-. 


The  results  of  calculations  made  according  to  these  formulas 
permit  us  to  form  a  total  judgment  about  the  effect  of  initial  hydro¬ 
static  pressure  on  shock-wave  parameters.  For  small  values  of  pQ, 
the  initial  time  interval  of  abrupt  pressure  change  (t  *  S’)  is  con¬ 
siderably  less  than  the  duration  of  the  entire  compression  phase  (e.g., 

o  _  _ 

where  pQ  =  1  kG/cm  and  r  =  60,  t+/0  ~  230).  As  p^  increases,  the 
duration  of  the  compression  phase  is  shortened,  and  where  pQ  =  100 
kG/cm2  it  exceeds  9  by  only  6  times. 

To  an  even  greater  extent,  the  duration  of  the  reflection  phase 
is  shortened  as  pQ  increases.  The  reflection  phase  exceeds  t+  by 
about  8.5  times  where  Pq  =  1  kG/cm2  and  by  only  4.5  times  where  pQ  = 

=  500  kG/cm2. 


Fig.  9.  Change  in  Mass  Velocity  of  Particles  in 
Shock-Wave  Where  r  =  60  in  Underwater  Explosion  in 
an  Infinite  Medium  having  Initial  Hydrostatic  Pressure 
pQ  =  1  kG/cm2. 

The  derived  results  also  permit  us  to  calculate  the  quantity  of 
the  total  momentum  in  both  the  compression  and  reflection  phases. 
Specifically,  the  positive  phase  momentum  for  r  >  60  can  be  described 
by  the  relationship 
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1  /*.  j <  f* 


~j  -  v-  ^ 


78  (XX)  ’ 


[kG/cnrJ 


(5.66) 


We  can  use  equation  (.5.54)  to  evaluate  the  momentum  of  part¬ 
icles  where  r  >  60.  Where  r  <  60,  we  should  use  the  more  precise 
relationship  (5.36).  The  nature  of  variation  in  momentum  for 
r  =  60  and  pQ  =  1  is  shown  in  Fig.  9. 


The  maximum  migration  of  particles  during  the  passage  of  a 
shock-wave  is  roughly  equal  to 


■'ifW* 


max 


ii^,-("lpr)’-,j whete  r  <  2Ri 

where  r  > 


3,55_  ,  9GS0 


(5.67) 


One  should  note  that  the  relationships  cited,  which  character¬ 
ize  the  effect  of  initial  hydrostatic  pressure  of  the  parameters  of 
the  hydrodynamic  field  during  underwater  explosion,  have  been  derived 
by  approximate  theoretical  calculations  and  have  not  been  experiment¬ 
ally  verified. 


§6.  The  Basic  Equations  of  Short-Wave  Theory.  Asymptotic 
Presentations  of  an  Underwater  Shock-Wave. 


As  we  move  away  from  the  center  of  explosion,  the  motion  of 
the  gas-bubble  has  a  decreasing  effect  on  the  parameters  of  the  under¬ 
water  shock-wave.  It  becomes  feasible  to  study  the  propagation  of 
shock-waves  as  a  physical  process,  independent  of  the  conditions  of 
its  formation.  Despite  the  fact  that  we  are  assuming  considerable 
distances  from  the  center  of  explosion,  the  acoustic  approximation 
cannot  always  provide  qualitatively-correct  descriptions  of  this 
process  on  account  of  the  specific  properties  of  shock  waves  and 
the  factor  of  nonlinearity  which  is  part  of  their  nature.  The  study 
of  shock-waves  require'  a  fundamentally  different  theory.  A  theory 
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which  is  suitable  for  this  purpose  is  the  short-wave  theory  which 
has  been  developed  In  recent  years  by  S.  A.  Khristianovich,  A.  A. 
Grib,  and  0.  S.  Ryzhov  [2]. 

Let  us  state  the  principles  of  this . theory  in  brief  form. 


Let  us  examine  isentropic  axial-symmetric  fluid  motion.  Using 
the  variables  vr,  vQ,  and  a  in  system  (2.12),  let  us  write  the  equat¬ 
ions  of  motion  and  the  equation  of  discontinuity  in  the  form 


ft  r  '  ft  7  r  r  •— 1  ,lr 

+  *,  A  +  J5LA  +  55L  +  -l-JLiL.ot 

(6.1) 

(6.2) 

ir+^ir  +  T*1r* I*  J  r\'ft  + 

+  —  +  2cv*)*v#ctgo)»0. 

(6.3) 

It  becomes  convenient  to  replace  independent  variables,  defining 
their  association  with  earlier  proofs  by  the  equations 

?  ,  * 

'  (6.4) 

In/. 

Performing  the  appropriate  transformations,  we  will  find  that 
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.7) 

The  reduction  of  the  basic  system  of  gas  dynamics  equations  to 
the  form  (6. 5)- (6.7)  is  of  a  preparatory  nature. 


The  chief  prerequisites  of  short-wave  theory  amount  to  an 
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assertion  that  we  may  present  the  variables  which  enter  into  these 
equations  in  the  form 

V,  ---  o„AI*|i, 

»,~°r 

6  =  6  *yJL±lyt 

r~aj(\  + 

V  2  ;  (6.8) 

p=a#(i+ *±iMn). 

where  M*,  V*,  0*  -  small  quantities  of  the  first  or  higher  order; 

y,  v,  Y,  6,  a  -  quantities  on  the  order  of  one. 

In  other  words,  this  assumes  we  are  studying  motion  char¬ 
acterized  by  change  in  hydrodynamic  parameters  in  a  relatively  small 
area  adjoining  the  shock-front.  The  ratio  of  the  length  of  this  area 
to  the  distance  from  the  center  of  explosion  is  on  the  order  of  M*. 
Consequently,  an  assumption  that  M*  is  a  small  quantity  is  an  assump¬ 
tion  that  the  wave  is  short. 


Using  new  variables,  system  (6.5)-(6.7)  can  be  reduced  to  the 


form 
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(6.10) 


-H a  —  5)  +  —  Jl  j.  x  _v_  «  o 

^  '  d’.  2  dY  i  1  +  2Y  * 

A. .{.  (p  —  ?,)  Jii.  -j-  J-  Jl.  +  h  =  0. 

d;  '  d>,  2  dY  ^ 


(6.11)* 


*  The  first  equation  in  (6.1)  reiaEes  to  the  case  of  motion  in  the 
proximity  of  the  axis  0*0  and  the  second,  in  the  proximity  of  a 
finite  angle  0. 
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The  derived  equations  are  much  simpler  than  the  initial  equat¬ 
ions.  They  permit  us  to  find  solutions  in  finite  form  for  a  series 
of  important  practical  problems.  Specifically,  Khristianovich  ex¬ 
amined  the  propagation  of  an  underwater  shock-wave  at  considerable 
distances  from  the  point  of  explosion  from  the  standpoint  of  short 
wave  theory  [223.  Let  us  mention  the  ba3ic  premises  of  this  study. 
Equation  (6.11)  becomes  an  ordinary  differential  equation  and  adopts 
the  form 

a u 


or  likewise, 


di _ i 

d;i  I* 


+  1  «o. 


The  common  integral  of  (6.12)  is 


(6.12) 


i  rs  C|»  —  ft  In  ,1 


(6.13) 


or,  using  the  variables  v,  r,  and  t  and  using  equations 


v  -  o»M*n, 


(6.14) 


(6.15) 


we  will  derive 


_J — u. 

,t  (  I  .41*  \ 


(6.16) 


Relationship  (6.16),  in  conjunction  with  dynamic  compatibility 
conditions  (1.38)  and  (1.40),  permits  us  to  establish  the  laws  of 
motion  of  an  underwater  shock-wave  front.  Using  expression  (1.38), 
equation  (6.16)  can  be  written  in  the  form 
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It  is  convenient  to  replace  the  arbitrary  constant  C  with  another 
arbitrary  constant#  assuming  that 


c -'•-£*■ 


Then# 


(6.18) 


Differentiating#  we  find  that: 


x('n'7Z~'  )dp* 


On  the  other  hand#  according  to  (1.40) 


*-*(»•+ nr  ■&) 


or#  likewise# 


+  £)*♦ 


(6.19) 


(6.20) 


Excluding  dr^  from  (6.19)  and  (6.20) and  performing  elementary 
transformations#  we  get: 


*~r  aK-i)l 


din  p*. 


Integrating,  we  derive 


'♦/ ,B7T~T 


(6.21) 


It  is  known  from  the  theory  of  similarity  that  equal  quantities 
of  pressure  on  the  front  are  satisfied  by  equal  compatible  distances 
and  times#  the  modulus  of  similarity  being  the  radius  of  the  charge. 
For  this  reason#  it  is  appropriate  to  introduce  another  constant.  A# 
in  place  of  the  integration  constant  : 
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Thus, 
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Taking  account  of  (6.22),  relationship  (6.18)  can  be  written 
in  the  form 


a  4  '+1'"+ 

*  lA-fr-” 


(6.23) 


Equations  (6.22)  and  (6.23)  express  the  asymptotic  laws  of 
change  in  pressure  on  the  front  of  an  underwater  shock-wave  as  a 
function  of  distance  and  time.  The  constants  A  and  p*  which  enter 
into  these  equations  have  been  used  on  the  basis  of  analyzing  ex¬ 
perimental  data. 


Let  us  find  the  spatial  extension  of  a  section  of  a  shock-wave 
from  the  front  to  a  point  having  a  given  amplitude  of  pressure  p. 
According  to  (6.15) 


r*  —  r  =  a#**  M*  ($♦  —  S), 


(6.  24) 


according  to  (6.13),  however, 


S  „  ji  (C  -  In  p)  ~  ( C  -  In  -S- ) . 

a»M*\  a„1l» ) 


In  the  proximity  of  the  front,  we  can  consider  that 


Therefore , 


$-—i l — (c—  In  V 

BnM *  \  UnM*  )' 
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or,  since 


C*»  In 


BnM*  * 


-  III  — . 


(6.25) 


Substituting  (6.25)  in  (6.24),  we  will  have 


or,  according  to  (6.22) 


l  nJL'JL-x*Jl. 

A  H  f-  I  P»  P»  _ P  _ 

fln  2  V  /.  "  V  ’"T, 

1/  in  -f  —  —  0,G 
r  i».h 


(6.26) 


The  effect-time  of  pressure  as  amplitude  changes  from  p  to  p 


a/«  iirJL 

«• 


(6.27) 


Specifically,  assuming  that  p  *  p^/e,  we  can  derive  the  time 
interval  during  which  pressure  drops  e-fold  from  (6.26)- (6. 27) : 


\7  *ls?»  -  n  ± 1  j 

'  ”  2  fi< 


2  *"  <  l/^ln  -2- — 0,5  ’ 

r  P* 


(6.28) 


In  order  to  use  fixed  relationships  in  quantitative  evaluations, 
Khristianovich  suggested  the  use  of  the  arbitrary  constants  entering 
into  (6.22)-(6.28)  based  on  an  experimental  pressure-time  contour 
recorded  at  the  relative  distance  of  r  »  90.  The  quantities  A  and 
p*  which  were  calculated  on  the  basis  of  conditions  of  equality  of 

pressure  on  the  wave-front  and  at  point  At  *  0,  in  this  connection, 

2  e  2 
were  equal  to  p*  =  17,000  kG/cm  and  A  **  16,200  kG/cm  . 
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This  choice  of  constants  A  end  p*  introduced  some  error  into 
the  theoretical  formulas  which  can  be  reduced,  indeed,  the  wave 
contour  naturally  affects  the  asymptotic  law  of  pressure  damping 
on  the  front.  The  assumption  of  self-similar  motion  leads  to  a 
wave  form  similar  to  triangular.  At  the  same  time,  the  actual  law 
of  change  in  the  pressure-time  curve  differs  considerably  from  tri¬ 
angular  (Fig.  10).  Thu  self-similar  solution  rather  precisely  de¬ 
scribes  the  drop  in  pressure  behind  the  front  for  a  time  inter¬ 
val  which  is  considerably  less  than  9.  Consequently,  the  best  con¬ 
vergence  of  theoretical  relationships  with  experimental  data  can  be 
attained  if  we  require  equality  in  the  slope  of  pressure  contours 
in  the  proximity  of  the  front,  in  addition  to  equality  of  pressures 
on  the  front,  as  our  approximation  conditions. 


Since  the  initial  drop  in  the  actual  pressure  contour  can  be 
well  described  by  the  exponent 

u 

‘  ,  (6.29) 

then,  differentiating  we  will  derive 

di  I  I 

(6.30) 


form 


Considering  (6.26),  these  conditions  may  be  presented  in  the 


6  -- 


n  tj 

wT 


o.5 

f  p* 


(6.31) 


Equations  (6.31)  and  (6.23)  can  be  utilized  with  greater  prec 
ision  than  (6.28)  and  (6.23)  for  defining  the  constants  A*  and  ■  •*. 

Let  us  note  that  this  is  not  the  only  means  of  studying  the 
asymptotic  laws  of  shock-wave  propagation.  Other  research  means 
have  been  developed,  at  one  time,  in  the  studies  of  Kryussar  [5], 
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L.  D.  Landau  [11J ,  Osborne  and  Taylor  I39J ,  Kirkwood  and  Bethe  [10] , 
L.  Ya.  Gutin  and  P.  F.  Korotkov  [9J.  All  of  them  proceeded  from 
several  assumptions  on  wave-form  and  the  nature  of  energy  dissipation 
on  the  front. 

Following  the  common  ideas  of  these  studies,  we  can  easily 
derive  more  refined  asymptotic  relationships  for  an  underwater 
shock-wave  front.  For  this  purpose,  our  first  initial  premise 
will  be  that  in  the  area  of  a  low-amplitude  spherical  wave-front, 
the  quantity  pr  =  constant  =  k  is  traveling  at  a  velocity 

«  +  +  (6.32) 

The  validity  of  this  assertion  was  explained  rather  thoroughly 
in  the  preceding  section  :  to  be  specific,  it  follows  from  the 
Kirkwood-Bethe  theory.  Our  second  initial  premise  will  be  the 
dynamic  compatibility  conditions. 

Let  there  be  on  some  spherical  surface  R  a  change  in  pressure 
in  time.  To  evaluate  the  time  of  passage  of  the  quantity  k  and 
its  corresponding  pressure  p  »  k/r  through  an  arbitrary  point  k, 
we  can  then  write 


where  tg  -  passage  time  of  quantity  k  *  pr  through  initial  observat¬ 
ion  point. 

Equation  (6.33)  is  the  approximate  solution  for  hydrodynamics 
equations  describing  the  head  of  a  spherical  shock-wave  at  great 
distances  from  the  explosion  (for  an  underwater  shock-wave  at  dis¬ 
tances  of  more  than  60  Rg) .  Specifically,  for  pressure  on  a  wave 
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Fig.  10.  Comparison  of  Pressure  Contour 
Used  in  Khristianovich's  Self-Similar  Solution 
with  Experimental  Contour. 

-  experimental  curve; 

-  used  in  Khristianovich's  solution; 

initial  curve  according  to  Cowle's 
data. 


where  tQ  -  time,  counted  from  the  time  the  wave-front  arrives  at 
the  initial  observation  point  R. 


Based  on 


(6.36) 


0  In  -  i,  lu 

P*  *  J* 
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Substituting  this  result  in  (6.34)  and  differentiating,  we 
find  that 


(6.37) 


Excluding  dt^  from  (6.35)  and  (6.37),  we  derives 


or 


[=isf^('+s,4)+th' 


dp*  „  _ _ ! _ ! _ (6.38) 

/>♦  r*  2  2 nfl  *»  ,  ln  '♦  '♦ 

«•:  1  py,*  ‘  W 


The  approximate  solution  for  ordinary  differential  equation 
(6.38)  for  a  shock-wave  having  an  exponential  profile  has  the  form* 


'i6. 39) 


where  pm  and  -  pressure  on  the  front  and  the  constant  of  expon¬ 
ential  damping  on  initial  surface  R. 


After  defining  pressure  on  the  front  p^,  we  can  easily  find 
a  relationship  for  p,  r,  and  A¥  by  using  equations  (6.33),  (6.34), 
and  (5.50).  Consequently,  let  us  derive 

iT'‘'(,-£)l"T  + 

8*  In  npH  p  >  £s? 

*|> 

8,  ^0,368  b  —  In b j  npn  (6.40) 

*l£  we  assume  that  (Tq/p^F^  *  T^/ p^R  *  constant  at  the  initial  point 

(where  ?Q  =  aoTo/Ro#  T0  ”  effect-time  of  positive  pressure  phase) , 

a  precise  solution  can  be  derived  for  differential  equation  (6.38) 
which  will  correspond  to  the  asymptotic  behavior  of  a  shock-wave 
having  a  linear  profile. 
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Fig.  11.  Comparison  of  Asymptotic  Solution  for  p. 
with  Arons'  Experimental  Data.  v 

•  -  explosion  of  charge,  G  =  11.3  kg; 
x  -  explosion  of  charge,  G  *  25  kg. 


where 


b 

•  Ptr  ’ 


At  is  the  time  interval,  counted  from  the  wave-front  arrival 
at  point  r. 

Hence,  we  immediately  find  the  characteristic  time  8,  corres¬ 
ponding  to  an  "e"-fold  drop  in  pressure: 

<U  6,(6-  In  6) .}-  0.632  In-L  (6.41) 

4(IB  H 

Using  the  surface  R  =  240  as  the  initial  surface  and  using 
the  semi-empirical  formulas  of  the  preceding  paragraph,  we  can 
find  a  simpler  expression  to  characterize  asymptotic  change  in  pres¬ 
sure  on  the  front  of  an  underwater  shock-wave,  after  calculating 
instead  of  (6.39) 

_  _ 10000 

4  rV'i»^=o74  *  (6.42) 

A  similarly-derived  formula  for  the  constant  of  exponential 
damping  does  not  differ  greatly  from  (5.51)  and  has  the  form 

8-3,7|/lgr~r.  (6.43) 
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The  theoretical  findings  from  formula  (6.42)  are  compared  with 
Arons1  experimental  data  127]  in  Fig.  11.  A  good  convergence  of 
theory  and  exper'  ant  permits  us  to  recommend  final  fixed  relation¬ 
ships  for  practical  evaluations. 

As  additional  research  has  shown,  the  pressure  contour  of  an 
underwatei  shock-wave  does  not  change  much  as  the  distance  from  the 
explosion  increases;  even  at  a  distance  of  100,000  radii  from  the 
charge,  the  approximate  relationships  of  the  preceding  section 
[formulas  (5 . 50) — (5 . 67)  in  §5]  are  valid. 


The  Effect  of  a  Free  Fluid  Surface  on  Pressure  Fields 
in  Underwater  Explosion. 


In  underwater  explosion  at  relatively  small  depths,  a  free 
fluid  surface  exerts  a  considerable  effect  on  the  parameters  of  the 
hydrodynamic  field.  The  moment  a  shock-wave  encounters  a  free  sur¬ 
face,  a  refracted  compression  wave  is  formed  in  the  air  and  a  re¬ 
flected  expansion  wave  is  formed  in  the  water.  Owing  to  a  signif¬ 
icant  difference  in  the  quantities  of  acoustic  resistance  of  the 
media,  the  rate  of  particle  motion  on  the  free  surface  is  almost 
double  that  of  particles  behind  the  wave-front  in  an  infinite  medium. 


The  motion  of  fluid  at  elevated  velocities  leads  to  a  reduction 
in  fluid  density  in  a  specific  layer;  this,  in  turn,  entails  a  drop 
in  pressure.  Propagating  at  the  local  speed  of  sound,  this  disturb¬ 
ance  creates  a  combination  of  elementary  waves  having  reduced  pres¬ 
sure  and  different  amplitudes  (characteristics) . 

If  we  are  examining  an  explosion  at  great  depths,  and  measure¬ 
ments  are  made  at  relatively  small  distances  from  the  epicenter, 
the  difference  in  the  propagation  rates  of  the  characteristics  is 
negligible.  We  can  then  solve  problems  using  the  acoustic  (linear) 
approximation.  In  this  case,  the  limiting  conditions  are  satisfied 
by  applying  two  fields  of  different  signs.  The  simplest  method  for 
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where 

r'=:\'L*  +  (H  +  W. 


A  formal  corollary  of  (7.2)  is  the  possible  formation  of  neg¬ 
ative  stresses  in  the  fi.uid. 

The  question  arises  as  to  whether  water  is  capable  of  with¬ 
standing  these  stresses.  Individual  experiments  have  shown  that, 

under  certain  conditions,  water  which  is  free  of  mechanical  impur- 

2 

ities  can  withstand  negative  pressures  of  up  to  280  kG/cm  (cf., 
for  example,  [28]). 

In  practical  .application,  however,  we  most  often  observe  the 
rapid  development  of  cavitation  phenomena  and  a  drop  in  pressure  to 
the  state  of  vacuum. 

The  reflection  of  shock-waves  on  a  free  surface  has  been  well 
recorded  by  experimental  methods.  We  can  show  the  moment  that  a 
reflected  wave  approaches  a  point  by  shearing  the  pressure  curve 
in  an  explosion  oscillogram.  Several  oscillograms  are  shown  in  Fig. 

13  to  illustrate  this  point.  The  solid  lines  in  Fig.  13  indicate 
pressure  oscillograms  obtained  by  experimentation;  the  dotted  lines 
indicate  pressure  oscillograms  calculated  according  to  formula  (7.2).* 
As  we  can  see,  there  is  total  coincidence  of  theoretical  and  experi¬ 
mental  data,  prior  to  the  moment  when  the  expansion  wave  converges. 

The  theoretical  curves  indicate  the  possible  existence  of  an  area  of 
negative  stresses  which  was  not  recorded  in  the  experiment. 

The  effect-time  of  the  positive  pressure  phase  is  apparently 

*A  form  of  the  functions  p  (r)*  and  f  (t  -  r/otr)is  used  according  to 
data  of  §5.  m  0 


defined  by  the  difference  in  the  arrive!  times  of  a  direct  wave  and 
a  wave  reflected  on  a  free  surface  at  a  given  point.*  Since  the 
distance  traveled  by  a  direct  wave  is  equal  to  /L2  +  (H  -  h)2~  and 
the  distance  traveled  by  the  reflected  wave  is  equal  to  /l2+  (h  +  ti) 2 
then  _ _ 

ill  !•  +  («  (  W- 1-  /.*  +  (« -v|~ 

(7-3> 

For  small  quantities  H  and  h,  it  is  roughly  equal  to 


where  V  Hh<ni 

r 

2 Hh  ii  •  i 

Mhere  —-<0.2- 


(7.4) 


Hence,  it  follows  that  the  effect-time  of  the  positive  pressure 
phase,  allowing  for  the  free  surface  in  the  acoustic  approximation, 
is  defined  by  purely  geometric  features  and  does  not  depend  on  the 
weight  of  the  charge  (except  for  previously-specified  cases) . 

A  reduction  in  the  duration  of  the  positive  phase  of  a  shock-wave 
brings  about  a  change  in  its  integral  characteristics. 


Based  on  an  exponential  pressure-to-time  curve  for  total  moment¬ 


um  where  t  <  6,  we  will  derive 

a  K 


OK 

=  j  Pm*~  *  dt  =pme(l-r^L). 


(7.5) 


For  values  of  the  ratio  t  u/0  that  are  not  too  great, 

a  H 


pj, 


p*t* 


.  ^<0,35 

\  26  /  where  * 

where  <  0,04. 


(7.6) 


*This  is  valid  if  the  arrival  time  is  shorter  than  the  duration  of 
the  excess-pressure  positive  phase, which  always  occurs  in  shallow 


n  1  An  q 
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Where  t  <  8  [cf.  (5.53)-(5.56)] ,  energy  flux  density  is 

3  K 


(7.7) 


For  distances  r  >  20  (with  error  not  exceeding  5%) , 

2| ».,«#  *  /  * 


(7.8) 


We  have  discussed  a  scheme  for  calculating  the  effect  of  free  < 

surface  of  a  fluid  in  the  acoustic  approximation  which  is  clear  and 
simple,  but  has  a  limited  field  of  application,  if  we  examine  pres-  ; 

sure  fields  near  a  free  surface  at  a  distance  from  the  epicenter 

2 

which  considerably  exceeds  the  depth  of  explosion,  then  we  must  take 
into  account  the  nonlinearity  of  the  reflection  process:  nonlinearity 
is  associated  with  the  difference  in  the  rates  of  propagation  of 
elementary  pressure-reduction  waves.  Low-amplitude  character¬ 

istic  waves,  propagating  at  the  local  speed  of  sound,  can  sometimes 
overtake  the  shock-wave  front  and  weaken  it.  In  contrast,  some 
characteristics,  having  considerable  negative  amplitude  and  propag¬ 
ating  at  the  speed  of  sound  in  an  undisturbed  medium,  will  recede 
from  the  front.  Therefore,  the  nonlinear  effect  of  free  surface 
may  be  revealed  both  in  a  reduction  cf  direct-wave  amplitude  and 
in  a  distortion  of  the  entire  pressure-time  contour,  as  the  total 
duration  of  the  positive  phase  increases. 

A  number  of  researchers  undertook  the  study  of  these  phenomena.  ; 
The  primary  findings  were  achieved  by  S.  A.  Khristianovich,  A.  A.  j 

Grib,  A.  G.  Ryabinin,  Ya.  F.  Sharov,  B.  V.  Zamyshlyayev,  and  B.  I.  I 

Zaslavskiy,  who  devised  a  nonlinear  theory  for  the  interaction  of 
an  underwater  shock-wave  with  a  free  fluid  surface,  and  suggested 
approximate  formulas  for  evaluating  pressure  fields.  , 

Let  us  first  examine  regular  reflection  of  a  plane  wave  having 
one-valued  amplitude  on  a  free  surface  (Fig.  14). 
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Fig.  14.  Diagram  of  the  Reflection  of  a 
Shock-Wave  on  a  Free  Fluid  Surface. 

I  -  maximum  amplitude  characteristics; 

II  -  zero  amplitude  characteristics. 


A  direct  wave  travels  along  a  free  surface  at  a  velocity  of 
N^/cos  6np.  Elementary  pressure-reduction  waves,  whose  sum  comprises 
an  expansion  wave,  are  traveling  at  the  same  velocity. 


Consequently , 


cos8„p  «*  Iht 


N+ 


(7.9) 


where  6  -  the  angle  of  reflection  of  the  characteristic,  traveling 

xap 

at  a  velocity  Nxap. 

The  rate  of  travel  of  the  characteristic,  N  is  composed  of 
the  local  speed  of  sound  a  and  momentum  v.  The  latter  is  roughly 
equivalent  to  a  rejection  of  the  rate  of  speed  of  particles  behind 
a  direct-wave  front  in  the  direction  of  travel  of  the  characteristic 
v^  cos(6np  +  (Sxap)»  and  to  the  increment  in  momentum  induced  by 
the  drop  in  pressure 


Therefore, 


A'xap  =*  «*  +  i'+«>s(«np  +  Ssap)~  c, 


jVj. 

nH 
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or,  considering  that  angles  6  and  6^^  ate  similar  and  rejecting 


numerically-small  second-order  values, 


A’«»p  •»  a  +  u*  cos  2'inp  —  a,  . 

fiB 


Substituting  the  values  of  the  speed  of  sound  and  the  velocity 
of  particles  according  to  (1.38)  and  (1.39)  in  this  expression,  we 
find  that: 

N  —  a.  I  I  f  (P*  ~  P.  ~  I4  ( 1  ~  cos25n_)|  . 
xjp  o  j  ofln  \r*  •  p)  Bn  \  "P/| 


(7.10) 


Solving  (7.10)  and  (7.9)  simultaneously,  we  will  derive: 
KV»”0»8.»[l  +  lSL(/>,-<’..,)- 


COS' 


(7.11) 


For  small  angles  of  incidence  (cos  6„  «  i  - 

n  p 

(7.11)  becomes  the  relationship 


2 —np) '  nation 


cos^,ip- - f*L 


l  +  JL±±  -  +  J.  (* 

4nfl  ^  9  "P 


(7.12) 


which  was  first  established  by  Khristianovich  [3] . 


Equation  (7.11)  permits  us  to  plot  the  pressure  curve  at  a 
given  point.  Let  the  depth  of  this  point  be  equal  to  h.  As  a  direct 
wave  front  approaches  this  point  (t  =  0) ,  pressure  abruptly  increases 


to  p^  and  remains  constant  until  a  zero  amplitude  characteristic  ap¬ 


proaches  (p„  „  =  0) . 

0  •  P 


On  the  basis  of  simple  geometric  plots  (Fig.  14) ,  this  time 
interval  is 


,  M‘«fcnp  »  ‘CO 

'• - — • 


cos  4, 


’up 


44- 


(7.13) 


Convergence  time  of  a  characteristic  having  arbitrary  amplitude 
at  this  point  is 


'  “  +  ki..,y 


(7.14) 


Substituting  the  value  of  <$xaf.  according  to  (7.11)  in  (7.14) 
and  performing  transformations,  we  find  that 


1  -  |\~Tar*+ 5v[fr-crt;-) * 


(7.15) 


This  same  result  can  be  derived  on  the  basis  of  the  Fermat 
principle,  according  to  which  any  disturbance  in  space  propagates 
along  the  path  having  the  minimum  mean-free-path  time. 

Our  initial  time  reading  will  be  the  moment  the  wave-front 
arrives  at  a  point  x  =  0,  z  =  0  (Fig.  15).  Then,  the  travel  time 
of  a  point  common  to  the  direct-wave  front  and  the  expansion  wave, 
at  distance  x,  is 


/  *C0<W_ 


(7.16) 


The  mean  free  path  of  the  characteristic  from  point  K  to  point 
U  will  equal  /K2  +  (L  -  x) 2~. 


The  slope  of  the  characteristic,  with  respect  to  the  free  sur¬ 
face,  is 


63  arctg  ~~  «  arccos  --- , 

L~*  Vm  i  (/-*)« 


(7.17) 


and  consequently,  the  arrival  time  of  a  given  characteristic  at 
point  U  is 


t  „  *coiOm)  l  h'-  i  (L  ~  X)* 

“p  ~  mi'" 1 — m —  *'• 


(7.18) 
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Fig.  15.  Diagram  of  the  Reflection  of 
a  Plane  Shock-Wave  on  a  Free  Surface. 


Using  the  Fermat  principle,  let  us  find  the  position  of  point  K 
from  the  condition  that 


dx 


We  have 


x  —  L  — 


jVxjp  cos  6np 


(7.19) 


The  quantity  (N  „  cos  6  ) / (N* )  =  cos  6  which  enters  into 

xap  np  <p  xap 

equation  (7.19)  is  easily  calculated  using  (7.11),  if  we  are  given 
the  pressure  of  the  expansion  wave  p 

8  ■  p 


Therefore,  according  to  (7.18)  and  (7.19),  the  arrival  time  of 
the  characteristic  of  given  amplitude  at  point  U  is 


l.-h lllLiK.— 


N xnp  l  I  —  COS* 


(7.20) 


The  shock-wave  front  arrives  at  this  point  at  the  point  in  time 
(cf.  Fig.  15) 


N* 


cos  8 


'up* 


(7.21) 


Starting  the  time-count  as  a  shock-wave  front  converges  with 
a  point,  and  taking  (7.11)  into  account,  after  several  simple  trans¬ 
formations  instead  of  (7.20)  we  derive 


i 


n-i  1 
4  ,iB 


+ 
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-  '-w-  a  **. —  *  i*p« /*«&-■ 


+ 


_«_ 

»ln‘f.ftp 


cos2M£ 


which  totally  coincides  with  (7.15).  Specifically,  the  zero  amp¬ 
litude  characteristic  (p  *  0)  converges  with  a  given  point  some 

B  •  p  w 

time  after  the  shock-wave  front  arrives: 


Ok  i 

I,-— sin  vlt,  J 


■l£ii-s=Jw(27s+-^)lS|- 


(7.22) 


For  the  maximum  amplitude  characteristic,  we  will  derive 


2 h 


sin  6, 


HP 


I- 


[n  t  1 

1 

1.  4  ‘ 

2»in*»np 

(7.23) 


These  equations  permit  us  to  refine  our  earlier  conclusion 
concerning  the  use  of  linear  approximation  formulas  to  calculate 
the  effect  of  free  surface.  Indeed,  let  us  assume  that  we  may  re¬ 
place  the  gradual  drop  in  pressure  over  time  t  <  0.2t+  by  an  instant 
aneous  drop  in  pressure,  i.e. ,  t+  -  tQ/t+  <,0.2.  Then,  after  sub¬ 
stituting  the  corresponding  values  of  t+  and  tQ,  we  will  derive 


— —  i - P* o  2 

inB  sin  nnp 

%  >  arcsl"  j/^"~ ~~P*. 


(7.24) 


These  considerations  are  not  valid  for  the  entire  possible 
range  of  direct-wave  slope  change.  Starting  from  an  angle,  which 
will  henceforth  be  called  the  critical  angle  (6*),  expansion  waves 
will  overtake  the  direct-wave  front,  distort  its  shape,  and  alter 
its  amplitude.  Irregular  reflection  will  occur. 

Let  us  find  the  quantity  of  the  critical  angle  6*  by  comparing 
the  rates  of  travel  of  the  expansion-wave  front  (zero  amplitude  char 
acteristic)  and  the  direct-wave  front. 
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The  zero  amplitude  characteristic  travels  toward  the  free  sur¬ 
face  at  a  velocity  of 


a  +  «*cos v  «  fl(, (|  4  p*  +  £*  cosSnpj . 


(7.25) 


The  rate  of  travel  of  the  wave  front  in  the  same  direction  is 


-  Hit  —  a.>  1 1  I  H  ~t  >  _  \ 

co»5np  '  c»8np  \  ^  4nB  P>)' 

The  critical  angle  is  defined  by  the  equation 


(7.26) 


(7.27) 


Considering  that  angle  6*  is  small,  and  therefore  assuming  that 
=  1  -  (1/2)  S*2,  we  derive 


whence 


n  •  | 

\  * 


(7.28) 


If  the  slope  is  6np  >  6*,  pressure-reduction  waves  do  not  over¬ 
take  the  shock-wave  front.  Regular  reflection  occurs.  Where  6np  < 

<  6*,  reflection  becomes  irregular.  The  point  of  intersection  of 
the  expansion-wave  front  and  the  shock-wave  front  is  displaced  down¬ 
ward  away  from  the  free  surface.  The  portion  of  the  shock-wave  front 
adjoining  the  free  surface  curves.  Pressure  in  this  portion  of  the 
front  are  less  than  in  an  infinite  fluid. 

Let  us  examine  irregular  reflection  for  a  case  which  is  most 
important  with  respect  to  practical  applications:  spherical-wave  pro¬ 
pagation. 

For  the  sake  of  simplicity,  we  will  consider  the  slope  of  the 
wave  to  be  small  (cos  <$np  ~  1).  Then,  according  to  (7.10),  the  rate 

87 


Depending  on  the  relative  juxtaposition  of  the  explosion  center 
0  and  the  measurement  point  U,  the  following  primary  cases  can  occur: 

1.  The  zero  amplitude  characteristic  will  arrive  at  point  U 
after  the  shock-wave  front.  Pressure  at  this  point  will  be  the  same 
as  in  an  infinite  fluid. 

2.  The  zero  amplitude  characteristic  will  arrive  at  point  U  at 
the  same  time  as  the  direct-wave  front.  Pressure  on  the  front  will 
be  the  same  as  in  an  infinite  fluid.  The  nonlinear  influence  of  free 
surface  will  be  revealed  in  distortion  of  the  shape  of  the  shock-wave. 

3.  Some  elementary  pressure-reduction  waves  will  arrive  at 
point  0  at  the  same  time  as  the  front  arrives.  Pressure  on  the  front 
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will  be  less  then  in  an  infinite  fluid. 

Let  us  explain  the  circumstances  where  a  direct  shock-wave  front 
and  the  zero  amplitude  characteristic  will  arrive  at  a  given  point 
simultaneously. 


For  the  zero  amplitude  characteristic,  p  =  0,  n®8  1,  and  con- 

B  •  p 

sequently,  according  to  (7.29) 


(7.11) 


Using  the  Fermat  principle,  let  us  find  the  position  of  point  K 
on  the  free  surface,  from  which  the  zero  amplitude  characteristic 
first  arrives  at  point  U.  According  to  this  principle,  the  time  re¬ 
quired  for  the  wave  to  travel  along  dotted  line  OKU  must  be  the  min¬ 
imum. 


The  simultaneous  arrival  and  the  direct  wave  and  the  zero  amp¬ 
litude  characteristic  at  point  U  can  be  written  in  the  form  (Fig.  16) 

(7.32) 


where  t2  -  travel  time  of  the  zero  amplitude  characteristic  from 
point  K  to  point  U;  t^  -  travel  time  of  the  direct-wave  front  from 
point  B  to  point  U. 


To  evaluate  the  time  interval  t2,  we  have  (Fig.  16) 


n  -t-  1 
2  Bn 


(7.33) 


since  pressure  on  the  front  p^  can  be  represented  as  a  function 
of  dimensionless  distance,  the  integral  of  (7.33)  is  easily  calcul¬ 
ated.  However,  simpler  relationships  can  be  derived,  if  we  utilize 
the  mean  rate  of  travel  in  the  appropriate  portions  for  evaluating 
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^  the  time  intervals  t2  and  t^. 
In  this  case, 


i*. 

R» 


At 


*•  „  a  ,  «  I  I  .  \  «.  V’  8B«  (7.34) 

ttp  cp  «..(*  t---  P„) 

where  p^  -  pressure  on  the  front  of  a  shock-wave  at  point  M  or  A 


•  M700 

P«  *  ~nUi 
"M 


or  a  wave-front 


Si.  .  .  .t 


Ri 


R » 

.  Jl(i 

4B«  P4 

/  n  »  1  \ 

*•  v 

(l+  4Bi»  PM) 

1 

(7.35) 


Let  us  designate  that 


5  = 


C 


L  ’ 


(7.36) 


where  x  -  horizontal  distance  between  points  K  and  U;  L  -  horizontal 
distance  between  points  0  and  U. 

Then,  for  distances  entering  into  expressions  (7.34)  and  (7.35), 
we  find  that  (Fig.  16) 


%  -  1 /  (f  -*)*  +  W*ce£(1  «)  X 


(7.37) 


-±£[2-1+  ^-^.^>±^1^1(1 

2  ^  2LMI-0  ]  \ 


-+•} 
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According  to 


Moreover , 


n  M 
~4Bn 


/»M“ 


(7.32),  C7.34),  and  (7.35) 


h.l\ 

°*  l 

1 

»+l  -  \ 

(7.38) 

K.l 

j  14700 

1,375 

4V1.V 

v5  *-{■-*«)“ 

(7.39) 

Substituting  the  expressions  for  W2  •  ^4'  and  (n  +  l)/(4Bn)pM 
into  (7.38),  according  to  (7.37)  and  (7.39)  we  will  find  that 


Ll  (*  +  2  W )  [ 1  £‘-,3{l  —  o.5£)113  ]  “ 

l  ffc  +  O-Wl-W-ifi  1  L  >.375  _ ] 

[  2 1(1  —  {)  |[  lM1(l  _o  jjjMt  ] 


"i 


1 

5 


or,  performing  a  transformation  and  rejecting  numerically-small 
values  of  higher  order, 


whence 


(//-/»)*<  1-C)  -  ft* 
21*5(1-;) 


h* _ 1,375 

2 £*i*  !«•«( I-0.5;)'*'3  ’ 


/.  »  fe  S(7?  -S)l*(l~0.55)tl3  | 


1.13 


2.75s*  <  I  -;) 


(7.40) 


j 

j 

i 

* 

i 


The  relative  distance  L  defined  by  (7.40)  will  be  called  the 
critical  distance  (L  ).  When  L  >  L  ,  the  shock-wave  front  over- 

K  p  K  p 

takes  the  expansion  wave.  According  to  the  Fermat  principle,  the 
parameter  K  must  be  chosen  so  that  the  quantity  L  is  the  minimum.* 

After  calculating  3L/3£,  equating  the  derived  expression  to  zero, 
and  performing  simple  transformations,  we  find  that 

*We  can  easily  verify  that  this  requirement  is  tantamount  to  satis- 

Cfying  the  wave  brachistochrone  conditions  along  dotted  line  OKU 
(Fig.  16). 
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•MCM? 


2 (//  -  ft) _ Q.fifiS  _  2 

*  —  €(//  —  *>  1  ~  0.5; 


3;. 


(7.41) 


Equation  (7.41)  can  be  solved  easily  in  two  particular  cases: 
where  h  =  0 


5  =  0, 


where  h  =  H 


5  =  0.72* 

Substituting  this  result  into  (7.40),  we  can  derive 
where  h  =  0 

L  =  0.31H2*3,  (7.42) 

Kp 

where  h  «  H 

L  =  1.61H2*3.  (7.43) 

KP 

On  the  basis  of  (7.42)  and  (7.43,  formula  (7.40)  may  be  estimated 
by  the  approximate  expression 

4p  -/V,J(0.31  1.3ft).  (7.44) 

An  inference  on  the  precision  of  the  approximation  can  be  made  on  the 
basis  of  Fig.  17  which  shows  the  results  of  the  corresponding  cal¬ 
culations  . 


Similar  arguments  enable  us  not  only  to  evaluate  the  distance 


*  — .  _ 

To  be  more  precise,  when  h  =  H,  this  equation  becomes  a  quadratic 
equation,  whose  root  is  within  the  range  0-1  and  is  equal  to  0.72. 
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L  ,  but  also  the  plot  the  pressure  contour  in  the  zone  where 

Kp 

L  <  L  .  indeed,  the  arrival  time  of  a  characteristic  wave  of 

—  Kp 

arbitrary  amplitude  n  at  some  point,  counted  from  the  moment  of 
arrival  at  the  same  point  by  the  shock-wave  front,  is  (Pig.  16) 


Performing  transformations  with  the  aid  of  (7.37)  and  (7.39), 
equation  (7.32a)  will  be  written  in  the  form 

_*,<<’.)  \in-Wi~h))1  '  1.375 (2,-  1) £ 

1  \r>) - r* - - - - rrn - -  •  (7.45) 

ale  (i — €) 

Based  on  (7.45)  specifically,  the  time  interval  between  the 
arrival  of  the  wave-front  and  the  zero  amplitude  characteristic (n  =  1) 
wave  at  some  point  constitutes 

i  -  lh  *  (/?-»)!* _ U75; _ 

Iol3(l -0,5S)'w  ’  (7.46) 


Fig.  17.  Zone  Boundaries  of  the  Effect 
of  a  Free  Surface  on  a  Direct-Wave  Front 
at  Different  Charge  Depths. 

-  theoretically  calculated; 

-  by  approximation. 
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For  a  maximum  amplitude  characteristic  wave, 

/  ^\*  rliH-h)\2  t  1,37V; 

2U0-i)  l011  (I  —  (I.5;)1'11 


(7.47) 


On  the  basis  of  the  Fermat  principle,  the  parameter  5  in  form¬ 
ulas  (7 , 45) -  (7. 47)  is  defined  from  the  equality  8t/3£  =  0. 


Fig.  18.  shows  a  combination  of  the  numerical  solution  of  this 
equation  and  (7.46).  The  theoretical  results  of  5  for  t^  can  be 
approximated  by  the  relation 


1  —  e 


Formulas  (7.46)  and  (7.47)  permit  us  to  define  the  limit  of 
possible  application  of  the  acoustic  solution.  Assuming,  as  prev¬ 
iously,  [cf.  (7.24)]  that  the  pressure-drop  time  interval  comprises 
no  more  than  20%  of  the  total  duration,  we  get 


94 


locus  of 
explosion 


Fig.  19.  Zones  of  Nonlinear  Effect  of  Free 
Surface  on  Shock-Wave  Parameters. 


Using  this  inequality  in  conjunction  with  (7.46)  and  (7.47), 
and  approximating  the  theoretical  results  by  an  expression  similar 
in  structure  to  (7.44),  we  find  that 


Therefore,  equations  (7.44)  and  (7.48)  delimit  the  entire 
obse  vat ion  area  into  three  zones  (Fig.  19) . 

In  zone  I,  where  L  <  L  ,  acoustic  approximation  formulas 
may  be  accurately  used  to  evaluate  the  parameters  of  an  underwater 
shock-wave.  In  zone  II,  there  is  substantial  distortion  in  the 
tail  section  of  the  pressure  contour  and  the  parameters  of  the  front 
are  not  a  function  of  the  free  surface.  In  zone  III,  the  effect  of 
the  free  surface  embraces  the  entire  pressure  contour,  including 
the  parameters  at  the  front. 

In  zone  IT,  when  given  the  parameters  £  and  rj ,  the  wave  contour 
is  graphed  directly  with  the  aid  of  relation  (7.45). 

Despite  its  simplicity,  this  method  is  rather  unwieldy  and 
tlerefore,  for  practical  purposes  it  is  convenient  to  use  a  simpler 
approximation,  which  can  be  realized  if  we  impose  the  following 
premises: 

-  at  the  moment  of  convergence  of  a  zero  amplitude  characteristic 
wave  t  =  g ,  pressure  in  the  wave  is  the  same  as  in  an  infinite  fluid 
(P  =  Pj  ; 
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-  the  characteristic  wave  n  =  0.5  has  the  same  rate  of  travel  as 
the  shock-wave  front  and  consequently,  t  =  t  ,  corresponding  to  a 

3  K 

pressure  p  =  0.5  p^; 

-  the  maximum  amplitude  characteristic  wave  n  =  0  arrives  at 

a  point  in  time  t  =  t+;  the  resultant  pressure  at  this  time  is  equal 
to  zero. 

Thus,  for  a  constant  amplitude  wave,  using  the  parabolic  law  of 
pressure  variation  in  the  interval  tg-t+,  we  find  that 

P  =  P.  I  “'*))  + 

1  [ 1  ~  ( v^,)’]  l’»i'  -  M'  - ' ,  )|)  •  <7-«> 

If  we  calculate  approximately  that  in  an  infinite  medium,  pres¬ 
sure  changes  with  respect  to  the  exponential  law 

~  JL 

P~P„e  *, 


then,  instead  of  (7.49)  we  can  write 


*1 


p-=p„(e  1  l«*(0  “■«,(/  —  /o)|  +  • 


(7.50) 


In  equations  (7.49)  and  (7.50),  the  exponent  n  is  found  from 
the  apparent  relation 

_ _ 


(7.51) 


The  moment  tg  is  found  as  the  point  of.  intersection  of  the  ex¬ 
ponent  and  an  r-  th  degree  parabola 


[Uj‘  (7.52) 

V'-'oj  ‘ 


Fig.  20  shows  a  pressure  conto.tr  which  exemplifies  the  cited 
arguments . 
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Fig.  20.  Graph,  of  Pressure  Contour 
of  Underwater  Shock-Wave  in  Zone  II. 

Calculations  indicate  that  when  L  <  L  ,  considerable  distort- 
ions  in  the  pressure  contour  resulting  from  the  free  surface  effect 
do  not  cause  noticeable  changes  in  the  integral  characteristics  of 
the  shock-wave:  the  total  pressure  momentum  and  energy  flux  density. 
For  this  reason,  the  quantities  shown  in  the  second  zone  (Fig.  19) 
can  be  defined  in  terms  of  the  acoustic  approximation  formulas.  Th.L 
permits  us  to  simplify  even  more  the  approximation  of  the  pressure 
contour  in  this  zone.  Considering  that  the  profile  of  the  wave  is 
parabolic,  we  can  assume  that 

[l-(— j  |  [•„(/)--  **,(/  —  /  )|.  (7.53) 

where 

rl-.-. 

r  (7.54) 

¥- I )  (7.55) 

Let  us  examine  reflection  zone  III  (Fig.  19).  Here,  the  shock 
wave  is  overtaken  by  some  expansion  characteristic  waves.  We  could 
also  solve  this  problem  by  analogy  with,  the  method  stated.  However, 
in  order  to  derive  simple  theoretical  relations,  it  is  convenient 
from  the  very  start  to  introduce  a  dimensionless  parameter  k  which 
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is  the  ratio  of  critical  distance  to  distance  from  the  point  of  ob¬ 
servation  [cf.  (7.44)  J: 


=  4,2}). 


(7.56) 


We  naturally  assume  that  maximum  pressure  in  the  wave  is  mainly 
defined  by  the  parameter  ks 


(7.57) 


The  form  of  function  f  can  be  derived  by  analyzing  magnitudes 
of  pressure  at  points  situated  in  the  free  surface  of  the  fluid. 


We  previously  wrote  for  the  critical  angle 


2nB 


or,  taking  (5.48)  into  account 


The  slope  of  an  undistorted  direct-wave  is 


S  ^..2. 

■  nn  —  • 


(7.28) 


(7.58) 


According  to  the  solution  for  a  plane  wave  [3] ,  pressure  at  a 
point  in  a  free  surface  in  a  region  of  irregular  reflection  is  de¬ 
fined  by  the  relation 


4  \  8  /  4  \  1.66 i°-,3i} 

At  calculations  show,  in  the  range  0.05  <  k  <  1 


(7.59) 
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Fig.  21.  Diagram  of  Regular  Reflection  of  Direct-Wave 
on  Free  Surface. 


Thus,  in  the  third  reflection  zone,  maximum  pressure  in  the 
underwater  shock-wave  is  defined  by  the  approximate  relation 

K-P*  V  (7.60) 


The  effect-time  of  the  positive  phase  can  be  found  in  terms  of 
the  previous  scheme  as  the  difference  in  arrival  times  of  the  max¬ 
imum  amplitude  characteristic  wave  (n  =  0)  and  a  wave-front,  weakened 
by  an  expansion  wave,  at  some  point.  The  derived  relations  are 
rather  unwieldy.  Moreover,  calculations  show  that  they  are  similar 
to  those  which  were  derived  earlier.  The  greatest  discrepancies  are 
revealed  at  points  situated  near  the  free  surface.  However,  the 
effect-time  for  these  points  can  be  defined  rather  easily  by  exam¬ 
ining  the  slopes  of  che  direct  wave  and  the  angle  of  reflection  of 
che  maximum  amplitude  characteristic  wave. 


In  the  range  of  relatively  shallow  charge  depths  (h  <<  L) ,  the 
effect-time  of  the  compression  phase  can  be  found  using  the  apparent 
relation  (Fig.  21) 


i'IL 

ii„ 


'o„  (*g8n|.  +  *R°oip)  —  (%,  +  . 


(7.61) 


where  <$  -  the  slope  of  the  direct  wave;  6  -  the  angle  of  re- 

np  OTp 

flection  of  the  maximum  amplitude  characteristic  wave. 
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Fig.  22.  Diagram  of  Irregular  Reflection 
of  Direct  Wave  on  Free  Surface. 

The  slope  of  the  direct  wave  and  the  angle  of  reflection  of  the 
given  characteristic  wave  are  associated  by  the  common  nature  of  point 
E: 

*»!• _ _ 

CM  C0% '#up 
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In  an  area  of  irregular  reflection,  pressure  on  the  front  de¬ 
creases  ar.d  the  front  curves.  Moreover,  as  the  point  approaches  the 
free  surface  from  critical  depth  h^,  pressure  will  drop  even  more; 
consequently,  there  will  be  a  reduction  in  the  rate  of  propagation  of  4 
the  front  and  its  curvature  will  increase  (Fig.  22) . 


If  pressure  on  the  shock-wave  front  is  equal  to  pm,  taking  into 
account  weakening  by  the  characteristics  of  the  expansion  wave,  the 
rate  of  propagation  of  the  characteristic  wave  (which  by  then  has 
overtaken  the  front)  according  to  (7.10)  will  be 


Then,  the  slope  of  the  shock-wave  front  with  the  free  surface 
can  be  defined  from  the  condition  of  equality  of  the  horizontal 
components  of  travel  of  the  front  and  the  characteristic  wave 


i.e. , 


:/v 

COS  0„|, 


Hence,  considering  that  cos  6  =  1  -  (1/2 ) 6 2  ,  we  can  derive 

np  rip 


,,  _  1  /  n  ■  I 

'op  —  I  *  - .  1) 

1  ?/»/? 


I 


(7.65) 


and  according  to  expression  (7.62), 


*W  •  ■  1  2  olip  J  2  1  f  -- — L  p 
I  2 nB 


(7.66) 


Consequently,  according  to  (7.61)  and  (7.66),  the  effect-time 
of  the  positive  pressure  phase  near  the  free  surface  in  an  area  of 
irregular  reflection  is 


t  =  2/1 


*_!/  L, 

2/i  U 


hi 


(7.67) 
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Considering  that  p^  is  defined  according  to  formula  C7.59) 
for  points  situated  near  the  free  surface,  we  finally  derive 

(7.68) 


where 


0,6  [  \ 


i  .co  ' 
// 


(7.69) 


Since  the  theoretical  calculations  of  the  coefficient  6,  acc¬ 
ording  to  formulas  (7.64)  and  (7.69)  do  not  differ  from  each  other 
by  more  than  17%  during  the  variation  of  _  q  from  1  to  0.001, 
equation  (7.47)  can  be  utilized  for  practical  evaluations.  It  can 
be  approximated  more  simply  by  the  expression 

'  (7.70) 


where 


=  (7.4) 


£  0,7  -i- 

H 


(7.71) 


The  pressure  contour  is  close  to  parabolic 

P(t)  *•-  1 1  —  (~ j*  J  | »„(/)  —  o0 (#  —  f (7.72) 

The  average  value  of  the  exponent  n  is  roughly  equal  to  1.15, 
which  corresponds  to  the  coefficient  of  completeness 


The  quantity  of  total  momentum,  according  to  (7.72),  is 


J  --- 


(7.73) 
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According  to  (5.55)  and  (7.72),  energy  flux  density  is  defined 
by  the  expression 


£  = _ 22* _ Pm **. 

(n  :  I)  (2/i  ■;  i)  '  ;-0at  ' 


(7.74) 


§8.  Formation  and  Development  of  Cavitation  in  the  Reflection 
of  an  Underwater  Shock-Wave  on  a  Free  Surface. 


As  is  well  known,  cavitation  is  the  process  of  forming  discon¬ 
tinuities  in  a  fluid  due  to  local  pressure  reduction.  Cavitation 
effects  are  closely  associated  with  the  strength  characteristics  of 
a  fluid  in  the  formation  of  tensile  stresses.  In  the  studies  of 
Ya.  I.  Frenkel'  [20],  Ya.  B.  Zel'dovich  [6],  J.  C.  Fischer  [31],  it 
is  asserted  that  the  upper  limit  of  volumetric  strength  of  water  is 
defined  by  a  quantity  of  the  order  1500-3000  atm.  Briggs  proved 
experimentally  [28]  that  distilled  water  which  is  free  of  mechan¬ 
ical  impurities  and  air  bubbles  can  withstand  stresses  of  about 
280  atm.,  its  strength  being  chiefly  a  function  of  temperature.  It 
has  also  been  proven  that  the  presence  of  solid  particles,  gas  bub¬ 
bles,  and  other  similar  deposits  in  a  fluid  sharply  reduces  its  cap¬ 
acity  to  withstand  tensile  stresses.  In  view  of  this,  cavitation 
discontinuities  usually  form  when  pressure  is  slightly  less 
than  the  pressure  of  saturated  steam. 


In  examining  cavitation  under  actual  basin  conditions,  we  will 
refer  to  this  last  assertion.  For  the  cavitation  effect  to  occur, 
tensile  forces  must  overcome  the  forces  of  hydrostatic  pressure  and 
induce  underpressure  equal  to  the  quantity  p  . 


Consequently, 


Pvti  ( P K  4*  Po)t 


(8.1) 


where  p  -  net  excess  pressure,  inducing  cavitation  of  a  fluid; 

P  3 

pQ  -  hydrostatic  pressure  at  a  given  depth  h: 
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/'«  ■“  +  *:'«/»• 


(8.2) 


Let  us  examine  the  gradient  of  an  exponential  plane  wave  along 
the  normal  toward  the  free  surface  in  the  acoustic  approximation 

i- 

P  “  Pnf  *  ’»(  '  ”«;]•  (8*3) 

If  water  could  withstand  great  tensile  stresses,  the  net  pres¬ 
sure  at  point  z  =  -h  could  be  defined  by  the  relation 

b  •  (8.4) 

where  t  -  time,  counted  from  the  moment  of  convergence  of  the  wave 
front  with  the  free  surface. 


t4± 

,At>h)~pni  e  •  +  —  e  0  30|/— • 


At  the  moment  of  convergence  of  a  reflected-wave  front  with  a 
point  (t  =  h/aQ) ,  pressure  will  be,  according  to  (8.4), 


If  this  quantity  is  equated  to  the  pressure  inducing  cavitation 
in  the  fluid,  we  will  derive  a  relation  which  easily  yields  the 
thickness  of  the  cavitation  layer  h-^  (Fig.  23) 


\ 

-«)-- 


(P*  -r  p,n,  +  tf.V* |) 


(8.5) 


Pm  "•  P.ith  •’ 
Pm 


(8.6) 


A  layer  of  water  h^  thick,  moving  upward  at  a  fixed  velocity, 
separates  from  the  main  fluid  mass,  forming  a  region  where  pressure 
will  be  on  the  order  of  the  pressure  of  saturated  steam,  i.e. ,  it 
will  be  close  to  zero. 


For  the  tail  section  of  a  direct  wave,  the  first  cavitation 
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discontinuity  functions  like  a  new  free  surface,  except  that  press¬ 
ure  on  the  free  surface  is  equal  to  atmospheric  pressure,  while  it 
is  close  to  zero  at  the  cavitation  discontinuity  boundary.  Conseq¬ 
uently,  there  will  be  a  reflection  of  the  tail  section  of  the  wave 
on  the  first  cavitation  discontinuity  surface.  A  new  cavitation 
discontinuity  may  occur  during  the  propagation  process  of  the  nascent 
expansion  wave. 

The  depth  h2  of  the  second  cavitation  discontinuity  surface  can 
be  found  from  the  equation  (Fig.  23) 

Pmc~  UJ‘  —  l pme  **  -|-  p.,u  -t-  e\‘Jh)  -  —  (P*  -1-  P„T-  +  eM,  (8-7> 

according  to  (8.5),  however. 


Therefore , 


/V  :  P..,m  :  R'.  A  ---  Pm  -  Pk- 


e  -  |  _  >m  •  e:,hi 


!t  _ |p  1 1 _ %£*  •  •  P.itw  1  K'.-i 

2  *  Pm  )  ‘ 


(8.8) 


The  process  of  cavitation  layer  formation  will  continue  as  long 
as  negative  stresses  in  excess  of  p  are  formed  in  the  water. 


The  depth  of  the  i-th  cavitation  discontinuity  is 


/;,  _  a-!L  |,|  1 1  _  •£*:■■  P* tm  ■>  gh,\  | 

1  1  Pm  )  ’ 


(8.9) 


while  the  thickness  of  the  i-th  cavitation  layer  is 


■M.  = 


(8.10) 
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Fig.  23.  Diagram  of  Cavitation  Discontinuity 

Formation. 


Similar  arguments  permit  us  to  find  the  depth  and  thickness  of 
the  i-th  cavitation  layer  for  the  oblique  gradient  of  a  plane  wave 
onto  a  free  surface.  The  difference  is  that  pressure  on  the  direct 
wave,  if  axes  x  and  z  are  situated  in  the  mean  free  path  of  the  wave, 
will  not  be  a  function  of  t  -  z/a,  but  of  t  -  (z/aQ)cosg  -  (z/aQ) 


sin8,  i.e.,  in  place  of  {8.3) ‘we  will  have 


i  _  JL  co>  ;i  —  ■— tin  j 

a,  a, 


P  —  Pme 


(8.11) 


The  net  pressure  at  the  moment  of  convergence  of  a  reflected 


wave  is 


/»!«■  >  “  Pi 


(  —  -  -  lin  .>  j 

,'.e  «>  —I/. 


(8.12) 


The  depth  of  the  i-th  cavitation  discontinuity  will  be  found 
by  solving  the  transcendental  equation 


-iL  in  M '  P"u  \ 

S  sin'i  \  r 


(8.13) 


The  derived  relations  permit  us  to  form  the  following  conclus¬ 


ions  : 


the  thickness  of  separated  cavitation  layers  increases  with 
depth; 
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an  increase  in  pressure  on  the  front  p^,  or  a  decrease  in  pres¬ 
sure  of  cavitation  p  induces  a  reduction  in  the  thickness  of  cavit- 
at  .on  layers  and  an  increase  in  their  number. 

The  change  in  hydrostatic  pressure  with  depth  has  a  consider¬ 
able  effect  on  the  thickness  of  cavitation  layers  and  the  propagat¬ 
ion  depth  of  cavitation  only  for  high  values  of  6,  corresponding  to 
the  explosion  of  very  large  charges. 

The  concept  of  formation  and  development  of  cavitation  during 
reflection  of  a  shock-wave  on  a  free  surface  provides  only  an  out¬ 
line  of  this  phenomenon.  Actually,  cavitation  discontinuity  does 
not  occur  instantaneously  and  along  the  entire  plane,  but  gradually 
and  in  the  form  of  individual  bubbles.  The  concentration  of  bubbles 
is  at  its  maximum  in  the  region  of  theoretical  depths  of  cavitation 
discontinuity  formation.  As  the  experiments  of  Yu.  Popov  have  shown, 
discontinuity  surfaces  are  sometimes  observed  very  clearly  (Fig.  24). 

Experiments  attest  that  cavitation  effects  are  absent  where 

2  2 

pressure  on  the  wave-front  is  pm  <  2.5  kG/cm  .  Where  pm  >  5  kG/cm  , 
a  continuous  layer  of  cavitation  bubbles  is  formed  in  the  water.  In 
this  case,  after  the  reflected-wave  front  arrives  net  pressure  is 
close  to  total  vacuum,  subsequently  rising  to  a  magnitude  which 
slightly  exceeds  initial  hydrostatic  pressure.  This  was  first  noted 
by  I.  B.  Sinani  in  1953.  We  can  assume  that  the  motion  of  the  cav¬ 
itation  layers  induces  the  secondary  rise  in  pressure.  Traveling 
at  various  speeds,  incipient  cavitation  layers  collide  with  each 
other.  New  shock-wave  systems  are  formed  as  a  result  of  collision; 
their  propagation  in  the  fluid  brings  about  repeated  rises  in  pres¬ 
sure. 


An  approximate  idea  of  the  nature  of  cavitation  layer  motion  can 
be  obtained  on  the  basis  of  the  law  of  conservation  of  momentum  and 
the  law  of  conservation  of  energy. 


Since  the  initial  momentum  of  a  system  of  i  layers  is  acquired 


Fig.  24.  Formation  of  Cavitation  Layers  in 
Reflection  of  a  Shock-Wave  on  a  Free  Surface. 


under  the  influence  of  direct  and  ref lected-wave  pressure  which  does 
not  extend  beyond  the  scope  of  these  layers,  it  is  equal  to  the  mo¬ 
mentum  translated  by  the  direct  wave  through  the  i-th  cavitation  dis¬ 
continuity  surface  prior  to  the  time  of  its  formation,  i.e., 


if, 


Q,. =  ( p{* +  ■£rsin  =  f  fVW  = 

-i.  o 


(8.14) 


From  the  moment  of  formation  of  the  i-th  cavitation  discontin¬ 
uity,  only  the  forces  of  atmospheric  counterpressure  and  gravity 
act  upon  the  system  of  i  layers. 

A  change  in  momentum  is  equal  to  the  momentum  of  these  forces: 


-  (P„ «  +  8?A)  (< 


(8.15) 


the  mean  speed  of  layer  motion  is 


u  it)  =*  ^  ir'  r-  J  W  —  (Par*  •  (<  —  <()  . 

1  '  VJf,  pcfil 


(8.16) 


the  kinetic  energy  of  their  motion  is 


T,( 0-  P-f'- («,(/))*• 


(8.17) 
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From  the  law  of  conservation  of  energy  it  follows  that  this 
quantity  must  be  equal  to  the  energy  of  the  shock-wave,  the  forces 
of  counterpressure  and  gravity  excluded.  Since  a  wave  propagates 
at  an  angle  B  to  the  free  surface,  the  initial  value  of  energy  will 
be  E(2t^)sinB.  The  energy  of  the  forces  of  counterpressure  and 
gravity  is 


where 


«M/<) 


J  (2/,) 

Mu 


sin  (i. 


(8.19) 


Thus , 

E  (21 1)  sin  fi  -  +  |  IF,  (,)  _  (/<),  „  r<  {()  ( 8 . 2  0 ) 

On  the  basis  of  (8. 17) - (8 . 20) ,  the  following  assocation  has  been 
established  between  the  net  travel  of  layers  on  one  hand,  and  the 
momentum  and  shock-wave  energy  on  the  other : 

.  £  (2<|)  sin>  — 

«?',  (0  =  v,  </,)  + - - - .  (8.21) 

Pith  f  fiMi 

Let  us  mention  that  the  magnitudes  of  pressure  momentum  and 
energy  in  the  shock-wave  are  defined  using  its  parameters  in  the 
following  manner: 

J(2h)~P„fi[  l—e~v)t  (8.22) 

£(2/')  =  £«  ‘  '  (8.23) 

Formulas  (8.16)  and  (8.21)  are  valid  for  the  time  interval 
beginning  with  the  moment  of  adjunction  of  the  i-th  layer  to  the 
first  layer  and  ending  with  the  moment  of  overtake  of  these  layers 
by  the  i-th  +  1  layer. 
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The  moment  in  time  t*  when  the  i-th  +  1  layer  overtakes  the 
upper  layers  can  be  defined  from  the  condition  of  eqrality  of  perm¬ 
utations 


(8.24) 


where 


^i*l  (M  ~  ti  (*<  1 1)  m«m  1 1  {U  1  l)  2  m)*1 


u. 

°»  !  I  Mil 


(2Pm‘~ 


*  +p„  +  p,n(4-<rpc/,,+i 


). 


Condition  (8.24)  is  transformed  to  a  quadratic  equation  with 
respect  to  t|,  which  can  be  solved  without  difficulty. 


Using  uhe  established  equalities,  let  us  find  the  greatest 

displacement  of  points  in  the  free  surface  of  a  fluid.  Given  that 

upon  acquiring  maximum  permutation  Wmax,  k  upper  layers  combine. 

Then,  in  view  of  the  fact  that  with  W  the  velocity  is  u, (t)  =  0, 

max  l 

we  will  find  from  (8.16)  that 


t...  -  tk 


.  1  (2<»> 
P»ju  r  Bfaht 


(8.25) 


According  to  (8.19)  and  (8.20),  maximum  displacement  is 


---  sin-s 


J  (2 tt) 
K<h 


(8.26) 


For  quantitative  evaluations,  we  must  evaluate  time  t^ .  This 
can  be  done  with  the  aid  of  the  preceding  relationships,  if  we  use 
the  condition  of  equality  of  permutations  toward  moment  tm  of  free 
surface  points  and  of  cavitation  layer  points. 


Omitting  the  operations,  let  us  cite  only  the  final  equation, 
with  whose  aid  the  quantity  t  (  is  defined*' 

*  Equation  ( 872*7 }  has  been  established  un^.er  the  assumption  that 

P  >>  P 
rm 
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A '  a06,n 

as  a  function  of  X. 


(  -$) 

&  *  _  gP.iQgO  \  1  -  e  )  _ 


sin  3  p1IM  !■  /?P(Oc^» 


1. 


(8.27) 


Calculated  values  of  t^/0  for  the  case  of  a  normal  gradient 
(8  =  ir/2)are  shown  in  Fig.  25.  The  coefficients  aw  and  a t  are  shown 
in  the  same  graph  as  functions  of  X  =  a^0.  For  a  normal  wave  grad¬ 
ient  where  p^  >>  p^,  these  coefficients  permit  us  to  represent  the 
solution  of  equations  (8.25)  and  (8.26)  in  the  form 


“  2f.guj  ~  ^iio.ih*» 

tin  ss  Pnfai  0  )  ~~  0  )• 


(8.28) 

(8.29) 


The  magnitude  of  the  greatest  displacement  of  points  of  the* 
free  surface,  neglecting  cavitation  effects,  is 


r  =  sin  p. 

"ut  Mil  r 


(8.30) 


We  can  see  by  comparing  (8.26),  (8.28),  and  (8.30),  that  con¬ 
siderable  changes  in  the  final  relationships  can  introduce  consid¬ 
eration  of  cavitation  effects. 

In  conclusion,  let  us  note  that  after  the  upper  layers  acquire 
fj^  maximum  travel  ,  they  begin  to  move  downward.  This  motion  is 

described  by  the  same  formulas  that  describe  upward  motion;  and  it 
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Fig.  26.  Pressure  Oscillogram  for  Reflection 
of  Shock-Wave  on  Free  Surface  with  the  Absence 
of  Cavitation. 

-  experiment; 

-  -  -  -  calculated,  neglecting  cavitation 

calculated,  allowing  for  cavitation. 


continues  until  the  upper  layers  encounter  the  surface  of  a  greac 
bulk  of  water. 

The  moment  of  collision  (t  )  can  be  defined  from  the  c-n- 

coyfl 

dition  of  equality  of  free  surface  and  bulk-water-boundary  permutat¬ 
ion.  with  this  collision,  secondary  compression  waves  are  formed, 
propagating  in  opposite  directions  from  the  collision  surface.  The 
amplitude  of  these  waves  can  be  easily  found  from  the  condition  of 
equality  of  normal  components  of  velocities 

«.  s'"  f  ~  <'■..«>  -  fj'  Ji"  ?• 


The  calculations  performed  show  that  when  >>  pH ,  the  highest 
amplitudes  of  compression  waves  formed  during  collision  of  cavitation 
layers  with  the  great  bulk  of  fluid  are  roughly  equal  to  half  the 
pressure  on  the  wave-front 

!8-32> 
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Fig.  27.  Cavitation  Zone  Pressure  Oscillogram, 
(designations  as  in  Fig.  26). 

The  moment  of  collision  is 

t  •%,  LHHa? 


(8.33) 


In  spite  of  the  considerable  schematization  of  actual  processes, 
calculations  nerformed  with  respect  to  the  formulas  cited  are  in 
satisfactory  agreement  with  test  data.  This  is  attested  by  the  oscil¬ 
lograms  shown  in  figs.  26,  2/. 


A  similar  problem  was  considered  by  A.  N.  Patrashev  in  a  slightly 
different  formulation. 
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§9.  Reflection  of  a  Shock-Wave  on  the  Bottom  of  a  Basin 


[Linear  Theory] . 

The  study  of  the  effect  of  a  basin  bottom  on  pressure  fields  in 
underwater  explosion  is  associated  with  theoretical  difficulties. 

To  begin  with,  a  knowledge  of  the  mechanical  properties  of  the  ground 
is  required.  Information  of  this  sort  is  extremely  limited,  but  it 
attests  to  the  extremely  wide  range  of  acoustic  resistance  of  ground 
(from  0.1  to  4.8  of  water's  acoustic  resistance) .This  predetermines 
the  varied  nature  of  reflection.*  In  srme  cases,  we  must  take  the 
non-uniformity  of  the  ground  and  its  layered  structure  into  consid¬ 
eration.  The  topography  of  the  basic  bottom  is  important,  especial¬ 
ly  if  it  does  not  yield  to  mathematical  evaluation. 

Consequently,  it  is  now  more  feasible  to  consider  the  quali¬ 
tative  than  the  quantitative  aspect  of  the  phenomenon. 

For  approximate  analysis,  let  us  make  the  following  assumptions. 
The  surface  of  the  bottom  will  be  considered  a  plane  interface  of  two 
media.  The  ground  will  be  considered  an  isotropic  elastic  half-space. 


As  is  well  known,  two  types  of  elastic  waves  can  propagate  in 
unbounded  isotropic  solid  bodies :  longitudinal  waves  formed  as  a 
result  of  volumetric  deformation,  and  transverse  waves  determined  bi- 
shear  deformations.  These  waves  are  sometimes  called  expansion  waves 
and  distortion  waves,  respectively .The  rate  of  propagation  of  long¬ 
itudinal  c  and  transverse  c  waves  is  expressed  by  the  relations 


(9.1) 

(9.2) 


where  A  and  p  -  elastic  constants,  often  called  Lam£  constants,  which 

*  This  range  of  acoustic  ground  resistances  is  satisfied  by  values  of 
the  reflection  factor  for  the  straight  wave  gradient  from  -0.8  to 
+0.7. 
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fully  define  the  properties  of  an  isotropic  body.* 


'In  addition  to  these  two  wave  systems,  another  type  of  wave  can 
be  formed  as  a  result  of  their  interaction  with  the  interface  of  two 
media  -  the  so-called  Rayleigh  surface  wave.  The  amplitude  of  Ray¬ 
leigh  waves  attenuates  with  depth  with  respect  to  an  exponential  law. 
Consequently,  Rayleigh  waves  seem  to  propagate  in  sizes  and  therefore, 
attenuate  more  slowly  with  distance.  The  buildup  of  compression  in 
seismic  waves  does  not  occur  abruptly,  but  gradually,  in  contrast  to 
shock-waves.  This  is  attributed  to  the  fact  that  compressibility 
increases  as  pressure  increases  over  a  wide  range  of  pressures  in 
elastic-plastic  media. 

The  following  qualitative  description  may  be  given  for  the 
wave  picture  in  a  fluid  during  single  reflection  on  the  bottom  of 
a  basin.  Given  that  an  explosion  occurs  at  some  point  0  (z  =  -H^) 
in  the  system  of  coordinates  given  in  Fig.  28.  At  some  moment  in 
time,  a  direct  wave  reaches  the  bottom  of  the  basin. 


Its  gradient  is 

'i  --  arccos  — — - . 

I  l1--  u\ 


(9.3) 


The  rate  of  wave  travel  along  the  bottom  surface  is 


C05  3 


(9.4) 


At  large  $,  the  rate  at  first  exceeds  the  propagation  rate  of 
longitudinal  c  and  transverse  b  waves  on  the  ground.  Disturbances  in 
the  fluid  will  be  characterized  by  direct  and  reflected  waves.  Re¬ 
flection  will  be  regular.  At  some  value  of  the  angle  8  =  8q,  the 
speed  of  and  c  will  be  identical,  i.e.,  the  following  relation 

~*  The  Lam4  constant  y  is  equal  to  the  shear  modulus  G.  The  assoc¬ 
iation  between  the  modulus  of  longitudinal  elasticity  E,  the  constant 
A,  and  the  Poisson  bracket  v  is  expressed  by  the  relation 

,  _  EV _ 

A  ~  (1  +  v)  (1  -  2v) 
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Fig.  28.  Diagram  of  Shock-Wave  Reflection  on 
the  Bottom  of  a  Basin. 


cos  ^ 


ef, 


(9.5) 


P, «»  arccos-52- . 


(9.6) 


Angle  8Q  is  called  the  angle  of  total  internal  reflection  of 
longitudinal  waves.  When  8  <  Bq,  the  so-called  first  irregular  re¬ 
flection  occurs.  Longitudinal  disturbances  on  the  ground  overtake 
the  direct  shock-wave  and  create  an  additional  wave  disturbance  in 
the  fluid.  This  disturbance  is  customarily  called  a  head  wave.  Wich 
further  propagation  of  the  shock-wave,  its  speed  decreases,  and 
at  some  8  =  8^  is  equal  to  the  speed  of  transverse  waves  on  the  ground 

(9.7) 

P, -arccos— ■.  (9.8) 

b 

Angle  8^  is  called  the  angle  of  total  internal  reflection  of 
transverse  waves.  Where  8  <  8^,  transverse  waves  on  the  ground  over¬ 
take  the  direct  shock-wave  and  indue-;  another  wave  system  in  the 
fluid  (lateral  wave).  The  so-callec3  second  irregular  reflection  occurs. 


The  diagram  of  mirror  reflection  can  be  used  to  plot  the  fronts 
of  lateral  and  head  waves.  It  is  not  difficult  to  verify  that  the 
tangents  to  the  circumference,  at  points  where  it  intersects  rays 
emanating  from  the  center  0^  at  angles  Bq  and  8^  to  the  bottom  surface, 
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are  the  spherical  surface  envelopes  of  elementary  disturbances  which 
accordingly  determine  the  head  and  lateral  waves  (Fig.  28) . 

A  Rayleigh  wave  propagates  along  the  ground-water  interface. 

The  disturbance  it  generates  is  customarily  called  a  ground  wave. 
Moreover,  in  irregular  reflection  zones  near  the  bottom,  a  region 
of  raised  pressure  is  formed  ahead  of  the  shock-wave  front.  This 
region  is  formed  as  a  result  of  superposition  of  wave  disturbances 
induced  by  forward-emergent  longitudinal  and  transverse  waves.  This 
region  is  usually  called  the  "forewave". 

Thus,  another  head,  lateral,  ground,  and  forewave  is  formed 
(in  addition  to  the  reflected  wave) when  the  shock-wave  drops  to  the 
bottom  of  a  basin.  Since  these  systems  are  induced  by  the  propagat¬ 
ion  of  wave  disturbances  on  the  ground,  they  are  often  called  waves 
of  seismic  origin. 

A  model  oscillogram  of  seismic-origin  waves  xs  shown  in  Fig. 
29.  The  head,  lateral,  direct,  and  forewaves  are  clearly  visible. 
Depending  on  the  distance  to  the  explosion  epicenter,  the  head  and 
lateral  waves  are  either  separated  from  each  other  by  a  fixed  time 
interval,  or  they  arrive  at  some  point  as  some  net  wave  disturbance. 

A  comparison  of  direct  and  reflected -wave  amplitudes  with 
seismic-origin  wave  amplitudes  permits  us  to  conclude  that  waves 
of  seismic  origin  cannot  be  considered  in  practical  calculations. 

The  only  exception  is  the  xorewave  -  a  region  of  smooth  pressure 
change  ahead  of  the  front.  The  highest  pressures  are  formed  in 
the  ‘c  .rewave  in  the  case  of  a  mean-velocity  bottom  (c  >  >  b) : 

the  primary  energy  of  wave  disturbances  on  the  ground  is  concentrated 
at  the  direct-wave  front.  In  other  cases,  forewave  amplitudes  are 
small  and  can  be  disregarded. 

From  the  standpoint  of  practical  application,  the  reflected 
wave  offers  the  greatest  interest.  In  some  cases,  solving  the  prob¬ 
lem  in  a  linear  formulation  is  sufficient  to  describe  it.  Let  us 
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Fig.  29.  Typical  Oscillogram  of  Wave  of 
Seismic  Origin. 


state  the  problem  in  brief. 


In  the  upper  half-space  (ideal  fluid)  on  a  spherical  surface 
having  a  radius  Rg,  we  are  given  a  change  in  pressure 


P  *-=  P,,e 


( 9.9) 


The  association  between  pressure  and  the  velocity  of  particles 
in  this  half-space  is  expressed  with  the  aid  of  the  potential  function 
<J>: 


P= 


v  =  grad  ?. 


19.10) 

(9.11) 


The  field  of  deformations  and  stresses  in  the  lower  half-space 
(elastic  medium)  is  defined  by  the  system  of  equations  of  the  theory 
of  elasticity 


u  =  grad  +  rot£ 


(9.12) 


(9.13) 


_ 

Ot «  ' 


(9.14) 


where  u  - 
<P*r  $  ~ 


the  velocity  vector  of  elastic  medium  deformation; 
scalar  and  vectorial  displacement  potentials. 
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On  the  plane  interface  of  an  ideal  fluid  and  an  elastic  medium 
the  condition  of  rigid  contact  is  satisfied  (the  equality  of  normal 
components  of  particle  velocities  and  pressure  magnitudes) . 

An  analysis  of  this  system  of  equations  was  performed  by  Ye. 

I.  Shemyakin  [24]  using  the  method  of  incomplete  separation  of  vari 
ables.  Without  stopping  to  state  Shemyakin' s  solution,  let  us  cite 
only  the  final  results  which  he  obtained. 


n 

§ 

§ 


4 

t 


If  we  represent  pressure  in  the  direct  wave  in  the  form 


where 


P  = 


14  700  T~ 
;u»  e  • 

np 


(9.15) 


=  £  I  rL'  +  (H, 

<„P  =  ^  V  L'  + 


(9.16) 

(9.17) 


H1  and  h^  -  distance  from  the  bottom  to  the  charge  center  and 
measurement  point,  respectively,  then  for  pressure  in  the  reflected 
wave  we  will  derive 


i-i. 


11700 


OTP 


Porp  *orp  vM  ~Mt"  ® 


(HP 


(9.18) 


Here 


^otp 


1  L*  ~  (//,  -f  A,)* . 


(9.19) 


P  —  arctg  • 


(9.20) 

(9.21) 


The  coefficient  k  (8)  is  only  a  function  of  the  acoustic  pro- 

OTp 

per ties  of  the  ground  and  the  gradient.  For  the  most  typical  grounds, 
this  permits  us  to  once  and  for  all  plot  angle  diagrams  of  kQTp(0) 
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which  are  suited  to  practical  calculations.  Angle  diagrams  for 
rocky  and  sandy  bottoms  are  shown  in  Figs.  30  and  31. 

Formulas  (9. 15) -(9. 21)  rather  accurately  describe  the  pressure 
field  only  at  large  gradients.  At  small  angles,  deviations  in  the 
velocities  of  the  direct  and  reflected  waves  from  the  speed  of  sound 
become  substantial .  In  some  cases ,  a  confluence  of  wave  fronts 
is  possible  as  the  Mach  wave  is  formed. 

On  the  basis  of  linear  theory  (cf.  Figs.  30,  31),  starting  at 
fixed  gradients  8  <  8Kp  the  coefficient  of  reflection  becomes  neg¬ 
ative,  and  with  reflection  on  the  bottom  expansion  waves  are  formed. 
This  is  attributed  to  the  fact  that  in  this  range  of  gradients  (0  < 

<  8  <  8  ) ,  excess  pressure  in  the  direct  wave  induces  motion  in  the 

Kp 

ground  downward  away  from  the  interface,  at  velocities  exceeding 
the  normal  (for  this  boundary)  components  of  particle  velocity  in 
the  direct  wave.  Experimental  study  of  the  negative  reflection  reg¬ 
ion  has  shown  that  expansion  waves  formed  during  reflection  on  the 
bottom  have  lower  amplitude  and  duration  in  comparison  to  expansion 
waves  during  reflection  on  a  free  surface.  A  secondary  rise  in  pres¬ 
sure  occurs  following  them.  Because  of  this  effect,  the  effect-time 
of  the  positive  phase  and  the  integral  characteristics  of  an  under¬ 
water  shock-wave  barely  change  under  the  influence  of  an  expansion 
wave  from  the  basin  bottom  (in  the  absence  of  free  surface  effect) . 
The  expansion  wave  only  must  be  taken  into  account  when  evaluating 
pressure  on  a  wave- front  and  in  its  close  proximity.  This  problem, 
of  course,  cannot  be  considered  within  the  framework  of  linear  the¬ 
ory. 


§10.  The  Influence  of  Nonlinear  Effects  on  the  Parameters  of 

A~ Wave  Reflected  on  a  Basin  Bottom.  Pressure  Fields  during 
Underwater  Explosion  in  Low  Water. 


From  the  standpoint  of  practical  application,  of  all  the  non¬ 
linear  effects  accompanying  the  reflection  of  an  underwater  shock-wave 
on  the  bottom  of  a  basin,  the  evaluation  of  expansion  wave  influence 
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is  of  the  greatest  interest.  The  study  of  expansion  waves  during 
explosions  in  low  water  is  particularly  essential:  because  of  the 
proximity  of  the  charge  to  the  bottom,  the  zone  of  positive  re¬ 
flections  will  only  occupy  a  small  vicinity  around  the  epicenter. 

The  influence  of  the  free  surface  substantially  limits  positive  pres¬ 
sure  phase  effect-time  through  the  entire  depth  of  the  fluid  layer. 
Therefore,  in  a  shallow  water  area  at  some  distance  from  the  epi¬ 
center,  there  will  be  no  secondary  pressure  rises  associated  with 
the  effect  of  the  basin  bottom.  In  these  cases,  we  only  have  to 
consider  the  weakening  effect  of  both  boundary  surfaces. 

The  problem  of  interaction  between  the  direct  wave  and  an  ex¬ 
pansion  wave  reflected  on  the  basin  bottom  has  much  in  common  with 
the  previously  considered  problems  of  wave  reflection  on  a  free  sur¬ 
face  (see  §7) .  The  differences  is  that  during  the  reflection  of  an 
elementary  pressure-reduction  wave  on  the  bottom  (expansion  wave  char 
acteristics) ,  interfaces  are  not  formed  at  every  point  during  the 
convergence  of  a  direct-wave  front,  but  only  at  a  fixed  distance 
which  is  a  function  of  the  angle  of  incidence.  Moreover,  the  maxi¬ 
mum  amplitude  of  the  expansion  wave  in  this  case  is  a  function  of 
the  coefficient  of  reflection  _.:d  consequently,  it  cannot  amount  to 
the  amplitude  in  the  direct-wave  front. 

The  time  of  arrival  of  the  characteristic  of  given  amplitude 
at  a  point,  with  respect  to  the  set  of  conditions  mentioned  above, 
increases  in  comparison  with  the  case  of  reflection  on  a  free  sur¬ 
face.  Let  us  find  the  boundary  of  the  region  where  the  direct-wave 
front  and  zero  amplitude  characteristic  wave  simultaneously  arrive. 

By  analogy  with  (7.40),  this  boundary  apparently  will  be  defined 
by  the  equation 

/  .  -  iKii _ i.  Wjjz  M'(»-o.5;,r  l3)l  ls 

>P  \  2.75i?<l  -£,)  j  •  (10.1) 

where 
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(10.2) 


x  -  horizontal  distance  from  the  point  of  observation  to  a 
point  on  the  bottom  whence  the  zero  amplitude  characteristic  wave 
first  arrives. 


If  expansion  waves  are  formed  with  the  drop  of  a  direct  wave 
at  any  angle,  the  quantity  would  be  defined  by  an  equation  which 
is  identical  to  /'7.41)  (based  on  the  Fermat  principle) 


0,565 


i  —  0,55, 


=  2-3;,. 


(10.3) 


However,  expansion  waves  are  formed  during  the  reflection  of 
the  direct  wave  on  the  bottom  only  at  angles  of  incidence  of  3  <  BHp. 
Consequently,  the  parameter  cannot  exceed  the  quantity  £q* 


’o  ■ 


Hi 


L  IS  3, 


«P 


(10.4) 


If  the  inequality  is  satisfied,  formulas  (10.1)  and 

(10.3)  will  be  valid.  If  however,  >  £q,  we  ought  to  assume  that 
in  formula  (10.1),  since  the  zero  amplitude  characteristic 
will  reach  the  direct-wave  front  namely  from  point  5Q.  According 
to  (10.1)  and  (10.4) , 


{ 0,5 

\  21  tg  i,ip  / 


1 .13 


t.li 


L  tfc  3,p 


)’ 


_W._ 

i  »c  ?i.p 


(10.5) 


or  solving  for  E\^, 


where 


C 


L  t|! 


(10.6) 


(10.7) 
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For  measurement  points  situated  on  the  bottom  of  a  basin, 
the  influence  of  expansion  wave  characteristics  only  occurs  for  dis¬ 
tances 


L 


Hi 

<K  ''up 


On  the  other  hand,  this  distance  cannot  be  less  than  critical 
distance 


but  as  has  been  shown  [cf.  (7.42)],  where  h^  =  0 

£«p  =*0,31 /iff3.  (10.8) 


Thus ,  if 


<  0.3I/7?3 


or 


(10.9) 


then  the  critical  distance  for  points  situated  on  the  bottom  is 
defined  by  formulas  derived  for  the  free  surface. 


If 


H\ 


>  0,31  W| 3 ,  77, 


(10.10) 


then  the  critical  distance  is  defined  by  the  position  of  the  point  of 
zero  reflection.  In  the  first  case,  we  can  use  a  formula  analogous 
to  (7.44)  in  place  of  (10.1) 


w;3  (0.31//,  +  1,3/}, 


(10.11) 
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but  in  the  second  case  [when  - J  ] ,  we  use  the  relation 


HP 


z 

“p 


1  l  a.  *»  1 

°.43S 

J 

(10.12) 


which  is  a  rough  approximation  of  (10.5) 

Moving  now  to  an  evaluation  of  pressure  on  the  front  of  the 
direct  wave,  let  us  use  the  method  developed  in  §7. 

If  characteristic  waves  of  any  amplitude  are  formed  in  a  region 

of  negative  reflection,  maximum  pressure  is  determined  by  relation 

(7.60).  Since  the  amplitude  of  an  expansion  wave  cannot  be  greater 

than  p  k  (3)*,  pressure  on  the  front  cannot  be  less  than  p  (1  + 
m  o Tp  *  *m 

+  k  ) . 

Thus,  for  points  situated  near  the  basin  bottom  (h^  =  0),  the 
degree  of  weakening  in  maximum  pressure  on  the  front  is  defined  by 
the  larger  of  the  equations  [cf.  (7.59)] 


_L/|  .  Hi  \* 
4  \  1  1.66  £MJi/ 


(10.13) 


5  I  “I" 


where  3np  ~  angle  of  incidence  of  direct  wave. 

For  the  range  0  <  <  ^Kp'  tbe  aPPr0X*mate  relation  can  be  used 


(10.14) 


which  satisfies  both  the  conditions  at  the  basin  bottom  (where  h^  =  0, 

al  =  aV  and  at  tbe  boundary  of  bbe  zone  of  influence  (where  = 

=  h,  a,  =  1)  and  the  previously- formulated  relation  of  p  as  a 
1 h  p  1  1  rm 
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function  of  h  [cf.  formula  (7.60)]. 

Thus,  in  the  zone  where  the  basin  bottom  weakens  the  parameters 
of  the  front,  maximum  pressure  can  be  defined  by  the  formula 

=  (10.15) 

where  the  coefficient  is  calculated  according  to  (10.14)  and  (10.13). 

Let  us  now  consider  the  combined  effect  of  a  free  fluid 
surface  and  the  basin  bottom  on  the  pressure  fields  during  under¬ 
water  explosion.  This  problem  is  of  particular  importance  in  eval¬ 
uating  the  explosive  effect  in  low  water.  Let  us  note,  above  all, 
that  in  the  presence  of  two  boundary  surfaces  the  repeated  reflection 
of  wave  systems  occurs;  consequently,  the  quantity  of  wave  disturbances 
of  different  physical  nature  increases  in  geometric  progression.  The 
nonlinear  interaction  of  these  systems,  in  a  general  statement  of  the 
problem,  causes  insurmountable  difficulties.  However,  as  experience 
shows,  it  is  sufficient  for  practical  applications  if  we  limit  our¬ 
selves  to  the  study  of  the  first  reflections. 

If  we  neglect  waves  of  seismic  origin,  we  can  point  out  five 

typical  zones  during  the  reflection  of  a  shock-wave  on  a  high-velocity 

-  ^  3  23  s0*77 

bottom  (c  >  b  >  a.)  and  on  a  free  surface  where  H.  <  [rra * - j 

0  l 

(Fig.  32) .  The  boundaries  of  these  zones  can  be  roughly  defined  by 
relations  (7.48),  (7.44),  and  (10.11)  or  (10.12).  Zones  I  and  II 
correspond  to  the  region  of  positive  reflection  on  the  bottom.  Zones 
IV  and  V  -  correspond  to  regions  of  negative  reflection.  In  zone  I, 
the  influence  of  reflected  waves  can  be  evaluated  in  the  acoustic 
(linear)  approximation.  In  zone  II,  the  influence  of  nonlinear 
reflection  effects  on  both  boundary  surfaces  is  revealed  in  distort¬ 
ion  of  the  tail  section  of  the  pressure  contour.  In  zones  III,  IV, 
and  V,  the  weakening  effect  of  the  free  surface,  basin  bottom,  and 
both  boundary  surfaces,  respectively,  encompasses  the  entire  pressure 
contour,  including  the  shock-wave  front.  Pressure  on  the  direct-wave 
front  in  zones  I  and  II  is  evaluated  as  in  an  infinite  medium  [acc- 
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free  surface  of  water 


Fig.  32.  Zones  of  Nonlinear  Influence  of  Free 
Surface  and  High-Velocity  Bottom  on  the  Parameters 
of  a  Shock-wave. 

ording  to  formula  (5.48)].  In  zones  III  and  IV,  pressure  is  defined 
by  relations  (7.60)  and  (10.15),  respectively.  In  zone  V,  the  wave 
front  is  weakened  by  the  expansion  waves  of  both  boundary  surfaces. 
Considering  (7.60)  and  (10.15),  pressure  on  the  front  is 

Pm^P.  I'  A'V  (10.16; 

where  k  is  found  according  to  (7.56)  and  -  with  the  aid  of  (10.14). 

It  is  somewhat  more  complicated  to  plot  pressure  contours  and 
define  the  effect-time  of  the  positive  phase.  Evaluations  at  this 
point  become  even  more  approximate  in  nature.  We  can,  nevertheless, 
formulate  several  recommendations. 

In  zones  I,  II,  and  III,  the  free  surface  effect  predominates. 

Consequently,  we  can  use  the  corresponding  relations  [formulas  (7.61)- 

(7.64)]  for  approximate  evaluations  of  the  positive  phase  effect-time. 

In  zones  IV  and  V,  effect- time  is  defined  by  the  influence  of  the 

expansion  wave  not  only  on  the  free  surface,  but  also  on  the  basin 

bottom.  However,  the  absence  of  high  amplitudes  in  the  expansion 

wave  formed  during  reflection  on  the  bottom  renders  them  incapable 

of  totally  reducing  the  pressure  in  the  direct  wave.  Therefore, 

the  positive  phase  effect-time  in  these  zones  will  be  mainly  defined 

by  the  free  surface  effect.  A  reduction  in  pressure  due  to  basin 

bottom  influence  naturally  reduces  the  positive  pressure  phase 

effect-time  of  the  shock-wave  in  comparison  to  the  magnitude  which 
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would  be  assumed  if  the  influence  of  only  free  surface  was  taken  into 
account. 

This  effect  may  be  partially  defined  if  we  consider  that  the 
positive  phase  effect-time  is  reduced  roughly  in  proportion  to  /ct7:* 

v  (10.17) 

where  t  is  defined  according  to  formula  (7.4)  ,  3  -  according  to 

0  K 

formula  (7.64),  and  a,  -  according  to  formula  (10.14). 

The  shape  of  the  pressure-time  contour,  in  the  event  of  combined 
influence  of  a  free  surface  and  the  basin  bottom,  differs  slightly 
from  the  similar  curve  derived  as  a  result  of  only  the  free  surface 
effect.  Therefore,  pressure  as  a  function  of  time  can  be  calculated 
with  the  aid  of  a  relation  similar  to  (7.72): 

where  the  exponent  n  can  be  approximately  assumed  to  be  equal  to 
n  -  1.5. 

The  integral  characteristics  of  a  wave  are  evaluated  according 
to  formulas  which  are  similar  to  (7.73)  and  (7.74). 

This  scheme  did  not  take  cavitation  regions  in  a  fluid  into 
account  and,  as  calculations  have  shown,  is  valid  if  the  depth  of 
the  water  area  is  not  too  small  (no  less  than  4  charge  radii) .  With 
shallow  depths,  the  quasi-linear  evaluation  method  used  for  hydro- 
dynamic  fields  becomes  unacceptable.  The  rather  intense  head  wave 
near  the  epicenter,  reflecting  on  the  free  surface,  creates  a  cavi¬ 
tation  region  over  the  entire  fluid  layer.  This  region  is  imperme¬ 
able  to  the  remaining  wave  systems.  At  the  same  time,  as  the  depth 
of  the  water  area  increases,  the  effect-time  at  the  basin  bottom 
will  increase.  It  becomes  necessary  to  take  secondary  pressure  rise, 
which  follows  from  the  bottom  after  the  expansion  phase,  into  consid- 
cf .  footnote  p.  128  ~~ 
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eration. 


Where  > 


3. 23^  0  • 7  7 


ltgp 


the  negative  reflection  zone  does  not 


Kp 


coincide  with  zones  IV  and  V  and  will  encompass  part  of  zone  II  and 
III.  Consequently,  other  additional  typical  zones  will  be  formed. 


Thus,  the  considered  case  of  underwater  explosion  in  low  water 
is  a  widespread,  but  partial  case,  even  with  a  high-velocity  bottom. 

A  medium-velocity  ground-surface  (c  >  ctg  >  b)  has  several  spe¬ 
cific  distinctive  features.  A  substantial  rise  in  pressure  is  ob¬ 
served  in  a  fixed  range  of  distances  because  of  forewave  of  consid¬ 
erable  amplitude.  At  present,  it  is  difficult  to  produce  any  kind 
of  quantitative  evaluations. 


The  physical  picture  of  reflection  changes  if  we  change  our 
reference  to  low-velocity  ground-surfaces.  We  can  consider  the 
bottom  as  the  second  free  fluid  surface.  In  this  case,  the  problem 
of  exploding  a  charge  at  half-depth  of  the  water  area  is  equivalent 
to  exploding  a  charge  of  half  the  weight  on  an  absolutely  rigid 
bottom  in  a  basin  which  is  half  as  deep. 

A  solution  of  this  problem,  in  a  rather  rigorous  formulation, 
was  obtained  by  A.  G.  Ryabinin  and  B.  A.  Lugovtsev  using  short-wave 
theory  methods  [12].  The  utilization  of  their  findings  for  practical 
purposes,  however,  is  difficult.  The  approximate  solution  of  the 
same  problem  obtained  by  Ryabinin  produces  more  suitable  results. 

Following  the  previously-assumed  scheme,  let  us  note  that  we 


♦Change  in  duration  of the  positive  pressure  phase  in  proportion  to 
can  be  clearly  demonstrated  for  point  lying  only  on  the  free 

surface.  More  precise  calculation  leads  to  considerable  decreases 
in  effect-time  at  points  of  observation  situated  near  the  basin  bot¬ 
tom. 
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free  surface  of  water 


Fig.  33.  Zones  of  Nonlinear  Influence  of  Free 
Surface  and  Low-Velocity  Bottom  on  the  Parameters 
of  a  Shock-wave. 


can  point  out  five  typical  zones  of  reflection  for  the  case  of  a 
low-velocity  bottom  (Fig.  33).  The  boundaries  of  these  zones  can 
be  roughly  defined  by  the  relations  (7.48)  and  (7.44): 


0.l//i3(l  -I- 0.5  A) 
0.l/7f3(l  -|-  0.5  M 

0.3!»M(l+4,2  ~j 
0,31  ft?’3  ^1  +  4,2  — i-j. 


(10.19) 


(10.20) 


Regular  reflection  of  the  shock-wave  on  the  free  surface  and 
basin  bottom  occurs  in  zones  I  and  II.  In  zones  III,  IV,  and  V,  the 
reflection  is  irregular.  Pressure  on  the  front  in  zones  I  and  II 
is  the  same  as  in  an  infinite  medium.  In  zones  III  and  IV,  pressure 
is  defined  with  allowance  for  weakening  by  one  of  the  boundary  sur¬ 
faces. 


Pm  - 


)J 

I*  v.. 


(10.21) 


where  k  is  found  according  to  formula  (7.56),  k^  -  likewise  accord¬ 
ing  to  (7.56),  but  replacing  E  and  H  by  E^  and  . 

In  zone  V,  maximum  pressure  is  defined  by  the  relation 

Pm  -  ) 
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(10.22) 


'  '  *  -<  '  «  5-  *  -*'1'*-*  »»*'*■  '  ’  ‘  h  *  ,  *f  \  -4-,  V  r  ^  *  '  *" 


The  positive  pressure  phase  effect-time  is  equal  to  the  small¬ 
est  value  calculated  according  to  the  formulas 


1 1  ...  .. 

'  j, 

l  ^  .  ..HO* 

where 

ftl. 
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^  IK,  <  ^ 
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where 
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I*  (//  •!•  hj*  -  | 

'  !•*  t  (H  — /i)*| , 

U  -  1 1  l*  +  (//,  4  ft,)1  -  1/4  +  («,  -  /r,)!J , 


(10.23) 


(10.24) 


(10.25) 


(10.26) 

(10.27) 


$  -  defined  according  to  formula  (7.64);  -  likewise  accord¬ 

ing  to  (7.64),  but  substituting  and  for  h  c\nd  H. 

The  calculation  of  effect-time  according  to  formulas  (10.24)  and 
(10.25)  in  zones  II,  III,  IV,  and  V  produces  seme  exaggeration  of 
this  quantity  for  observation  points  situated  :.n  the  middle  of  the 
basin,  since  it  does  not  take  into  full  consideration  the  nonlinear 
nature  of  the  reciprocal  influence  of  the  characteristics  of  both 
expansion  waves.  The  remaining  evaluations  can  be  given  approximate¬ 
ly  with  the  aid  of  the  corresponding  relations  in  §7,  allowing  for 
the  cited  relationships. 


***** 
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CHAPTER  II 


*v>  « 


DIFFRACTION  PROBLEMS  OF  THE  THEORY  OF  UNDERWATER  EXPLOSION 

§11.  The  Concept  of  Diffraction  Problems.  General  Research 

Methods  I 

The  simple  boundary  problems  of  the  theory  of  underwater  explos¬ 
ion  which  were  considered  in  the  preceding  chapter  assumed  the  in¬ 
finity  of  interfaces  of  two  media.  This  assumption  cannot,  of  course, 
be  considered  valid  when  a  shock-wave  encounters  an  obstacle  of  fin¬ 
ite  dimensions.  In  this  case,  an  obstacle  is  enveloped  by  a  shock-wave 
in  addition  to  the  reflection  and  refraction  of  waves.  This  process 
is  called  diffraction. 

The  study  of  diffraction  phenomena  is  of  great  practical  value, 
since  we  cannot  discuss  the  load  formed  on  the  obstacle  upon  the 
impact  of  a  shock  wave,  the  pressure  fields  in  the  fluid  near  ob¬ 
stacles,  the  dynamic  calculation  of  structural  strength,  etc.,  with¬ 
out  evaluating  the  effect  of  diffraction. 

The  diffraction  field  is  a  function  of  both  the  direct  wave 
parameters  and  the  dimensions  and  shape  of  the  obstacle.  The  dif¬ 
fraction  field  is  nonstationary,  even  when  the  wave  is  stationary. 

The  wave  at  first  encompasses  only  a  part  of  the  body  surface.  In 
proportion  to  the  flow  of  the  wave,  the  disturbance  propagates  into 
greater  and  greater  volumes,  int  racting  with  the  direct  and  reflect¬ 
ed  waves. 

If  this  interaction  is  nonlinear  and  the  direct  wave  is  nonstat¬ 
ionary,  incipient  mathematical  problems  become  insurmountable.  As 
a  rule,  however,  a  practical  necessity  for  evaluating  external  forces 
during  underwater  explosion  arises  at  distances  which  are  typified 
by  a  range  of  pressures  on  the  order  of  hundreds  of  atmospheres  or 
less.  We  can  utilize  the  acoustic  approximation  in  this  connection. 
Moreover,  in  many  cases  the  curvature  of  a  wave-front  surface  can 
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likewise  be  disregarded.  The  solution  of  the  problem  of  external 
forces  amounts  to  the  study  of  the  linear  interaction  of  a  plane 
wave  with  obstacles  of  various  shapes.  But  the  problem  remains 
extremely  complicated,  even  in  this  simplified  formulation;  especial¬ 
ly  for  diffraction  around  elastic  bodies.  In  this  last  case,  a 
system  of  refracted  longitudinal  and  transverse  waves  is  formed,  in 
addition  to  the  reflected  and  diffracted  waves.  When  each  of  these 
wave  systems  reaches  the  boundary  surfaces,  it  creates  new  reflected 
and  refracted  waves  whose  number  increases  in  a  geometric  progression. 
Thus,  the  only  means  accessible  to  research  is  the  evaluation  of 
diffraction  fields,  neglecting  the  wave  nature  of  disturbance  pro¬ 
pagation  in  the  obstacle  material.  The  loads  derived  under  this 
assumption  are  customarily  called  first-class  hydrodynamic  forces. 

The  effect  of  obstacle  compliance,  as  well  as  several  additional 
considerations  on  the  admissibility  of  formulated  hypotheses  will 
be  examined  subsequently. 

Turning  now  to  a  qualitative  description  of  the  diffraction  pro¬ 
cess,  let  us  employ  the  Huygens  principle:  every  point  on  a  wave  or 
surface  with  which  a  wave  interacts  can  be  considered  an  elementary 
source  of  wave  disturbances.  By  using  this  concept  we  can  easily 
~raph  the  fronts  of  reflected  and  diffracted  waves,  and  sometimes, 
even  contemplate  general  means  for  solving  the  problem. 

Given  that  a  spherical  wave  is  propagating  from  a  point  source 
0  (Fig.  34),  encountering  some  obstacle  D  in  its  path  which  is  as¬ 
sumed  to  be  absolutely  rigid.  If  the  direct- wave  front  has. already 
traveled  some  distance  from  the  initial  surface  of  encounter  with 
the  obstacle,  the  position  of  reflected  and  diffracted  wave  fronts 
(line  CC)  can  be  found  easily  with  the  aid  of  the  Huygens  principle. 

It  follows  from  the  law  of  conservation  of  matter  that  the  change 
in  fluid  density  in  a  space  limited  by  a  spherical  front  BB,  in  the 
absence  of  an  obstacle,  will  be  equal  to  the  change  in  density  in 
the  same  space,  minus  the  portion  occupied  by  the  obstacle  (dotted 
line  in  the  figure) .  In  the  acoustic  approximation,  the  change  in 
density  is  proportional  to  the  change  in  pressure.  Hence  it  follows 
that  with  the  introduction  of  an  obstacle,  the  decrease  in  the 
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Fig.  34.  Diffraction  of  a  Spherical  Wave 
Around  a  Solid  Body. 

volume  of  the  field  is  neutralized  by  a  rise  in  pressure  in  the 
same  portion  of  the  field  where  the  reflected  and  diffracted  waves 
are  formed. 


On  this  basis  we  can  generally  assert  that  if  a  zone  having 
heightened  pressure  (as  compared  to  pressure  in  a  freely  propagating 
wave)  is  formed  in  a  field,  the  formation  of  a  reduced-pressure  zone 
is  certain. 

This  fact  can  be  expressed  mathematically  by  the  relation 

\  SrxdV:  .  \  lp,dV,  (11.1) 

*  i  l, 

where  Ap^  and  Ap2  -  pressure  increments  in  regions  and  V2  in  com¬ 
parison  to  pressure  in  a  freely  propagating  wave. 


In  some  cases,  the  regions  and  V2  and  the  distribution  of 
pressure  within  them  are  symmetrical.  Equation  (11.1)  may  then  be 
applied  to  any  pair  of  symmetrically-arranged  volume  parameters,  for 
which 


—  Apt, 


(11.2) 


It  is  often  convenient  to  interpret  symmetrical  cases  as  the 
result  of  the  isochronous  presence  of  a  source  and  an  equally-intense 
runoff.  Let  us  illustrate.  Given  a  plane  wave,  propagating  parallel 
to  a  plane  rigid  screen  having  a  small  opening  at  point  0  (Fig.  35). 
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Fig.  36.  Diffraction  of 
Plane  Wave  Near  Opening 
of  Arbitrary  Shape  in 
Rigid  Wall. 

Then,  a  diffraction  wave  having  its  center  at  point  0  and  front  CC 
is  formed  on  the  other  side  of  the  screen.  Pressure  drops  according¬ 
ly  on  this  side  of  the  screen,  which  can  be  viewed  as  the  result  of 
a  negative  source  of  the  same  intensity  forming  at  point  0.  Thus, 
the  opening  0  is  a  source  for  the  lower  half -space  and  a  runoff  for 
the  upper  half-space.  The  dist.  xbution  of  pressure  in  regions  DDO 
and  CCO  will  be  symmetrical  at  some  arbitrary  moment  in  time. 

This  is  valid  for  the  more  general  case.  Given  a  plane  wave 
propagating  from  left  to  right  which  encounters  a  plane  rigid  screen 
having  an  opening  of  arbitrary  shape  and  arbitrary  dimensions  (Fig. 

36)  .  To  the  right  of  the  screen  is  formed  a  "transient"  diffraction 
wave,  while  to  the  left,  a  plane  front  of  a  reflected  wave  and  a 
reflected  diffraction  wave  are  formed,  which  are  symmetrical  to  the 
"transient"  wave.  It  is  easily  verified  that  the  symmetry  of  the 
transient,  reflected,  and  diffraction  waves  is  maintained  with  the 
limiting  passage  to  right  up  to  total  elimination  of  the  screen. 

The  usefulness  of  utilizing  the  Huygens  principle  can  be  illus¬ 
trated  as  well  by  an  example  of  a  plane  wave  dropping  at  an  angle  0 
onto  an  infinite  immobile  rigid  wedge  having  an  apex  angle  of  2a  (Fig. 

37)  .  As  soon  as  the  direct  wave  touches  the  rib  (point  0) ,  it  appears 
to  be  sliced  by  it.  One  portion  of  the  wave  moves  ahead  (direct  wave 


Fig.  35.  Diffraction  of  Plane 
Wave  Near  Opening  in  Rigid  Wall. 
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Fig.  37.  Diffraction  of  Plane  Wave 
Around  Rigid  Wedge. 

AB)  and  the  other  portion  of  the  wave  is  reflected  on  the  edge  (re¬ 
flected  wave  EF) .  A  region  of  diffraction  is  formed.  Point  0  be¬ 
comes  a  source  of  new  disturbances  associated  with  the  flow  of  the 
direct  wave  into  the  shadow  zone  of  the  obstacle.  The  front  of  these 
disturbances  is  easily  plotted  according  to  the  Huygens  principle , 
and  is  a  circle  with  its  center  at  point  0.  This  picture,  while 
not  changing  in  quality  over  the  course  of  time,  increases  the  scale. 
The  diffraction  wave  propagating  through  the  region  of  the  direct  and 
reflected  waves  alters  the  hydrodynamic  'i  '  . 

The  chief  method  of  quantitative  evaluations  of  diffraction 
phenomena  under  the  assumptions  formulated  above  is  the  method  of 
linear  superposition  of  wave  fields.  This  method,  naturally,  assumes 
the  reverse  effect,  too  -  the  expansion  of  any  wave  disturbance 
into  its  basic  components,  the  choice  of  which  is  defined  only  by 
research  convenience.  The  most  widespread  expansion  is  that  where 
sine  curves  and  cosine  curves,  or  one-valued  discontinuity  functions 
form  the  basic  components  (Heaviside  function, Dirac  6-funcicion) . 

In  the  first  case,  expansion  is  realized  with  the  aiu  of  the 
Fourier  integral.  For  a  direct  wave,  for  example,  the  time  rate  of 
pressure  change  can  be  represented  in  the  form 

nV)-~  J  s{<u)e'"‘> d<», 

«**  w 


(11.3) 

(11.4) 
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The  Fourier  integral  is  given  here  in  complex  form  and  is  a 
nonperiodic  function  in  the  form  of  the  sum  of  an  infinite  number  of 
variations  which  are  similar  in  frequency  and  infinitely-small  in 
amplitude  [the  interval  between  components  is  dw  and  the  amplitude  of 
each  component  is  s  (to)  dw] . 


Expansion  into  unit  functions  is  realized  with  the  aid  of 
the  Duhamel  integral.*  Let  us  note  that  the  unit  function  Oq (t  -x  ) 
is,  by  definition,  characterized  by  the  equation 

.  10  where  t  <  t 

—  ') ( ,  .. 

where  1  >T  (11.5) 

This  definition  yields  a  method  for  expanding  the  given  func¬ 
tion  into  unit  functions  ;  this  expansion  is  shown  in  Fig.  38. 


(. 


The  analytic  expression  for  the  broken  line  which  corresponds 
to  the  given  curve  has  the  form 


HD  -  /(0)  »„(0  +  1/00  — /(0)|  -o{t  -  St) 

+ 1/(230-/001 30(/-2AO  +  ...  » 

-  (/(«/)-/!(*-  1)301  »,(' 

(11.6) 


Expression  (11.6)  assumes  a  limiting  process  where  At  0. 

Then,  an  increment  in  function  f  will  be  replaced  by  its  different¬ 
ial,  the  summation  goes  over  into  the  integral,  the  summation  vari¬ 
able  kAt  can  be  replaced  by  the  integration  variable  x,  and  the  brok 
en  line  f  (kAt)  will  coincide  with  the  given  function  f (t) .  Conseq¬ 
uently  we  find  that 


/(0  ~ -Orf/O). 


(11.7) 


C*This  material,  and  all  the  basic  ideas  and  concepts  of  this  section 
are  taken  from  A.  A.  Kharkevich  [21], 
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Fig.  Diagram  of  the  Function  with  the 
aid  of  the  Duhamel  Integral. 


Integral  (11.7)  nu-rt  be  understood  in  the  Stieltjes  sense,  i.e., 
it  is  applicable  where  function  f(t)  has  discontinuities.  If  f (t) 
is  continuous,  then  (11.7)  takes  the  form 


(11.8) 


If  finite  discontinuities  exist,  we  must  add  the  sum  of  the 
products  of  jump-discontinuity  magnitudes  times  oQ (t  -  t^),  where 
t  -  the  abscissas  of  discontinuity  points.  Thus,  if  function  f(t) 
is  equal  to  zero  where  t  <  0,  and  where  t  =  0  jumps  to  the  value  f(0) 
(Fig.  38),  using  a  derivative . to  express  the  generalized  differential 
in  (11.7)  we  can  write 

m  n o )  ’aio + j  o0(i  -  (11 9 } 

Employing  (11.7)-(11.9) ,  we  can  reduce  any  diffraction  problem 
to  a  problem  of  diffraction  of  a  single  wave.  Given,  for  example, 
some  hydrodynamic  characteristic  of  the  process  Fa (t) ,  found  by 
solving  the  single  wave  diffraction  problem  Oq (t) .  Then,  this  char¬ 
acteristic  for  the  same  problem,  but  with  a  wave  of  arbitrary  profile 
p(t)  can  be  derived  according  to  the  formula 

F(/)  =  j>,(/-*)dP(-).  (11.10) 

This  happens  to  be  the  Duhamel  integral  in  a  Stieltjes  form. 

The  function  Fa(t)  is  called  a  transient  function.  Substitution 
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of  variables  and  integration  by  parts  yields  several  equivalent  forms 
from  (11.10)/  one  of  which,  will  be  the  most  suitable:  • 


i 

F(t)  -  p(0)F,(t)  +  f  F,(/  -  t)p'(t)dt  = 

0 

-  P(0)F.(O+  l  + 

0 

4- j£(/  -:)P('M‘  -  f.(0)p(0+  J£(*)P (/-*)<**. 


(11.11) 


Consequently,  we  can  see  that  the  Fourier  integral  and  the  Du- 
hamel  integral  are  equivalent  from  a  methodological  standpoint.  In 
problems  dealing  with  the  physical  processes  of  propagation  and  dif¬ 
fraction  of  shock-waves,  the  Duhamel  integral  reduces  to  a  consid¬ 
erably  smaller  number  of  calculations. 

Alongside  the  zero-order  unit  discontinuity  function  a ^  (t) , 
there  has  been  wide  use  in  mathematical  physics  of  a  first-order  unit 
discontinuity  function  a^(t)  in  recent  years.  This  function  is 
often  called  a  Dirac  6-function.  The  Dirac  delta-function  6 (t)  is 
equal  to  zero  for  all  values  of  t  ?  0;  where  t  =  0,  it  jumps  to  the 
value  +00.  At  the  same  time,  however,  the  integral  of  this  function 
which  is  taken  with  respect  to  the  interval  including  the  point  of 
discontinuity,  retains  a  finite  value  equal  to  one: 


Hi 


I11* 

l  0 


where 

where 


J  *</  -  - )dt  «  I. 
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(11.12) 

(11.13) 
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where  b>-*>  a 

where  T ^  or  x  ' fl* 


(11.14) 
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Based  on  the  definition  of  the  delta-function ,  it  follows  that 
it  can  aid  in  representing  any  function  as  an  integral  of  itself 


/to- 


(11.15) 


and  where  t  >  0, 


t  U)so0)  —  ,1  /(*)2(/  —  ~)th. 


111.16) 


If  the  problem  is  solved  for  a  delta-function-type  wave,  we 
can  effect  a  change  to  a  wave  having  the  profile  p(t)  with  the  aid 
of  the  Duhamel  integral 


F(D=  I  *',(/--)/>(•) dt. 

0 


(11.17) 


where  (t)  -  solution  of  the  problem  for  a  delta-function-type  wave. 

Because  the  delta-function  can  be  graphed  with  the  aid  of  the 
the  most  diverse  auxiliary  functions,  satisfying  conditions  (11.12)- 
-(11.14)  to  the  limit,  its  use  in  solving  problems  in  some  cases  is 
simpler  than  in  any  other  presentations. 

The  mathematical  analysis  of  diffraction  problems  was  first 
carried  out  by  Kirchhoff.  For  a  homogeneous  wave  equation  in  three- 
-dimensional  space  he  derived  a  very  general  relation,  defining  the 
potential  at  any  point  in  space  in  terms  of  values  of  this  potential; 
and  in  terms  of  its  derivatives  on  an  arbitrary  closed  surface,  en¬ 
compassing  the  region  in  which  the  chosen  point  is  situated. 


The  Kirchhoff  formula  has  the  form 


K!.  C.  <)  =  -J  ~ *(*.  n.1.1- i)-'- 
_L [*(»■»•  »■<-?)  ]  L  * 

f  On  «'./  tin  01 


(11.18) 
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where  <j>  (£,  n,  5,  t)  -  the  potential  at  point  A  (£,  n,  5) »  encomp¬ 
assed  by  an  arbitrary  surface  S;  n  -  exterior  normal  to  the  surface? 
r  -  distance  from  element  dS  to  point  A(£,  n,  C) • 

Despite  the  completeness  of  the  mathematical  solution,  analysis 
of  diffraction  problems  with  the  aid  of  the  Kircnhoff  formula  encount¬ 
ers  theoretical  difficulties.  Indeed,  although  the  surface  on  which 
we  must  be  given  the  values  of  potential  and  its  normal  derivative 
can  be  arbitrarily  selected,  in  most  physical  problems  there  are  no 
realiable  data  on  these  quantities  on  the  selected  surface  until  the 
problem  is  solved.  Hence,  there  is  a  need  for  additional  assumptions 
on  the  distribution  of  the  potential  and  its  derivatives  on  the  bound¬ 
ary  surface.  At  best,  this  leads  to  the  method  of  successive 
approximations.  It  should  be  added  that  even  for  the  simplest  cases, 
surface  integrals  entering  into  (11.18)  cannot  be  taken  in  finite 
form. 


Consequently,  for  approximate  analysis  the  Kirchhoff  formula 
is  not  as  a  rule  applied,  but  the  so-called  integral  of  emission 
which  is  a  mathematical  form  of  writing  the  Huygens  principle: 

(11.19) 

where  vR  -  the  normal  component  of  velocity  of  the  surface  element 
dS;  r  -  distance  from  dS  to  point  A. 

The  application  of  (11.19),  as  with  the  Kirchhoff  formula  (11.18), 
can  only  made  when  the  point  where  the  potential  is  evaluated  is  in 
"direct  view"  with  respect  ro  the  arbitrary  surface  element.  Let  us 
indicate  the  sequence  of  operations  associated  with  the  application 
of  the  emission  integral  in  diffraction  problems.  Given  that  we  must 
find  the  pressure  field  in  a  fluid,  allowing  for  the  effect  of  an 
absolutely  rigid  plane  obstacle  of  given  configuration.  In  this  case, 
we  first  calculate  the  normal  components  of  particle  velocity  at 
points  in  the  fluid  directly  in  contact  with  the  obstacle  surface. 


140 


This  is  done  based  on  the  assumption  that  the  obstacle  itself  is  not 
present.  After  changing  the  sign,  the  derived  quantities  are  sub¬ 
stituted  into  the  integral  of  radiation. 

The  sum  of  the  direct  wave  potential  and  the  potential  found  in 
this  manner  defines  the  unknown  pressure  field.  The  boundary  con¬ 
dition 


is  apparently  satisfied  on  the  obstacle  surface. 

At  all  remaining  points  on  the  surface  of  closure,  the  potential 
is  considered  to  be  the  same  as  in  a  free  fluid.  This  introduces  a 
certain  error  into  hydrodynamic  field  evaluation. 

The  number  of  problems  which  can  be  precisely  solved  using  the 
integral  of  radiation  is  quite  limited.  In  spite  of  the  apparent 
simplicity  of  the  mathematical  formulation,  the  solutions  are  found 
to  be,  as  a  rule,  complicated  and  unwieldy.  The  need  arises  to  seek 
other  mathematical  methods  for  analyzing  diffraction  problems. 

Among  these  methods,  we  should  note  the  method  of  functional- 
invariant  solutions  of  the  wave  equation,  developed  by  V.  I.  Smirnov 
and  S.  L.  Sobolyov  [18],  [19].  The  method  of  incomplete  separation 
of  variables,  developed  by  G.  I.  Petrashen  and  his  group  [14] , [15] 
has  become  very  popular.  V.  V.  Novozhilov  first  considered  the 
problem  of  interaction  of  an  underwater  shock-wave  with  an  elastic 
round  cylinder  using  the  Laplace  transform. 

A.  A.  Kharkevich  pointed  out  extremely  general  principles  for 
solving  diffraction  problems  [21] .  Specifically,  he  developed  the 
method  of  using  the  Laplace  equation  in  place  of  the  wave  equation. 
Kharkevich’ s  ideas  are  in  wide  use  in  this  chapter  of  the  book.  *»e 
can  obtain  new  findings  on  the  basis  of  his  ideas  which,  though  not 
claiming  completeness,  nonetheless  give  us  a  clear  picture  of 

141 


it.-;  t ' 


diffraction  of  an  underwater  shock-wave  by  an  obstacle. 


§12.  Diffraction  of  a  Plane  Wave  By  an  Absolutely  Rigid  Wedge. 

Let  us  consider  the  interaction  of  a  unit-amplitude  plane  wave 
with  an  absolutely  rigid  and  immobile  wedge.  The  apex  angle  of 
the  wedge  is  arbitrary.  The  angle  of  incidence  of  the  wave  is  also 
arbitrary.  The  amplitude  of  the  wave  admits  the  possibility  of  util¬ 
izing  the  acoustic  approximation. 

S.  L.  Sobolyov  and  V.  I.  Smirnov  (1934)  first  obtained  a  precise 
solution  of  this  problem  using  the  method  of  functional-invariant 
wave  equation  solutions  [19] .  This  same  problem  was  considered 
abroad  by  Keller  and  Blank  in  1951  [35] .  Irvin  Kay  [34]  derived  a 
solution  for  the  case  of  a  wave  of  arbitrary  shape.  A  review  of 
foreign  studies  in  this  field  of  research  may  be  found  in  Lu  Ting's 
article  [38]  . 

We  will  show  that  the  problem  can  be  solved  most  simply  by 
using  the  method  developed  by  Kharkevich  in  his  study  of  wave  dif¬ 
fraction  at  the  edge  of  a  semi-infinite  plate.  Let  us  begin  with 
two  particular  cases:  gliding  of  a  wave  along  one  of  the  edges  of 
a  wedge,  and  normal  incidence  of  a  wave  onto  the  wedge. 

Gliding  of  a  Wave  Parallel  to  One  Edge  of  a  Wedge 

A  diagram  of  this  process  is  shown  in  Fig.  39.  The  wave  front 
CD  propagates  from  left  to  right.  The  diffraction  field  evolves  in 
a  cylinder  r  =  agt  having  a  directrix  OKDBO .  The  system  of  coordinates 
is  cylindrical.  The  z  axis  coincides  with  the  edge  of  the  wedge; 
the  angle  a  is  measured  from  the  plane  of  the  upper  edge  of  the  wedge 
clockwise.  Time  count  begins  when  the  wave  front  arrives  at  point  0. 

According  to  the  definition  of  a  unit-wave,  pressure  behind  its 
front  is  equal  to  one,  and  ahead  of  the  front  -  to  zero.  Thus,  to 
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Fig.  39.  Diffraction  of  a  Plane  Wave 
in  the  presence  of  Gliding  along  the 
Edge  of  a  Wedge. 


the  right  of  CD  in  the  upper  half-space  and  outside  of  diffraction 
circle  DK  in  the  lower  half-space,  pressure  is  equal  to  zero. 

Behind  the  front  CD  outside  the  diffraction  circle  DLB,  pressure  is 
equal  to  one.  The  problem  consists  in  evaluating  pressure  in  the 
diffraction  region.  By  virtue  of  the  assumption  of  absolute  obstacle 
rigidity,  the  boundary  condition 


-  0. 

on 


(12.1) 


must  be  satisfied  on  the  obstacle  surface;  where  v^  -  normal  compon 
ent  of  particle  velocity;  <J>  -  potential  of  velocity. 


It  is  convenient  to  utilize  conditions  (12.1)  in  a  different 
form.  Since 


P 


(12.2) 


then 

dp  d  d  d* 

(12.3) 


It  follows  from  a  comparison  of  (12.1)  and  (12.3)  that  on  the 
surface  of  an  absolutely  rigid  obstacle  we  must  find  that 
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(12.4) 


t 


'  '•  r* 


j“r- 


Pressure  in  the  fluid  satisfies  an  axially-symmetric  wave 
equation 


J&’.  +  _L  i£.  +  J..  ±2.  _  _L  *P  _  n 

*4  *  Or  r*  0t>  dt*  U 


(12.5) 


Thus,  the  problem  is  reduced  to  solving  wave  equation  (12.5)  for 
the  magnitude  of  pressure  p(~  ,  a)  in  the  diffraction  circle  hav¬ 

ing  a  radius  agt,  with  boundary  conditions  on  the  obstacle  surface 
being 


Op 

On 


and  on  the  diffraction  circle  surface 


0  <T  a  ■<  it 


(12.6) 


Conditions  (12.6)  are  based  on  the  fact  that  a  diffraction  wave 
does  not  have  a  pressure  jump  on  the  front.  This  can  easily  be  veri 
fied  by  using  geometric  acoustics  methods  and  examining  the  energy 
balance  transmitted  by  the  direct  wave  front.* 

Following  Kharkevich,  let  us  substitute  the  variables  in  equat¬ 
ion  (12.5)** 


z  —  Arch  , 
3-L=-.ch  *. 


(12.7) 


The  partial  derivatives  entering  into  (12.5)  will  take  the  form 


*  Cf.,  for  example,  G.  F.  Ludloff,  Aerodynamics  of  Explosive  Waves, 
Collection  of  articles,  "Problems  in  Mechanics",  IL:  1955. 

**This  same  procedures  was  used  by  I.  G.  Novoselov  in  his  study  of 
a  diffraction  wave  at  a  right  angle. 
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dp  _  Op_  ,  (  a„l  \ 
dr  ~  dr  l  ~'T/* 

d*p  _  &P  ,« °y*  dp 
dr *  “  dr*  2  r*  ’"dr 

j£p  _  °o  ,  dp  j,  °l 

Ot*  dr*  2  '*  +  dr  *  ft  * 


-f  2z' 


H 


'-)• 


•  Substituting  these  quantities  into  (12.5)  and  keeping  (12.7) , 

!  we  perforin  some  simple  transformations  and  find  that 


£‘L+*!: L«0. 

da1 


(l'i.8) 


Equation  (12.3)  is  a  Laplace  equation  in  canonical  form. 


Using  new  variables,  the  boundary  conditions  (12.4)  and  (12.6) 
will  be  written:  on  the  obstacle  surface 


) 


} 

} 

i 


i 

» 


jpj  ^  p'M<  °>“° 

~dn  Is  pj(*.  p)  -  0, 


on  the  diffraction  circle  surface 


(12.9a) 

(12.9b) 


(12.10a) 

(12.30b) 


The  solution  of  equation  (12.8)  will  be  sought  using  the  Fourier 
method . 

Let  us  assume 


p(j,  t)-Z(z)A(t). 


(12,11) 


Then,  substituting  (12.11)  into  (12.8),  we  will  find  that 
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f  '“if. 


j  -  V'* 


?yi  ^ ._  iiizi 
*  <*»  *  (*> 


(12.12) 


Equation  (12.2)  can  occur  only  when  the  right  and  left  sides 
are  equal  to  the  same  constant,  i.e., 


Z'(z)-i?Z(z)  =  0, 
/4"(a)-f  )*A  (a)  =  0. 


(12.13) 


The  general  solutions  of  the  first  and  second  equations  in  (12.13)  j 
have  the  form  ■ 


Z(z)  =  Cte"  +  Cie-'\  \ 
.4  (a)  =  C3cos/.a  -}-  C4$in/a.  j 


(12.14) 


Because  function  p(z,a)  is  limited,  =  0.  From  condition 
(12.9a)  it  follows  that  =  0,  and  from  condition  (12.9b)  that 
=  (irm)/(B),  where  m  =  0;  1?  2  ...  . 


Thus, 


« 

- -  Ml 


p(z,  a)  =  VcV  7  cos-— a 


(12.15) 


Where  z  =  0,  (12.15)  yields 


—  _ 

p(0,  a)  =  ^JCMC0S-y-«. 


(12.16) 


On  the  other  hand,  function  p  (0,  a)  is  given  by  boundary  con¬ 
dition  (12.10). 
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Fig.  40.  Surface  of  Equal  Pressures  During 
Diffraction  of  Wave  At  Edge  of  a  Plate. 


After  writing  the  function  in  the  form  of  a  Fourier  series,  we 
will  find  that 


where 


•• 

p(0.  *)  =  —•  +  Vo*COS~-«, 

2  f*  *S 

Ok  *  --  |'p(0.  3)  cos  da  —  j*  COS  -  da  . 


^  |  «»* 
rk  H 


(12.17) 


After  comparing  (12.16)  and  (12.17),  we  can  replace  (12.15) 


with 


p{z,  a)  -•=  —  H-  ~  V  —■  sin  —  *  cos  2C  •'  . 


(12.18) 


Returning  to  our  initial  argument  for  evaluating  pressure  in 
a  diffraction  region,  we  find  that 


Aich 

f 


>  > 

In  the  particular  case  of  a  rigid  plate  (8  =  2ir)  ,  we  have 


(12.19) 


l  4-  JL 


n  I 


co«<2«  —  I)  —  e 

(-  (2 n  -  I) 
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(12.20) 


M^+M****** 


f 


Expression  (12.20)  totally  coincides  with  Kharkevich's  solution 
and,  as  he  showed,  may  be  written  in  finite  form 


P 


(12.21) 


where  the  signs  +  and  -  relate,  respectively,  to  the  upper  and  lower 
semicircle.  The  lines  of  equal  pressure,  plotted  on  the  basis  of 
calculations  according  to  (12.21),  are  shown  in  Pig.  40  121]. 


In  the  range  of  angles  0  <  a  <  tt,  a  solution  of  (12.19)  can 
easily  be  found  in'  finite  form.  Let  us  rewrite  it  in  the  following 
manner : 


„JL  +  J-V—  «in -?-<*  +  «)  to  '  + 


T.k 


*7t  i 


(12.22) 


Let  us  employ  the  identity  {1] 


Vl  Qk  sin  xk 

H  * 


arctg  — — 
l  —  q  cos  * 


where  4*  <1.  0<x<2r.  (12. 23) 


Then  the  first  summation  of  (12.22)  can  be  written  in  the  form 


.  v . 


fi 


—  sin  -r-  (n  -f  a )ke 


=  arctg  — - = - 


y 1  r. 

t  —  co*  —  (r.  -  a) 


and  the  second  -  in  the  form 


—  'V  ’  -j-  sin  —  (w  —  i)ke  ■’  =  —  arctg 

ft  H  it  0 


tk 


‘in  —  (r.  —  *) 


c*  I 
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Consequently,  in  the  interval  0  <  a  <  tt 


'  r  \  n  l  5 1"  T“(*  a) 

"(u 


•JL  Arch 
J  f  1C 

t  -COS— (R-f«) 

r 


-  + 


S*R  —  <*  -  *> 

+  4-««tg  -v-rrxr - 


—  Arch  • -  _ 

a  t  R 

t  —  cos  —  (r  ~  «) 


(12.24) 


Pressure  p  (  -~g—  •  a)  •  where  c.  <  tt  (in  the  upper  half-space) 

may  be  considered  as  the  result  of  applying  two  waves  -  the  direct 
and  the  diffraction.  Consequently,  when  we  must  evaluate  pressure 
only  in  a  diffraction  wave  pfl,  it  suffices  to  deduct  pressure  in  the 
direct  wave  (equal  to  one)  from  p  (~g-,a)[the  latter  is  defined  by 
expression  (12.24)].  0 


find 


For  example,  on  the  upper  edge  of  the  wedge  (a  =  0) ,  we  will 


p*1-- 


(12.25) 


From  (12.25),  specifically,  it  follows  that:  for  diffraction  of 
a  wave  by  a  right  angle  (  3  =  -j-v) 


„  i  I  2  . 

Pa—  f  y-~arct« 


1  2 

_-_arc|g. 


- IS- _ \ 

4  Arch  ££ 

&  ,  I  / 


r*  ) 

-T-*  | 

(¥j 

-■  1 

(12.26) 

or  diffraction  of  a  wave  by  a  semi-infinite  plate  (3  =  2ir) 
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Diffraction  of  a  Wave  falling  Along  the  Normal  to  One  Corner  of 
a  Wedge 


A  general  picture  of  this  effect  is  shown  in  Fig.  41.  A  unit-a 
unit-amplitude  direct -wave  front  has  attained  position  EN;  the  fronts 
of  the  reflected  waves  are  indicated  by  straight  lines  CD  and  EF. 
Diffraction  develops  in  the  cylinder  having  the  directrix  OBDFKO . 
Ahead  of  the  front  EN  and  outside  the  arc  EK  (where  B  >  —x — tt,  Fig. 
41b) ,  pressure  is  equal  to  zero.  Behind  the  front  EN  and  outside 
of  line  EFDC,  pressure  is  equal  to  one. In  the  region  EKF  and  ABDC , 
behind  the  reflected -wave  fronts  and  outside  the  diffraction  circle, 
pressure  is  equal  to  two. 


The  problem  consists  in  evaluating  pressure  p  c— r-  ,  a)  in  a 

a0r 

diffraction  circle  having  a  radius  agt.  In  other  words,  we  must  find 
a  solution  for  wave  equation  (12.5)  with  the  following  boundary  con¬ 
ditions  : 

on  the  surface  of  a  rigid  wedge 


0i> 

:-y  •  *-  0. 

On  i 


(12.28) 


on  the  boundary  of  a  diffraction  circle  where  8  <  -y-  it 


p0.  «) 


2  0  -  a 


„  t: 

T 


2  2?--y  ir  <a  <  p. 


(12.29) 
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Fig.  41.  Diagram  of  Diffraction  of  a  Plane  Wave  During 

Normal  Incidence  onto  One  Wedge  Edge:  (a)  3  <  3  „ 

3  2  71 

3  >  -fu. 


where  3  >  — tt 


p(1.  «)- 


2  0<«<JL 
2 

!• 

0 


(12.30) 


Using  (12.7)  to  substitute  the  variables  as  before,  we  arrive  at 
the  Laplace  equation  (12.8)  with  a  boundary  condition  on  the  surface 
of  a  wedge  (12.9).  The  only  difference  between  this  and  the  preceding 
problem  is  in  the  writing  of  conditions  on  the  diffraction  circle. 

By  analogy  with  (12.15),  a  solution  can  be  sought  in  the  form 


Where  z  =  0 


p(z,  a)  —  Vc/  •’  cos j. 


p(0,  a)  «  V  Cm  COS  *. 


(12.31) 


(12.32) 


The  coefficients  Cm  are  found  by  expanding  the  function  p  (0,  a) 
given  by  equations  (12.29)  and  (12.30)  into  a  Fourier  series. 
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We  have 


where 


p(0.  »)-A.+  V]a*cos~-a, 


o.  =  -“J‘p(0.  *)cas-y-di. 


According  to  (12.29) 


®-T* 


+  j*  cos^i*  + 

T 

+  -  f  2co«r«.l,,_.J_1|„££.+ 

?  .*  i»  kn  2ji  ktt  2  ,t 


(12.33) 


(12.34) 


The  very  same  result  occurs  for  boundary  conditions  (12.30). 


Thus,  in  place  of  (12.32)  we  can  write: 


fi{Z,  a)= 


Xcos(~a*je  *  , 


(12.35) 


or ,  returning  to  our  previous  variables , 


’  \  o„i  /  i  2.1  / 

*•  * 

•  _  — \tc'i 

Xcos^afcje  '  . 


(12.36) 


In  the  particular  case  of  an  absolutely  rigid  plate  ($  =  2ir) 

'  (i>  •  *)  “  1  +  v  §  T(sin  T-  + !,n  V  *) x 
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Xcos 


(H 


- -5- Archil 
•  *  r 


1  + 


2  Vi 


'm 


co<  (2«  —  |)  — 

2 

~2T~1 - X 


/I*  1 


2a-| 


X* 


Arch 


<W 


where 


C"“,;  *5  -  V  —I:  I...  (12.37) 

This  expression  coincides  with  Kharkevich's  solution  [21].  In 
finite  form  it  is  written  thus: 


r 


(12.38) 


where  the  signs  +  and  -  relate  to  the  upper  and  lower  semicircles# 
respectively. 


We  will  use  relation  (12.23)  to  derive  expression  (12.36)  in 
finite  form. 

Where  0  <  a  <  we  have: 
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Net  pressure  p  (~ £•,  a  }  over  the  upper  wedge  edge  (a  < 
is  composed  of  pressure^  from  the  direct,  reflected,  and  diffraction 
waves . 


Thus,  in  order  to  determine  the  pressure  of  the  diffraction  wave 
only  p^ ,  we  must  subtract  2  from  the  quantity  p  (— £■,  a  ) .  Conseq¬ 
uently,  on  the  upper  wedge  edge  (a  =  0) ,  we  will  f?nd  that 


P,  =  —  2  + 


2k 

3 


+  arctg 


SIP 


arctg  ■ 


r.« 

23 


»  ,  .0.1 
—  Arch 

r' 

3k* 

23 


“  ‘°’  Hi 


—  Arch  — 


_ \ 

o<>  l' 

”  3k'  I 

-C0lir  / 


(12.41) 
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Diffraction  of  a  Unit  Wave  During  Arbitrary  Incidence  onto  Rigid  Wedge 

In  relation  to  the  angle  at  which  a  wave  encounters  an  obstacle, 
two  types  of  wave  reflection  are  possible:  on  one  wedge  corner  (Fig. 
42a)  or  by  both  corners  (Fig.  42b) . 

We  can  easily  find  the  position  of  the  fronts  using  the  Huygens 
principle.  In  the  first  case  (where  the  angle  of  incidence  of  the 
wave  is  y  <  $  -  tt,  Fig.  42a),  the  angle  characterizing  the  point  of 
tangency  of  the  direct-wave  front  to  the  diffraction  circle  is 
aE  =  ir  +  y.  The  angle  characterizing  the  point  of  tangency  of  the 
reflected  wave  to  the  diffraction  circle  differs  from  angle  a£  by 
2y  and  is  equal  to  aD  =  ir  -  y.  In  the  second  case,  the  wave  pic¬ 
ture  becomes  complicated.  After  convergence  of  the  direct  wave  with 
the  edge  of  the  wedge,  where  y  >  3  -  ir,  two  reflected  waves  are 

formed.  The  points  of  tangency  of  these  waves  to  the  diffraction 
circle  are  characterized  by  the  angles  (Fig.  52b) 

a/.  =  *~T 


and 


j(  ~  KOK «*  j»  —  |f—  ('<  —  *)l  «*  —  b  —  y. 
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As  we  can  see,  this  problem  differs  from  those  considered  earli 
er  only  by  the  boundary  conditions  on  the  diffraction  circle. 

In  this  case,  on  the  boundary  of  the  diffraction  region  where 
Y  <  3  -  ir 


Pi 0.  a)  -■ 


2  0 
I  TC 

0  — 


J  r-i 

T  '-<*  *  .  1 

r  ••  * ;  X 


while  where  y  >  3  -  ir 


(12.42) 
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P{ 0.  a)  = 


2  0  ■'  2  r.  —  T 

1  r.~  v  '  j  .-  2  >  —  »r  —  y 

2  2?  —  k  — |  ..  i 


(12.43) 


Expanding  the  function  p  (0,a  )  into  a  Fourier  series,  we  yield 
an  expression  common  to  (12.42)  and  (12.43) 


,(0.  +  4 y-rhf  ,'-1'*+ 

*  -f  Sin  y  <*+--)*!  cos 


(12.44) 


Consequently,  pressure  in  the  region  of  diffraction  is 


"  Or ■  *)■ =  t  +  i  2t  [sin  7<'~  ?**■ + 

*  I 

r  Is-  "T"  *,eh 

+  sin -r- (it  H- cos  y 


(12.45) 


In  the  particular  case  y  -  j,  we  will  derive  an  earlier-fixed 
formula  (12.36)  for  normal  wave  incidence.  However,  for  y  =  0  the 
solution  of  (12.45)  exceeds  the  result  of  (12.18)  by  an  even  factor 
of  2,  which  is  the  result  of  a  well-known  acoustic  paradox  that  does 
not  admit  a  limiting  process.* 

^Under  actual  conditions,  all  obstacles  have  finite  dimensions.  In 
this  case,  the  zone  of  doubled  amplitude  begins  with  the  latter  angle 
and  is  reduced  when  the  angle  of  incidence  y  is  reduced.  At  the 
same  time,  the  life  of  doubled  pressure  is  reduced  (cf.  Fig.  48,  48). 
When  y  •*  0,  the  zone  of  the  acoustic  paradox  will  formally  exist;  only 
on  the  wall,  and  the  "paradox"  life  tends  toward  zero  (at  the  moment 
that  the  front  arrives).  Moreover,  at  angles  of  incidence  which  are 
close  to  a  shear  angle,  regular  reflection  of  finite-amplitude  waves 
cannot  occur.  It  is  replaced  by  irregular  reflection  having  the 
formation  of  Mach  waves. 
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Fig.  42.  Diagram  of  Diffraction  of  Plane  Wave 
at  Arbitrary  Angle  of  Encounter  with  Rigid  Wedge: 
(a)  y  <  3  -  it  ;  (b)  y  >  3  -  it. 


For  0  <  a  <  ir  -  y  and  — r  <  1,  using  ,(12.23)  as  before, 

a0*"  °° 

equation  (12.45)  can  be  written  in  finite  form 


Mn  y 


*  ~«o»  —  y 

I  / 


(12.46) 


where 

j/| (iff- I. 

•  *  » 

V.I.!  *■-  <*  -  V)  ±  a. 

^3.4  =■'  (■  T  7)  ±  a. 


Into  (12.46),  we  take  the  values  of  arctg  in  the  first  quadrant 
having  the  sign  of  the  argument. 

Sobolyov  119]  was  the  first  to  consider  solving  this  problem  in 
another  way.  For  the  entire  range  of  change  in  angle  a  (0  <  a  <  3), 
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his  results  can  be  written  in  the  form: 


for  the  case  where  a  shady  area  exists  (y  <  B  -  tO 


where 


(12.47) 


X,  .*  =  (*  — 7>±«. 


for  the  case  where  no  shady  area  exists  (y  >  B  -  it) 


‘/1. 7  =  (*  —  7)  ± 
y’4  =  (« 


In  formulas  (12.47)  and  (12.48),  we  t:*xe  the  values  of  arctg 
having  the  same  sign  and  in  the  same  quadrant  (first  or  second)  where 
the  argument  (angle  x*)  is  found.  These  formulas  define  net  pres¬ 
sure  at  the  point  and  can  be  utilized  for  the  time  interval  following 
convergence  of  the  diffraction  wave. 

Evaluation  of  pressure  on  the  obstacle  surface  is  of  the  greatest 
interest  from  a  practical  standpoint.  Using  (12.46)  and  (12.47),  we 
have: 


on  the  "exposed"  side  of  the  wedge  (a  =  0) 
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fin  (r.  ,  j) 

+  arctg  — - - 
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(12.49) 


I 


on  the  "lee"  side  of  the  wedge  (a  =  3) 


'Iv-')"*- 


arctg 


l  ■*■  ;* 


—  C,B  (w  “  T)  + 


I  _L  f  *  j; 

+  arctg - -V  ctg  -y-  (*  -  T) 

!~c' 


(12.50) 


Pressure  on  the  "exposed"  side  of  the  wedge,  where  a  <  ir  -  y, 
can  be  considered  the  result  of  applying  three  waves:  direct,  reflect¬ 
ed,  and  diffraction.  To  determine  pressure  ir.  the  diffraction  wave, 
it  suffices  to  subtract  the  pressure  of  the  direct  and  reflected  waves 
(equal  to  2)  from  p.  If  y  <  tt  -  3,  then  where  a  >  :r  +  y,  pressure 

in  the  "lee"  region  is  defined  only  by  the  diffraction  wave.  There¬ 
fore,  p^  =  p. 


Diffraction  of  a  Wave  of  Triangular  Profile  by  a  Rigid  Wedge 


The  problems  considered  above  assumed  the  unlimited  duration  of 
a  wave  and  the  infinity  of  diffraction  effects  associated  with  it. 
Actually,  the  pressure  on  a  shock-wave  changes  with  respect  to  a  fixed 
law.  The  positive  pressure  phase  and  the  wave  length  are  finite.  The 
region  of  formation  of  diffraction  processes,  which  is  a  function  of 
wave  length,  is  likewise  finite. 

Let  us  illustrate  these  facts  with  the  simple  example  of  diffract- 
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Fig.  43.  The  coefficients  A  and  B  as  Functions  of  3- 
(I)  normal  incidence?  (Il)shear  incidence. 

ion  of  a  wave  of  triangular  profile  by  a  rigid  wedge.  This  problem 
is  of  considerable  interest/  in  terms  of  practical  application, 
because  the  time  rate  of  pressure  change  is  almost  linear  in  the 
proximity  of  a  free  surface  (cf.  §7). 

Therefore , 


/>(0“  P*/(0. 


(12.51) 


where 

/'<)-  7;)  Ivo-’.C' -'>)!• 


(12.52) 


p^  -  pressure  on  the  front;  t  -  time,  counted  after  the  wave 
arrives  at  a  given  point;  t^  -  duration  of  positive  pressure  phase. 


For  a  wave  of  arbitrary  profile,  the  solution  of  the  diffraction 
problem  can  be  derived  using  the  Duhamel  integral,  if  it  is  given 
for  a  unit  wave.  Therefore,  there  is  no  need  to  begin  our  study  from 
the  very  beginning.  We  can  utilize  previously-derived  results  and 
calculated  only  the  appropriate  integrals.  However,  in  spite  of  the 
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simplicity  of  the  derived  solutions  and  the  selection  of  function 
f(t),  the  calculation  of  the  Duhamel  integral  is  of  considerable 
difficulty. 

Consequently,  it  is  extremely  important  to  simplify  the  relat¬ 
ions  which  characterize  the  diffraction  field  of  pressure.  This 
problem  was  considered  by  K.  V.  Lopukhov,  who  suggested  the  follow¬ 
ing  approximation 


(12.53) 


where  A  -  the  greatest  magnitude  of  pressure  in  a  diffraction  wave; 

B  -  the  diffraction  coefficient. 

The  coefficients  A  and  B  are  functions  of  the  angles  a,  3,  and 
y.  The  numerical  value  of  these  coefficients  for  points  situated  on 
the  "face"  side  of  the  wedge  (a  =  0)  are  shown  in  Fig.  43  for  the 
normal  &  shear  incidence  of  a  unit  wave.  Error  of  approximation  can 
be  seen  from  Fig.  44,  where  the  corresponding  comparisons  are  given. 


Let  us  write  a  wave  of  triangular  profile  (12.52)  as  the  sum  of 


three  waves 


/>(')  /y„(0-  -p  /’„(/> -r-p-(/~/+) *„(/-/  ). 


(12.54) 


We  can  see  from  the  structure  of  (12.54)  that  with  a  given  wave 
profile  (in  addition  to  solving  the  problem  of  unit-amplitude  wave 
diffraction*)  we  must  also  derive  a  solution  of  the  same  problem  for 
a  wave  of  the  form 


« 

®_,  (0  “  J  *=  h0(t). 


(12.55) 


This  last  equation  can  easily  be  derived  by  utilizing  the  Du¬ 
hamel  integral  in  its  initial  form  (11.11),  assuming  that  [o_^(t)]‘  = 

*The  transient  function  appropriate  to  this  solution  is  designated  as 
in  §11,  using  Fa(t). 
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Fig.  44.  Comparison  of  Approximation  and 
Precise  Calculation  for  Pressure  in  Diffraction 

Waves . 

(I)  normal  incidence;  (II)  shear  incidence. 
rrr---"  precise  calculation; 

-------  approximation. 


(t) . 


The  unknown  solution  will  be  designated  using  H(t): 


H\t)~  j =  *o(0 


(12.56, 


By  complete  analogy  for  a  wave  of  the  form 

i 

<0=U,(' -~>M*  “'+)*• 

0 


(12.57) 


Because  where  x  <  t+  <Jq(x  -  t+)  =  0,  then 


«,(/>“  »o(*“0  I  53 ^ (12.58) 

0 

Thus,  the  solution  for  a  wave  of  triangular  profile  has  the  form 
FV)  =  PS,V)-**-Hit)+j*-H[t-tr).  (12.59) 
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In  the  given  case,  the  transient  function  F^Ct)  is  the  approx¬ 


imation  of  (12.53) 

Ft(t)  —  A  4  arctg  B  J /* ±L  —  \  30ft  -  —) 
and  consequently,  according  to  (12.56) 

I  # 

//  (0  =  ?F,</-*)  ®0(t )dr.  =  *0(/>  J F, (t)<fc  - 

0  •  .  .  «  ■ 

f  _ 
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f 
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-i- 


(12.60) 


Let  us  note  that  the  simplicity  of  defining  function  H(t)  for 
some  transient  function  F  (t)  permits  us  to  derive  a  solution  for 
wave  of  arbitrary  profile,  if  we  write  it  in  the  form 


p(i)  «  /Vo(0  t  V  4?-  ('  - M  M*  --  '*>. 

■  4M  t  /* 

If  I 


(12.61) 


where  t^  -  moment  of  appearance  of  k-th  wave;  pm  -  maximum  pressure 
on  wave  front;  Tk  -  typical  time  interval  whose  meaning  is  illustrated 
in  Fig.  45. 


The  solution  of  the  diffraction  problem  for  wave  (12.61)  will  be  ; 

(12.62) 

Let  us  introduce  dimensional  quantities 


F  10  =  t>nF.  it)  +  V]  11 U  -  tk)- 


r  <  e  '  * 

t  - — ;  t=  — ; —  ™  -7-  • 


aJy 


(12.63) 


where  X  -  the  wave  length. 
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Fig.  45.  Diagram  of  Approximation  of  Arbitrary  Contour 
by  Linear  Relations. 


Then,  according  to  (12.59)-(12.60) ,  the  diffraction  field  of  a 
wave  of  triangular  profile  will  be  derived  in  the  form 


C 


(12.64) 


Let  us  explain  the  physical  picture  of  diffraction  in  somewhat 
greater  detail,  using  as  our  example  the  normal  incidence  of  a  wave 
on  a  wedge  6  =  ^jt.  A  diagram  of  this  effect  is  shown  in  Fig.  46. 
Because  pressure  in  a  direct  wave  acts  for  a  limited  time  t+,  at  some 
points  in  space  the  diffraction  wave  will  arrive  after  direct-wave  pres¬ 
sure  at  these  points  has  dropped  to  zero.  Consequently,  the  diffraction 
wave  distorts  the  field  of  the  direct  wave  only  in  a  certain  region 
whose  boundary  can  be  defined  by  the  equation 
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or,  likewise, 
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(12.65) 


where  x. 

From  (12.65)  specifically,  it  follows  that  in  the  plane  of 
the  leading  edge  of  a  wedge  (x  =  0) ,  distortion  of  the  direct-wave 
contour  by  a  diffraction  wave  is  possible  at  distances  equal  to  the 
wave  length  A  -  agt+,  and  to  the  right  of  the  edge  -  at  distances 
not  exceeding  A/2. 

The  nature  of  pressure  change,  allowing  for  diffraction,  is 
given  in  Fig.  47  for  several  points  (solid  lines) .  Pressure  is 
plotted  with  a  dotted  line,  without  allowance  for  diffraction  effects. 
We  can  see  that  at  distances  K  >  0.2  (greater  than  0.2A),  the  effect 
of  diffraction  is  negligible. 

The  picture  changes  slightly  if  the  angle  of  incidence  of  a 
wave  onto  a  rectangular  wedge  is  greater  than  (y  >  —5—} »  or  if 
the  wedge  angle  is  3  <  — ^ — 7r  (Fig.  48).  In  this  case,  reflection  will 
occur  on  both  wedge  corners.  A  second  pressure  peak  will  be  formed 
and  the  pulse  will  increase  (dotted-hatched  line  in  Fig.  47). 

The  case  of  shear  propagation  of  a  triangular-profile  wave  along 
one  side  of  a  right  angle  is  also  of  interest.  The  nature  of  pres¬ 
sure  change  for  several  points  is  given  in  Fig.  49.  As  before,  for 
the  corner  of  a  wedge  along  which  the  wave  propagates,  the  diffraction 
effect  is  considerable  where  £  <  0.2  (r<  0.2A).  The  diffraction  wave 
of  the  "lee"  region  is  characterized  by  low  amplitude  in  comparison 
to  the  amplitude  of  the  direct  wave,  the  smooth  increment  in  pres¬ 
sure,  and  the  increased  duration  of  the  positive  phase. 

We  can  consequently  conclude  that  when  a  wave  hits  an  obstacle, 
whose  dimensions  considerably  exceed  the  wave  length,  diffraction 
processes  at  angle  points  may  be  considered  independently  of  each 
other . 
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Fig.  49.  Pressure  Contours  at  Various  Points  in  the 
Diffraction  Region. 


§  13 .  Diffraction  of  a  Unit  Wave  By  a  Rigid  Plate. 

In  this  section  we  will  consider  diffraction  of  a  unit  wave  by 
a  plate  which  is  partially  submerged  in  water  and  by  a  plate  of  finite 
width. 

Diffraction  of  a  Unit  Wave  of  Limited  Duration  By  a  Rigid  Plate 
Partially  Submerged  in  Water* 

Given  that  in  a  fluid  T  deep  an  absolutely  rigid  infinitely- long 
plate  is  submerged.  The  lower  edge  is  this  plate  is  parallel  to  the 
free  surface  (Fig.  50).  At  an  angle  0,  a  unit-amplitude  plane  wave 
of  duration  t  hits  this  plate.  We  must  find  the  pressure  field  by 
*The  results  stated  in  this  section  are  from  K.  V.  Lopukhov. 
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Fig.  50.  Diagram  of  Diffraction  of  Underwater 
Shock-Wave  By  the  Edge  of  a  Plate  Submerged  in 
Water . 

this  plate. 

In  order  to  solve  this  problem,  let  us  employ  an  earlier-derived 
expression  for  pressure  in  the  region  of  diffraction  during  incidence 
of  a  unit-amplitude  wave  on  a  rigid  wedge  surface. 

Assuming  that  $  =  2tr  in  (12.45),  we  will  find  thar.* 


*The  result  (13.1)  coincides  with  Kharkevich's  solution.  In  his 
study  [21] ,  he  likewise  indicates  using  an  expression  in  finite  form 
in  place  of  (13.1). 


Using  Euler's  formula  and  assuming  that  0  =  tt  -  y,  we  will  write 
this  result  in  the  form 


where 


(13.2) 


?  -  Arcli”-. 


Let  us  designate  that 

—  z—i (6  -j-  a)  =  2x, 

—  z  —  i  (0  —  a)  «  2 y. 

Considering  that  arcth  ex  =  — b—  arctg  iex,  expression  (13.2) 
can  be  rewritten  in  the  form 

P(z<  *)■=!■{-“-  Re  (arctg ies  +  arctg iey).  (13.3) 

After  dividing  the  real  part  into  (13.3)  and  performing  simple 
transformations,  we  derive 


arctg 


2 1  2l/  — — Isin— cos— - 

1  r _ 2  2 

— —  |  j.  cos  H  —  cos «' 


(13.4) 


where  a*  -  the  angle  measured  for  points  ahead  of  the  obstacle  in  a 
counter-clockwise  direction  (a*  =  a)  and  for  points  behind  the  obsta¬ 
cle  in  a  clockwise  direction  (a*  =  2tt  -  a) ;  the  minus  corresponds  to 
points  beyond  the  obstacle;  the  plus  -  to  points  ahead  of  the  obstacle. 
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Let  us  designate  that 

Z0.  *'.  *\  0  =  4~  ;ircia  -  - 


2  |  2  1  /*  ill  •  •  i  ®  * 


J. 


■ - I  sin  —  co<  ■ 

T _ 2  2 

—  I  *  cos  8  —  cos  #' 


(13.5) 


Then,  pressure  at  points  behind  the  obstacle,  according  to  Fig. 
50,  will  be 


p>  “  !*-  [/  -  i: co5(*'  - 6>]  ~  °o(f  ”  i)\  ~0)+ 

+  11-/0.  %  01  »■(/-“-) K(*') -«•(*'  — *)i. 

'  '  (13.6) 

where  the  first  term  defines  pressure  at  a  point  prior  to  the  arrival 
of  the  diffraction  wave,  and  the  second  term  -  after  its  arrival. 

Pressure  at  points  ahead  of  the  obstacle  plane  can  be  found 
from  the  equation 


K«  -  \  {'  -■ £  «•*<«'  +  »>]  i:)\  + 

+ {*  ['  -  i  (>'  -  •>]  -j:)]  i 5“(,^0)1  + 

+  (ii  +  r.&  *’•  '■ 

(13.7) 

The  first  term  of  this  formula  defines  the  action  of  the  direct 

wave;  the  second  -  the  reflected  wave;  the  third  -  pressure  after 

\ 

convergence  of  the  diffraction  wave  at  the  point. 

Combining  the  expressions  for  p^.  and  p^,  we  can  derive  the 
formula  for  an  arbitrary  point  by  a  screen  during  propagation  "'f  a 
unit-amplitude  wave  having  unlimited  effect-time 

PiU)  —  1 1  i/0.  ®.  r,  0l»#(f  —  “)-i-  {  cu>(x  6)J- 

-;u(/--~Vi!3o(a)-*«(»-^::  :  0)1  • 

+  (70  ('  -  ~  COS  (»  -  0)j  -  30f/  -  •£-)•  I  j0(7)  -  3„(l  —  5)|. 
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(13.8) 
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Let  us  designate  this  expression  using  F  (8,  a,  r,  t) : 

p,(/)  =  f(9,  «.  r,  I).  (13.9) 

We  apparently  can  calculate  wave  effect-time  by  adding  the  sol¬ 
ution  of  the  unit-expansion-wave  diffraction  problem  to  (13.8).  This 
solution  can  be  written  in  the  form 

— H 0,  «.  r.l— t).  (13.10) 

Thus,  for  a  unit-wave  t  in  duration. 


p(t)~Pi(t)  +  PiV)~  f(9.  *.  r,  /)-F(9,  «.  r,  /-')•  (13.11) 

The  effect  of  the  free  surface  can  easily  be  evaluated  by  using 
the  method  of  mirror  reflection  of  sources  and  runoffs.  Situating 
an  imaginary  source  at  point  0  (Fig.  50) ,  for  a  wave  reflected  on 
a  free  surface  we  will  find  that 

Pa(/)--F( o.  a,.  f„  /) H-  F(0.  a„  r„  /-*).  (13.12) 

Thus,  we  will  aerive  a  solution  of  the  problem  formulated  in 
the  form 


p(t)-H o.  a,  r,  t)  —  F(Q,  a,  r.  /-?)—/•' (9,  7,,  r,.  I) 
*  H  f  (9.  r,.  i  —  t). 


(13.13) 


An  analysis  of  these  relationships  permits  us  to  conclude  that: 

1.  The  diffraction  field  reduces  pressure  at  points  behind  an 
obstacle  in  the  "exposed"  region  in  comparison  to  pressure  on  the 
direct  wave.  This  pressure  decreases  becomes  more  significant  as  the 
angle  a*  is  reduced. 

2.  At  points  in  the  "lee"  region  defined  by  the  angles  a'  <8, 
the  pressure  jump  vanishes  and  is  replaced  by  a  gradual  increment  in 
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pressure.  With,  an  increase  in  the  angle  a'  from  zero  to  8,  the  in¬ 
crement  in  pressure  becomes  steeper  and  where  ex'  =  0  a  pressure  jump 
appears  which,  remains  during  further  increase  in  angle  a‘. 

3.  Pressure  effect-time  at  points  behind  the  obstacle  may  be 
greater  than  on  the  direct  wave.  This  is  attributed  to  screening  by 
the  obstacle  of  the  direct  effect  of  the  free  surface. 

Diffraction  of  a  Unit-Wave  By  a  Rigid  Plate  of  Finite  Width 

Diffraction  of  a  unit-wave  by  a  plate  2a  wide  was  first  consid¬ 
ered  by  Fox  [32] .  He  derived  a  precise  solution  in  the  form  of  an 
infinite  series  using  the  Kirchhoff  integral  and  the  Laplace  trans¬ 
form.  Pressure  on  the  back  side  of  the  plate  as  a  function  of  dimen¬ 
sionless  time  t  =  (agt)/(2a)  and  the  dimensionless  coordinate  £  = 

=  x/(2a)  (measured  from  the  upper  edge)  Fox  expressed  with  the  equat¬ 
ion 


r(l.  /)»  [/>,(*.  /-;-*)  + 

n  0 


(13.14) 


where 
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(13.15) 


Based  on  the  ideas  of  V.  I.  Smirnov,  S.  L.  Sobolyov,  and  A.  A. 
Kharkevich,  this  same  problem  was  later  studied  by  K.  V.  Lopukhov  and 
V.  I.  Kirsanov.  We  will  state  it,  following  Lopukhov  and  Kirsanov. 

Given  a  plane  unit  wave  falling  along  the  normal  onto  a  rigid 
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Fig.  51.  Diagram  of 
Beginning  Diffraction 
of  Shock-Wave  By  Plate 
of  Finite  Width. 


Fig.  52.  Diagram  of  Formation 
of  Second  Pair  of  Diffraction 
Waves  at  Edges  of  Flate  of  Fin¬ 
ite  Width. 


plate  2a  in  width.  By  virtue  of  symmetry,  this  is  equivalent  to  a 
wave  falling  onto  an  obstacle  a  in  height,  which  is  fixed  in  a  hor¬ 
izontal  plane.  At  the  start  of  this  process,  we  will  observe  the 
wave  picture  shown  in  Fig.  51.  In  region  D^ ,  the  medium  is  at  rest. 
In  region  D 2,  two  waves  propagate:  the  direct  and  the  reflected  wave. 
Diffraction  effects  evolve  in  circles  Kx  and  K2  (which  have  a  radius 
agt) .  The  diffraction  waves  in  the  "lee"  quadrants  of  circles  and 
K2  are  compression  waves;  in  quadrants  which  are  symmetrical  with 
r.spect  to  the  plate's  plane,  they  are  expansion  waves.  The  wave 
picture  henceforth  becomes  complicated.  The  diffraction  waves  and 
K2,  upon  reaching  the  opposite  edges  of  the  plate  are  diffracted, 
forming  waves  and  K^,  etc.  (Fig.  52K  The  left  semicircles  of 
waves  and  are  diffracted  expansion  waves,  and  the  right  semi¬ 
circles  are  compression  waves;  the  signs  of  subsequent  diffraction 
waves  be  alternate  in  pairs . 

Let  us  consider  point  M,  which  is  situated  n^ar  the  plate  in  a 
leeward  zone  and  point  N  which  is  symmetrical  to  it  (Fig.  51) .  Let 
us  characterize  the  position  of  point  M  by  the  coordinates  r,  a  and 
r  ,  a-p  The  association  between  these  coordinates  can  be  expressed 
by  the  apparent  relations 


r,  -■  |  (2 u):  f  r*  —  4  n«-ccos  i , 


(13.16) 
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a,  =-  arcsin 


(13.17) 


The  first  two  diffraction  waves  arriving  at  point  M  are  also 
compression  waves,  and  precisely  coincide  with  the  diffraction  waves 
formed  during  normal  incidence  of  a  unit-wave  onto  a  half-plane  (onto 
a  wedge  having  an  angle  8  =  2tt  ,  cf.  12). 

They  can  be  evaluated  with  the  aid  of  (12.38): 


Pl('.  *:  /)“ 


r 


2  cos  — -  I  /  — - —  I 

I  — L  arciK - Li - . - 1 3. 


a,t 


—  I  —cosa 


M) 


(13.18) 


aQt 


or  introducing  dimensionless  coordinates  suggested  by  Fox,  t  =  — 
K  =  with  the  aid  of  the  expression 


M*.  a.  /  )-  I  — arctfi 


2  co*  -—I  f — i 

2  I  e 


•—  I  — COS  * 


Apparently,  pressure  in  a  diffracted  compression  wave  arriving 
at  point  M  from  the  edge  of  plate  will  be  defined  by  the  same 
formula,  replacing  r  and  a  by  r]  and  a^. 

At  point  N  we  will  observe  diffracted  expansion  waves  of  the 
same  magnitude  as  at  M,  but  of  opposite  sign.  Pressure  in  the  next 
pair  of  diffracted  waves  can  be  defined  without  difficulty  if  we  con¬ 
sider  that  the  wave  fronts  and  I<2  at  points  A^  and  are  plane. 
The  wave  contours  at  these  points,  apparently,  can  be  derived  from 
(13.19)  if  we  assume  that  £  =■  K-^  =  1  (r  =  =  2a)  and  a  =  0, 

i.e. , 

M  I.  0.  V'  -=  ( 1  -~arctg-p-7-)3o(^)  “ 

=  V  arctg  \/  /,30(f,)( 
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(13.20) 


m 


where 


/»  =  i  —  i  — 

2a 


C13.21) 


The  diffraction  processes  evolving  at  both  edges  of  the  plate 
are  identical  and  therefore,  it  suffices  to  consider  one  of  them. 
Because  waves  which  are  identical  in  amplitude  but  opposite  in  sign 
pass  on  both  sides  of  each  edge  of  the  plate,  it  suffices  to  consider 
diffraction  by  the  edge  of  a  wave  having  an  amplitude  2p^. 


For  diffraction  of  a  unit-wave  we  formerly  had  [cf.  (12.21)]: 


- f.  arct« 


/  1  :  ros  i\  /.  r  \ 

y 


(13.22) 


or  if  we  use  the  variables  t^  and 


where 


Bo- 


I  t  1  COS  J 


(13.23) 


Expression  (13.23)  is  a  transient  function  for  deriving  the 
diffraction  field  caused  by  the  propagation  of  a  wave  2p^  (with  the 
aid  of  the  Duhamel  integral).  According  to  (11.11), 


a.  /,)=  0,  a. 
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(13.24) 


The  signs  of  diffracted  waves  alternate  in  pairs.  Following 
the  third  and  fourth  expansion  waves,  the  fifth  and  sixth  diffracted 
compression  waves  arrive  at  point  M  from  edges  A  and  A^  (the  third 
pair  of  diffracted  waves) .  Pressure  calculation  of  these  waves  is 
carried  out  by  analogy  to  that  already  completed. 


Integrating  the  diffraction  fields  for  a  point  situated  behind 
the  plate,  it  is  possible  to  write  (the  indexes  n n"  and  "t"  will 
henceforth  designate  the  face  and  lee  sides  of  the  plate) : 


•% 

M*.  a.  't\  “  ]£(-!)" 

/!«•  I 

ai> 


(13.25) 


Net  pressure  at  points  ahead  of  the  plate  is  composed  of  pres¬ 
sure  on  the  direct  and  reflected  waves,  and  likewise  on  the  diffract¬ 
ed  wave  pT,  but  taken  with  the  opposite  sign  from  that  used  in  (13.25) 

-  j„U -• -siiuH- 30(/ — -sina)  — /i,  (;,  /).  (13.26) 


The  difference  in  pressure  at  symmetrical  points  on  the  plate 
surface  will  be 


P.-x-Px  =2[M*)-Pr  • 


(13.27) 


Fig.  53  shows  the  change  in  pressure  for  several  points  on  the 
lee  surface  of  the  plate.  We  can  easily  see  that  the  effect  of  the 
third  pair  of  diffracted  waves  is  small.  Consequently,  Lopukhov  and 
Kirsanov  suggested  a  limitation  on  consideration  of  pressure  change 
in  the  time  interval  t  <  2 . 5 . 


176 


I 


Fig.  53.  Net  Pressure  at  Various  Points 
on  Lee  Side  of  Plate. 


In  problems  of  a  practical  nature,  the  mean  load  on  the  plate, 
adjusted  to  a  unit  of  surface,  is  often  of  the  greatest  interest. 

We  can  derive  its  value  for  t  <  2.5  by  integrating  (13.25)  with  re¬ 
spect  to  £  from  C  to  1  and  subsequent  utilization  of  relations  (13.26) 
and  (13.27). 


( 


Calculated  findings  may  be  approximated  by  the  relationship 


Flcp  =?30(/|  —  I,27|(0,914?  —  l)  wdg  |  '/  -It 
-;-0.086  | 


(13.28) 


Calculated  thus,  the  mean  specific  pulse  of  the  net  load  can  be 
defined  by  the  approximation 


~  2  {(<  — 1-  <j  *.«>  +  >.»[( -  <) arete! 

-  (0,095/  -  0,638)  J  ,0  (/  _  i )). 


(13.29) 


Where  t  >  2.5,  these  quantities  are  close  to  their  limiting 
values 

F,  cp  “  F*.  cp  =  *. 
cp  ~ 

J 


-  ~ 

’  poi  cp  ■"  4  a. 


(13 .30) 
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Fig.  54.  Net  Specific  Load 
on  Plate. 


Fig.  55.  Pulse  of  Net 
Specific  Load  on  Plate. 


The  mean  specific  net  load  F  and  the  mean  net  specific 

P  B  3  •  C  p 

pulse  are  plotted  in  Figs.  54-55. 


Consequently,  we  can  conclude  that  as  a  wave  flows  past  a  rigid 

obstacle,  pressure  at  points  along  its  surface  equalizes  over  time, 

tending  toward  zero  in  a  direct  wave.  This  process  occurs  very  in- 

tensively  in  the  time  interval  0  <  t  <  1  (t  <  -=— ) .  in  other  words , 

a0 

if  the  wave  length  considerably  exceeds  the  dimensions  of  the  obstacle, 
the  wave  only  "observes"  the  obstacle  at  first.  Subsequently,  the 
flow-by  process  acquires  a  stationary  nature. 


Fig.  56.  Diagram  of  Diffraction  of  Shock-Wave  During 
Normal  Incidence  onto  the  Rigid  End-Face  of  Finite 
Width. 

The  derived  results  may  be  expanded  to  the  case  of  diffraction 
of  a  plane  wave  by  a  rigid  end-face  of  trapezoidal  form.  The  digram 
of  this  process  is  shown  in  Fig.  56.  At  points  A  and  A^ ,  cylindrical 
diffraction  waves  are  formed  (radius  aQt) .  During  the  time  interval 
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t  <  — ,  the  picture  is  no  different  than  in  diffraction  of  a  wave 

by  a  weSge  [cf.  (12.40)]. 


Pressure  on  a  diffraction  wave  is 


where 


X,  ~±a. 


3r. 


Xa. ,  =  —  ±  »• 


(13.31) 


The  wave  picture  henceforth  becomes  complicated.  Waves  K  and 
K',  upon  reaching  angles  A  and  A^,  are  diffracted  and  form  a  new 
pair  of  waves;  in  turn,  these  waves  will  generate  new  diffraction 
disturbances  after  time  interval  At  =  (2a)/ (aQ). 

As  before,  we  can  derive  a  solution  by  considering  the  diffract¬ 
ion  picture  during  shearing  of  a  plane  wave  by  one  of  the  wedge  cor¬ 
ners  (  §12).  However,  because  the  use  of  the  Duhamel  integral  for 
expressions  of  the  type  (12.24)  is  associated  with  considerable 
mathematical  difficulties,  a  simpler  approximation  is  of  greater 
advantage.  The  expression  (12.53)  which  was  given  before  can  be 
such  an  approximation 


A  a  ret*;  0  J  f  —  1  o0 = 

=  —  A  arctg  li  |/  — - l  j0  (/  —  '), 

(13.32) 

—  ao^ 

where  t  -  5  =  jJ-, 

A  =  A (3)  -  the  limiting  value  of  pressure  on  a  diffracted  wave; 

B  =  B (3 ,  a)  -  the  diffraction  coefficient. 


For  the  particular  case  of  a  shearing  and  normal  incidence  of 
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a  wave,  the  quantities  A  and  B  are  cited  in  Fig.  43.  If  we  designate 
these  coefficients  A^  (for  normal  incidence)  and  A^ ,  BQ  (for 
shearing  incidence) ,  then  pressure  on  the  opposite  edge  of  the  end-face 
(£  =  l,a  =  0)  for  the  n-th  diffraction  wave  can  be  approximated  by 
the  relation 


P/)(;  —  I,  a  —  0,  7 J  arcty Bn  |  <„=„(/„),  (13.33) 


where 


<,  «  t  -  n. 


By  analogy  with  (13.24)*,  for  pressure  on  the  (n-th  +  1)  diffract¬ 
ion  wave  with  the  aid  of  the  Duhamel  integral,  we  will  find  that 


t 


The  value  of  coefficient  Bn  is  found  successively  from  the 
best  approximation  of  pressure  on  the  n-th  diffraction  wave  by 
relationship  (13.33)  (where  £  =  1,  a  =  0) . 

Summing  waves  from  both  edges  and  likewise,  taking  the  direct 
and  reflected  waves  into  account,  we  will  yield  an  expression  for 
the  net  pressure  at  points  situated  in  front  of  the  end-face. 


p„,  (5. «.  ci  «<-  »>•  •  •'M?  ~  I  y'  c + (-i*-1) 5 + 

+  arctg8„  j/  ±  (i.  / 


(13.34) 


pM.  a.  1)  =  -  « sin *1  i- 3„(/  — :sin  ji  r 

•  n  I 

at>  3o(^«—  i  ~  ’t)|' 


(13.35) 
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where 


o0(?4-Jsin»)  ~  pressure  on  the  direct  wave; 
o0{t  —  {sin a)  -  pressure  on  the  reflected  wave. 


Fig.  57  shows  the  pressure  curves  at  the  center  of  the  end-face 
(£  =  0.5,  a  *  0)  for  the  three  slope  angles  of  the  lateral  walls.* 

If  we  know  the  limiting  values  of  pressure  on  each  diffraction 
wave,  we  can  easily  find  the  limiting  value  of  net  pressure.  Actual¬ 
ly,  if  t  -*■  °°,  the  first  pair  of  diffraction  waves  will  reduce  the 
pressure  by  2AN,  the  second  will  increase  it  by  2AnAt,  the  third 
will  reduce  it  by  and  30  forth,  i.e., 


tin)  ~  2  —  2/1 Y  *t-  2ASA,  —  2/1 A 


=  Iim2  [  1  — — ~-(l  — /I?)  »  2 (l - 

\  A,  \  \  11 -Ax) 


(13.36) 


Hence,  for  some  given  values  of  the  slope  of  the  lateral  walls, 
we  have 

where 


?  -  t.  [Ax  =  =  0)  lim  -  2; 

Kv  •  24,  -  0.29)  limp,  =  1,50; 


0,85;  B(  r.1.35;  Ba  -  0.40; 


f*  *  -J  r-  (*.v 

9  a  ~ *  (A.\ 


B,  ~  0,14;  fl,~  0,05); 

0,50;  /I,  =0,25,  »  0,95;  0,  ^  1,65;  8^  -  0,50; 

Bj  =>  0,23;  fi  re  0,09); 

0.29;  A ,  r,  f».l  15;  „  1,10;  B,  -  2,25;  8,  -  0,65; 

0.  --  0.25;  fl,  .3  0.10). 
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Fig.  57.  Net  Pressure  on  Mean  Point  on 
Surface  of  End-Face. 

-  solution  with  aid  of  the 

integral  of  radiation. 


=  -jL  rr  (i4  v  **  2At  *=  0,50)  !impt=:.20; 

? ~ <=*2j4,  =  -| •)  limpt—  1. 

These  findings  attest  that  diffraction  effects  reduce  initial 
pressure  to  a  greater  degree  as  the  slope  of  the  lateral  walls  incr¬ 
eases.  However ,  in  contrast  to  an  obstacle  of  finite  dimensions, 
pressure  is  reduced  to  a  magnitude  which  exceeds  the  pressure  on  a 
direct  wave;  only  where  3  =  (3/2) tt  does  it  tend  toward  this  value. 

We  can  see  from  (13.36)  what,  for  practical  purposes,  the  calculation 
of  the  first  two-four  pairs  of  diffraction  waves  is  sufficient.  It 
is  sometimes  important  to  evaluate  the  mean  specific  net  load  on  the 
end-face.  This  can  be  done  by  integrating  net  pressures  from  5=0 
to  5  =  1. 

The  specific  load  variation  curves  for  several  values  of  angle 
3  are  shown  in  Fig.  58.  We  can  easily  see  that  the  nature  of  variation 
in  the  specific  load  on  the  end-face  of  trapezoidal  shape  differs  con¬ 
siderably  from  that  for  a  plate  of  the  same  width.  This  distinction 
is  of  qualitative  nature  and  is  chiefly  defined  by  the  fact  that  at 
the  end-face,  the  specific  load  does  not  drop  to  zero  during  a  finite 
interval  of  time. 
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Fig.  58.  Net  Specific  Load  on  End-Face. 

-  solution  with  the  aid  of  the 

integral  of  radiation. 


§14.  Hydrodynamic  Forces  Induced  by  the  Progressive  Motion  of 
a Rectangular-Shaped  Piston  Having  Rigid  Walls. 

The  diffraction  problems  considered  above  assumed  a  moving 
wave  and  an  immobile  obstacle.  The  physical  essence  of  this  effect 
is  theoretically  no  difference  if  we  study  a  moving  obstacle  and 
the  wave  disturbances  generated  in  a  medium  as  the  result  of  this 
motion.  Actually,  in  both  the  first  and  second  case  we  must  solve 
a  wave  equation  for  similar  boundary  conditions;  this  is  done  by  the 
same  mathematical  methods.  This  comprises  the  common  nature  between 
diffraction  problems  and  problems  of  radiation. 

The  simplest  case  of  radiation  -  the  motion  at  a  given  velocity 
v(t)  of  a  plane  infinite  screen. 

In  this  case,  the  solution  of  the  wave  equation  for  pressure 
on  a  plane  wave  will  take  the  form: 

f>{t.  i)  -  VV (*  “)  3o[f  a,,)'  (14.1) 

whree  z  -  motion  of  observation  point  awa/  from  the  screen  and  tim.o 
t  is  counted  at  the  moment  motion  begins. 
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If  the  obstacle  dimensions  are  finite,  diffraction  processes  are 
formed.  Where  a  screen  is  moving  at  a  velocity  which  varies  with 
respect  to  the  unit  function  law,  a  solution  of  the  problem  of  radi¬ 
ation  totally  coincides  with  the  evaluation  of  the  diffraction  field 
by  that  same  immobile  obstacle  with  the  incidence  of  a  unit  wave.  This 
fact  was  clearly  formulated  in  the  works  of  Kharkevich  and  was  util¬ 
ized  by  him  in  his  study  of  the  radiation  of  a  rigid  screen  of  semi¬ 
infinite  dimensions  having  a  rectilinear  edge  [21]. 

We  will  begin  with  an  examination  of  the  problem  of  motion  with 
respect  to  the  unit  function  law  of  an  infinitely-long  piston  (2a 
wide),  having  a  plane  immobile  infinite  wall.  In  this  case,  the  use 
of  the  integral  of  radiation  is  the  simplest  method.  The  solution 
derived  will  be  precise  to  the  extent  that  we  may  consider  the  emerg¬ 
ence  of  the  piston  from  the  wall  plane  to  be  negligible. 


Because  the  velocity  of  the  piston  is  defined  by  the  unit 
function  law 


v=  MO. 


(14.2) 


the  intensity  of  primary  sources,  uniformly  distributed  along  its 
surface,  must  conform  to  this  law. 


Thus,  according  to  (11.3.9),  the  potential  at  an  arbitrary  point 
in  the  fluid  is 


ili 


M'jzllds. 

R 


(14,3) 


The  magnitude  of  pressure  is  associated  with  the  function  of 
the  potential  by  the  equation 


(14.4) 


and  consequently,  in  our  case 


*  *■  ■ '  *  i-*^,**” %„>*■  »«v-  ^ y-'  v 
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Fig,  59.  Diagram  of  Radiation  During 
Motion  of  Plane  Piston. 


The  surface  element  dS  can  be  written  in  the  form  (Fig.  59) 


dS  =  kdRit'i. 


(14.6) 


The  quantities  R  and  t  are  associated  by  the  relationship 


(14.7) 


Thus, 


Pa 


3,  (/  —  t  )d$actit 


i  ?0(*)3,(/  ~~)d’  - 


~  ''3°9 


Ml 

2s 


(14.8) 


where  b  ■*  the  least  distance  from  point  A  to  the  piston  (as  a  funct 
ion  of  the  arrangement  of  point  b  =  z  or  b  =  r) ; 

8g(t)  -  the  sectoral  angle  of  arrangement  of  primary  sources 
in  circle  having  the  radius  R  -  a^t; 

z  -  distance  p^int  A  is  removed  from  the  piston  plane; 
r  ~  shortest  distance  between  point  A  and  the  piston  edge. 

€ 

We  can  see  from  (14.8)  that  the  problem  reduces  to  an  evaluation 
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j 

i 


4 


of  BQ(t)  or  likewise,  3g(R). 


Let  us  first  discuss  the  case  where 


the  observation  point  A  is  situated  in  front  of  the  piston  (Fig.  59). 
It  is  apparent  that  where  <  t  <  ~ —  (y  <  r^) ,  disturbances  will 
arrive  at  the  point  of  observation  simultaneously  from  all  sources 
situated  in  a  circle  having  the  radius  /7a gt) 2  -  z2’ 

Consequently,  where  t  < 


The  angle  is 


B0  =  2ir . 


r 

a. 


P  ~  f'</»030 


('-*)• 


(14.9) 


This  finding  corresponds  to  the  case  of  motion  of  an  infinite 
piston.  Point  A  still  "has  not  sensed"  the  finite  dimensions  of  the 
piston. 


r  1 

Where  t  >  (but  t  <  -g—  ) ,  the  sector  of  distribution  of 

radiation  points  an  be  less  than  2tt  by  the  angle  y  (Fig.  59)  and 
will  be  equal  to 


7  =  2  arccos 


r  coi  t 


|*  (atO*—(r  sin  i)1 


(14.10) 


X  •  6  •  | 


2«  —  2  arccos 


COV  s 


(14.11) 


where 


a  s=  arcsin  . 


(14.12) 


Thus,  where 


1  > 


t  > 


(14.13) 


Where 


t  the  sector  is  further  reduced  by  the  angle  y, 

w  3  *  * 


^  (Fig.  59) 
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7i  —  2  arccos  — ..S9J“> . — 


a,  <*  arcsin  . 


(14.14) 


Combining  the  derived  evaluations  for  pressure  at  a  point  sit¬ 
uated  in  front  of  a  moving  piston,  we  will  find  that 


P(r,  a,  t)> 


-JLVJL 

<*0/  * 


arccos- 


— r-  arccos —  co>*‘  Jt  r' ) 


hi)- 


(14.15) 


The  first  term  of  (14.15)  is  the  pressure  of  radiation  for  mot¬ 
ion  of  an  infinite  plane  screen;  the  second  and  third  terms  charact¬ 
erize  the  diffraction  waves  formed  at  its  edges. 

On  the  piston  surface  (  z  =  0,  a=a^=0) 


p(r .  o.  o-o.(o-4-arccos7r°»(f~i)- 

l  to  —  •  _  I.  —  r\ 

S1 — •rr 


(14.16) 


With  the  aid  cf  (14.16),  we  can  easily  calculate  the  net  spec¬ 
ific  load  acting  on  the  piston: 
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The  value  of  the  integral 


M 

M  -i)* 

« 

is 

easy  to  find  if  bear  in  mind  the  properties  of  the  unit  function 

r  2a 

on  (t  -  — - ) ;  and  namely,  where  t  < 

U  a0  0 


where 


a. I 


J,  =  l  aKcm~dr 

j  <w 


(14.18) 


,/.«■?  arccos  J-dr-aJl  +  Va  arccos  ~f~V  M:  ■  (14.19) 

1  b  aJ  a*' 


If  we  utilize  the  previous  designation  for  dimensionless  time 

t  =  a0t  ,  then  combining  the  results  of  (14.17)-(14.19)  will  yield 
2a 


<!>(/) « 


l 

I 


„  where  t  <  1 

4 -~t 

«. 

~r(t  +  arccos-! — l] 


(14.20) 

where  t  >1. 


The  result  of  (14.20)  coincides  with  solutions  derived  by  other 
methods  by  Kh.  A.  Rakhmatulin,  D.  A.  Aleksandrin,  I.  L.  Mironov,  I. 
G.  Novoselov,  and  D.  V.  Zamyshlyayev .  In  the  given  case,  the  use  of 
the  integral  of  radiation  more  rapidly  and  more  simply  leads  to  the 
goal. 


Let  us  now  study  the  more  complex  case  of  motion  of  a  rectangular 
piston  of  finite  dimensions.  In  order  to  explain  the  basic  physical 
features  of  this  process,  let  us  first  consider  a  semi-inf inite  screen 
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Fig.  60.  Diagram  of  Radiation  in 
Region  of  Angle  during  Motion  of 
a  Plane  Piston. 


having  two  mutually-perpendicular  rigid  side  walls  (Fig.  60) .  As 
before,  let  us  consider  that  the  screen  moves  according  to  the  unit 
discontinuity  function  law 


y~  MO- 


(14.21) 


For  points 
(14.8) ,  we  will 


situated  on  the  surface  of  the  screen,  according  to 
have 


P 


j».r 


?«(<)’.  (0. 


(14.22) 


While  r  =  apt  is  less  than  the  distances  between  point  A  and 
the  wall  edge  (r  <  x,  r  <  y,  Fig.  60)  ,  the  angle  8q  =  2ir.  When 
x  <  r  <  y,  the  angle  Bq  is  reduced  by  the  quantity 

V,  —  2  arccos  —  =  2  arccoc.  — , 

'  oj 

and  where  y  <  r  <  /x2  +  y2— further  reduced  by  the  quantity 

-  2 arccos  —  =  2 arccos -2— . 

'  a,t 


Pressure  at  point  A,  where  r  <  /x2  +  y2 is 


_p_ 

f 


— —  arccos  —  s>0(/  — - r  arccos-^-  oJ/  —  . 

ool  °\  ««/  8  aj  °\  Oof 


(14.23) 
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As  soon  as  the  quantity  r  becomes  greater  than  the  distance 
between  the  point  of  observation  and  the,  angle  (r  >  /~ x2  +  y  2~) , 
the  angle  becomes  equal  to 

k  —  arccos  --  —  arccos  ~ . 


For  this  range, 


l 


P 


'  3  I  *  *  y  \  ( . 

— - —  arccos - — -  arccos  — )  o.  1 1 

,4  2z  2k  a.f]  °\ 


iEjLJ 


(14.24) 


The  solution  of  (14.23)  and  (14.24)  can  be  written  as  the  sum 
of  the  unit-amplitude  direct  wave  and  the  diffraction  waves  formed 
at  the  edges;  therefore,  to  determine  pressure  on  diffraction  waves, 
we  only  have  to  subtract  one  from  (14.23)  and  (14.24).  Then, 

where  t 


where  t 


Hi, 


•••- —  p,  »»  —  —  f  arccos  —  o.  [ t  — 
Wo  r  I  aj. 


(14.25) 


P* 


arccos  —  4* 
aJ 


+  arccos  X  +  . 


(14.26) 


It  is  convenient  to  separate  the  pressure  component  from  the 
last  equation:  this  component  takes  the  effect  of  screen-edge  finite¬ 
ness  into  account.  We  only  have  to  subtract  (14.25)  from  (14.26)  for 
this  purpose. 
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Thus , 


-!  iirccos 


---  p'  —  -  -  ( arccos  —  + 
Wo  2*  \  ag l 


(14.27) 


The  derived  relationships  permit  us  to  evaluate  the  pressure 
fields  during  the  motion  of  a  rectangular  piston  of  finite  dimensions 
having  sides  2a  and  2b.  In  this  case,  the  net  pressure  can  be  writ¬ 
ten  as  the  sum  of  the  waves  generated  by  the  motion  of  an  infinite 
plate;  and  the  diffraction  waves  formed  at  each  edge  and  at  each 
angle: 


~P( x.  y.  t)~  1  —  />,(*.  0-P»(2u  —  x,  ti—PAy.  0  — 
Wo 

-  Pi (2b  -y.  /)  +  pa{s.  y.  t )  -4  P3(2a  —  *.  y.  I)  + 

+  P,(*.  2b  — y.  I)  -f  pt(2a  —  x,  2b  —  y.  t). 


(14.28) 


where 


p,(x.  /)  **  arccos  f/  *—  — — ^ , 
K  aj  \  «••/ 

Pt(V,  0»~arcco$^r«#(<-.^r). 

P*{x,  V,  <)“^(arccos^'  + 

+  areeos  —■  5")  9#  (* "”  )  * 


(14.29) 


(14.30) 


(14.31) 


It  follows  from  (14.28)- (14.31)  that  as  soon  as  all  the  dif¬ 
fraction  vuves  arrive  at  a  point,  the  pressure  on  the  point  vanishes. 

Let  us  find  the  net  load  acting  upon  the  piston.  For  this  pur¬ 
pose,  let  us  integrate  (14.28)  with  xespect  to  the  piston  surface. 
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In  view  of  the  problem's  symmetry ,  we  can  write 


w 


By  total  analogy, 
where  t  "  o,  "  "«  J  * 


Jt  =  2a/. 


where  t 


2b/-A^  I 
«« 


(;>i) 


Jt  -  ~  [a/  +  arccos  -  1/  (*/>’—  l] « 
For  the  integral  J3  where  t  <  1 


I  te  n'-? 


y.  =  j  arccos^*  f  <(»  + J  arccosirf,  j 

«  o  o  0 

t 

«=  2  (2o?V  J  | '  1—2*  arccoad*  =  ~ {'2at'f(\  -f 


dx 


where  1  <  t  < 


n 


2«  V(o,i)'-W  It 

A-J  arccoi  —  dx  j  dy+  j*  arccos-^-dy  j  rtc  f- 


V  (•.»>’- y* 


+  arccos  ~jdy  j  dx 


(14.39) 


(14.40) 


(14.41) 


i 


*For  the  convenience  of  transcription,  here  and  henceforth  the  ratio 
of  sides  a/b  will  be  designated  using  n. 


-j yn?  •rcco*  tdt  «■  JL  (*  ]/|  —  i»  +  arctln  i)  arccot  *  4- 

1  r  j. 

2  J  ('!-.•  «  +  2 

4-  -i-  **  4-  j  arcsln*  d  train 

4-  train  t  »rcco»  1 4-  -5-  (train  /)*  4-  ~  j»  I 

2  V  J 


4- 


trt-'Oi  t  trcsln  t  4> 

•rcco*  1 4. 
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K.ft, 


.  ,t _  V‘-i 

~  (2 at  )•  J  \  1 -2*  --CCOT  2dz  +  (2a)*/  J  arccos  zcU  + 

U  tl 

I 

+  (2fl*)?  J  \  —i*  •  arccosjd*  => 

K'-i 

-  «  [t  --*-  +  /+•  -parcsin-U; 


(14.42) 


i  -  ' - r 

where  —  </<!/  I  + — 

"  I  n* 


>» 


ViW—M' 


(?*!• 

A=>  J  *rccos~-dxJ  dy  J  arccos-ydx  J*  dy  f 
0  "  n 


V  (O^o4 — i2al* 


+  I  arccos-i-dyj  d*  +  |  arccos— dy  l  dx  = 

°  (?«)•  ® 

i 

i  C  b 

“(2a)3—  j  arccos  *  d?  +  (2a)1 7*  j  |/"  1  —  z5  arccos  *dz  +• 

lA-j-  -± 

r  «■  « 

+  (2a)*/  I  arccos  zdz  4-  (2a)*/1  f  l/"  I  —  z*  arccoszdz  «* 

-  y-Ji - 

V’-jr 

"  (2a)-  J—  1 1  7*  —  I  +  ~  ]^(n/)J— T  4-  7*  arcsin  4-  + 

+  #*  .men  J-.|  +  7  +  -j.  -  i-(|  +  ±  +  7*  +  /*  -rf)j . 


(14.43) 
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For  the  integral  of  where  t  <  1 


«./  I  0,1 

Jt-=  \  dx  ^  dy  ta  l  J-  (aji'—x* 

o  In  o 

=  4- (V)1  arcsin  1  -  ~  (2 a)V; 

4  *1 


dx 


(14.44) 


where  1  <  t  < 


n 


I' 

Jt='y^  J*  rfy  =  (2a)*-i-(|  "F 


1  -t-  /*  arcsin 


in  t): 


where  -  < 

n 


t  <  |/h- 


n» 


(14.45) 


)  (a  ry-  u»y 

2a 

Jt  -  J  2bdx  4 

|  )  (ajf  —  x'-dx  - 

0  . 

V{o,n—nty 

—  1  +  t 1  arcsin  - 

i 

4  —  1  (/I/)’’  —  I  —l4 5  arcsin  \f  l  —  —1-. 

n*  I  (nl  )- 


(14.46) 


Collecting  the  derived  evaluations  and  performing  transformat¬ 
ions,  we  will  find  that:* 


♦ffl- 


1 — jj-0  4-  n)t  4-  —t*  where /  <! 


I  — 


—  i - -  arccos  4-  4-  —  | I 

where  1  <  t  <  ~r 


1  — T  (n  +  T  )  ■ ~  4  (arccos  T  +  *'«os  £)  + 


+  4|l/?’-5  +  I'W-I 


T* 


i  -  / - r 

where  —  <  /  <  J/  I  4  — - . 


(14.47) 


*1.  L.  Mironov  obtained  a  similar  result  using  a  Fourier-Bessel  inte¬ 
gral. 
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The  varied  form  of  transcribing  the  function  <Kt)  on  a  piston 
of  finite  dimensions  for  diverse  time  intervals  is  easily  attributed 
to  physical  concepts.  Where  t  <  1,  diffraction  waves  do  not  yet 
encompass  the  entire  piston  surface.  In  the  interval  l<t<~ 
diffraction  waves  succeeded  in  running  along  the  short  side  of  the 

piston,  but  did  not  succeed  in  running  the  entire  length.  At  moment 

2 _  "  _ 

t  =  / 1  +  (l/n  T~ ,  diffraction  processes  terminate.  Pressure  at  an 

arbitrary  point  on  the  piston  vanishes.  In  the  particular  case  n  = 

=  0  (b  ■*  °°)  ,from  (14.47)  we  find  the  previously  fixed  relationship 

(14.20)  for  an  infinitely- long  piston. 

There  is,  however,  a  theoretical  difference  between  (14.20)  and 

(14.47).  In  the  motion  of  an  inf initely-long  piston,  the  net  load 
approaches  zero  only  where  t  °°,  whereas  for  a  piston  of  finite  di¬ 
mensions  i|>(t)  =  0  where  t  /  I  +  (l/rT2”). 

We  can  easily  expand  the  derived  solution  to  motion  of  a  piston 
according  to  an  arbitrary  law.  In  this  case,  using  the  Duhamel  in¬ 
tegral,  we  find  that: 


*<o- *.</)»'(  o)  +  jr(,_,)p>(,)d. 
0 


(14.48) 


F (/)  =  F, (t)  W  (0)  +  jW  «  -  x)  F,  (t)dt. 

O 


(14.49) 


where  p^(t),  (t)  -  transient  functions  [solution  of  problem  for 

motion  according  to  the  law  aQ(t)]; 

W(t),  W(t),  and  W(t)  -  piston  motion,  velocity,  and  acceleration. 

Let  us  study  expression  (14.49)  in  greater  detail.  Assuming 
W(0)  =  W(0)  =  0,  we  derive 

I 

F(0~  FtJ &(/ (14.50) 
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* 


or,  integrating  by  parts  twice, 

r 

F(/)  «=  f.  *  <0* (0)  -f  F,  IT (/) f  (0)  +  F ,  J  V (/ f  (14.51) 

0 

/ 

Expression  (14.51)  can  be  calculated  quite  simply  for  the  time 
interval  in  which  function  ip  (t)  is  linear.  Thus#  for  an  infinitely 
long  piston,  according  to  (14.20),  where  t  <  1,  ij>  (t)  =  1  -  £  t . 
In  this  case 


♦* 


2  St  ~  -  ifr. 
‘  e  2a'  r« 


0. 


and  for  the  net  load  we  will  find  that 

f(0  -  2ajyj#r  {/)  -^2  W(t).  (14.52) 

As  we  mentioned  earlier,  for  a  piston  of  finite  dimensions,  the 
function  vp  (t)  =  0  if  t  >  t*,  where  — — — 


»•  |  /t* 


Consequently, 


F(/)  = 


F0p(/-< c)0(T)rf/ 


0 


/</• 

/>/*. 


(14.53) 


If  in  some  interval  of  time  At  acceleration  of  the  piston 
undergoes  little  change,  then  for  it 


(14.54) 


1 

Fig.  61.  The  Coefficient  of  Apparent  Mass, 
for  Motion  of  a  Rectangular  Piston,  As  A 
Function  of  the  Relationship  of  the  Sides  n  =  a/b. 

The  same  expression  can  be  derived  for  an  arbitrary  moment  in 
time  if  we  consider  the  liquid  to  be  incompressible.  Actually,  where 
•*  °°,  t*  ■*  0;  as  a  result  of  a  limiting  process  in  (14.53),  we 
again  get  (14.54). 

The  coefficient,  where  the  magnitude  of  acceleration  is  W(t), 

M  tt<>*  -  M„p 

( 

is  known  in  hydrodynamics  as  apparent  mass. 

Thus,  for  the  present  a  result  has  been  derived  for  the  partic¬ 
ular  example.  It  is  of  interest  from  three  points  of  view.  Most  of 
all,  it  becomes  clear  that  the  wave  nature  of  diffraction  processes 
accompanying  the  motion  of  bodies  in  a  compressible  fluid  must  be  tak¬ 
en  into  account  for  only  a  fixed  time  interval?  after  that  interval 
elapses,  it  suffices  to  consider  the  non-steady  state  with  the  aid 
of  apparent  mass.  Hence,  it  turns  out  that  if  we  solve  the  problem 
of  evaluating  net  load  acting  upon  a  body  during  its  motion  in  a  fluid 
according  to  the  unit  function  law,  we  likewise  solve  the  problem  of 
determining  apparent  mass.  This  method  sometimes  is  simpler  than  the 
classical  method.  For  the  considered  problem,  the  relation  of  the 
•  coefficient  of  apparent  mass  as  a  function  of  the  ratio  of  sides  of 
a  rectangle  is  shown  in  Fig.  61.  If,  on  the  other  hand,  we  ’.now 
the  apparent  mass  of  a  body,  we  can  make  some  judgment  on  its  initial 
period  of  motion  where  the  diffraction  processes  are  considerable. 

All  these  ideas  will  be  developed  subsequently. 


198 


§15.  Pressure  Field  During  Progressive  Motion  of  Circular-Shaped 
Piston.  General  Concepts  on  Solving  Diffraction  Problems 
with  the  Aid  of  the  Integral  of  Radiation.  1 


The  problem  of  motion  of  a  circular-shaped  piston  was  first 
studied  by  Kharkevich.  It  was  later  studied  in  various  formulations 
by  I.  L.  Mironov,  D.  A.  Aleksandrin,  as  well  as  by  the  authors  of 
this  book. 


Let  us  first  consider  a  piston  having  absolutely  rigid  walls, 
moving  at  a  velocity 


l,=z  ’o(t). 


(15.1) 


Using  the  integral  of  radiation  and  reiterating  the  arguments 
of  the  preceding  section,  we  derive  pressure  at  an  arbitrary  point 
in  the  form 


< 


Pa 


(15.2) 


where  b  -  the  shortest  distance  between  point  A  and  the  piston. 


If  the  projection  of  point  A  falls  on  the  piston  (Pig.  62) , 
then  during  the  time  interval  z/a^  <  t  <  R^/a^,  the  angle  3q  =  2tt 
and  consequently,  p  =  Pq3q«  At  the  moment  in  time  t  =  R2/ao ' 
turbances  from  the  most  distant  elementary  sources  will  reach  the 
point  of  observation  and  pressure  will  vanish. 


Thus , 


Pa  ~  >''oao  (3o  (*  _  —  °o(/ 


(15.3) 


In  order  to  determine  Bg(t)*, 


let  us  consider  a  triangle  whose 
*Since  R  =  a.t,  a  determination  of  3(t)  is  equivalent  to  determining 
6(R).  ° 
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Fig.  62.  On  Evaluat-  Fig.  63.  On  Evaluating  Pressure 
ing  Pressure  at  a  Point  at  a  Point  Not  Projected  onto  a 
Projected  onto  a  Moving  Piston. 

Round  Piston. 


angles  are  the  center  of  a  piston,  the  projection  of  point  A,  and 
the  point  of  intersection  of  the  circle  having  a  radius  /r2  -  z2“ 
with  the  edge  of  the  piston  (Fig.  63). 


We  have 

a,='*  +  (| - 2 r  .  cos ± %, 


where  r  end  z  -  coordinates  of  the  point  of  observation,  whence 


“  2arccos  - — —jJLzX 
•Jr  V  R*  -  jr* 


(15.4) 


or,  taking  into  consideration  that  R  =  and  using  dimensionless 

coordinates , 


;  f  .  ;~JL.  * 

•  7*  —  —  »  i  F» 

30  (/)  =  2  arccos  — _,r===-— 
r  'it  \  n  —  t* 


(15.5) 


•  We  can  easily  prove  that  relationship  (15.5)  remains  valid  for 
the  case  where  point  A  is  not  projected  onto  the  piston  surface.  In 
this  case,  pressure  can  be  found  according  to  the  formula 


p*  -  ?0  U )  |  h(<  -  -*,)]. 


(15.6) 
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where 


A.- !>  +  (;.,)•. 

1  5*  +  (r+l)*. 


(15.7) 


Fig.  64.  Net  Pressure  at  Various  Points 
on  Surface  of  Round  Piston. 


At  points  on  a  piston  (z  =  0,  r  <,  1) ,  according  to  (15.3),  (15.5), 
and  (15.6),  pressure  is 


r. 


P{r,  1)  —  poO*l3«(^)  ~  °o  (*  +  r— 1)  + 
arccos  -  [«,{#  +f—  l)  —»„(<  —  f — 


(15.8) 


Pressure  variation  for  several  points  is  shown  in  Fig.  64, 
taken  from  [21] . 

Let  us  find  the  net  load  acting  upon  the  piston.  For  this  pur¬ 
pose,  let  us  integrate  (15.8)  with  respect  to  the  piston  area 

F{()  =fJp(r,t)dS.  (15.9) 

Because  dS  *=  2Trrdr,  then 

fU)  J>(r,  t)rdr.  (15.10) 
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Let  us  introduction  the  function  \J>(t),  which  is  associated  with 
function  F(t)by  the  equation 


f  (?)  =-=  raVvM?). 


(15.11) 


We  then  derive 


(15.12) 


Using  the  dimensionless  variable  r  =  r/a,  and  in  view  of  (15.8), 
the  integral  of  (15.12)  will  be  rewritten  in  the  form 


o0  (?)  I  rdr —  f  30  (7  4-  *  —  t)  rdr  + 
o  o 

i 

4-  —  r  arccos  -  '  L  j,0(/  -j-  r  —  l)  rdr  ~ 

~  I  2 rt 

o 

— ^ arccos  -- 1  •  o3( ?  —  r  —  I ) rdr\ 

0  .  J 


(15.13) 


Taking  the  properties  of  the  discontinuity  function  of  zero 
order  into  account,  we  have 

*  (7)  U-=^t  [3f  (?)  _  0#  (7  -  i ) J  +  ±  f 3o  ( ?)  _  3#  ( ?  - 1 ) )  x 

% 

i 

X  f  arccos  rd?  4  (o,  (7  —  1 )  —  a,  (7  —  2)j  X 


X  f  arccos  -  4  r.~ 1  rdr  . 

J  2" 

7-1 


(15.14) 


The  indefinite  integral 


.  f  /•  -4-  —  l  »  — 

J.  =  1  arccos - r^r— -  rdr 

J  2 n 


is  taken  by  parts: 
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~  arccos 
2 


:os  tlJL-zl L  C  p-yffl-ou? 

>2f  l'  2  J  K 0*  f-  2r* (/'*  •  I)-P» 

Y r*  arccos  4.  J_  arcsin  — 

2  2/7  ?  2/ 

— jV  -p-iy  +  &p  +  lJZ? . 


(15.15) 


Hence , 


J 1  ('  -  1 )  - •  y arccos  Y  +  Y  arcsin  ("~  t)  “ 

~tV'~[ t)* 

a  (;  =  •_()_. 

y,(?«r— 1)=»~  Y* 

Combining  the  derived  results ,  we  will  find  that 

arccos y — 7|/,-(y)  !’•(')- 3o(* -2)]’ 


(15.16) 


The  nature  of  variation  of  function  if»  ( t )  is  shown  in  Fig.  65.  As 
in  the  previously  considered  problem  on  a  rectangular  piston,  the 
greatest  net  load  is  observed  at  the  initial  moment  of  time.  It 
subsequently  falls  abruptly  and  is  equal  to  zero  after  the  run  time 
of  a  wave  having  the  same  diameter  as  the  piston.  After  this  period 
of  time  has  elapsed,  the  notion  of  a  piston  having  constant  velocity 
encounters  no  resistance  from  the  medium. 


The  result  obtained  with  the  aid  of  the  Duhamel  integral  can 
be  expanded  to  motion  of  a  piston  according  to  an  arbitrary  law.  By 
analogy  with  (14.50)  for  zero  initial  data  [W(0)  =  ft(0)  =  0],  we  can 
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(15.17) 


Fig. 65.  Change  in  Net  Load  Acting  on  a 
Round  Piston  During  Motion  According  to 
the  Unit  Function  Law. 


or  integrating  twice  by  parts, 

F(t)  =  %)  +  V/ (<>)*(/)  +  F#jr  (/  (15.18) 


However , 
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Thus,  for  the  net  load  we  will  have: 
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In  study  126],  function  F(t)  was  derived  in  the  form 


We  can  easily  show  that  the  replacement  of  the  variables!  = 

=  (2a)/(aQ)sin  <j>  reduces  formula  (15.23)  to  (15.22)  and  the  results 
coincide. 

We  mentioned  earlier  that  the  integral  of  the  function  FQip  (t) , 
within  limits  from  zero  to  t*  =  (2a)/ (Sq) »  produces  the  value  of 
apnarent  mass.  In  view  of  (15.11)  and  (15.16) ,  we  find  that: 

J 

x  [  j  \f  >-(f  )’]*-  -f  hA 

As  we  well  know,  apparent  mass  during  progressive  motion  of  a 
disc  is  equal  to  precisely  this  quantity.  However,  in  the  case  of 
motion  of  a  thin  disc,  this  quantity  characterizes  the  total  load  on 
both  sides  of  the  disc;  while  in  the  case  of  motion  of  a  round  pis¬ 
ton,  only  the  load  on  its  front  side. 

The  problems  considered  permit  us  to  make  some  general  remarks 
on  the  possibility  of  utilizing  the  integral  of  radiation  in  the  study 
of  diffraction  effects.  The  chief  requirement  is  for  "direct  visib¬ 
ility"  from  the  point  of  observation  to  the  elementary  source  of  rad¬ 
iation.  Consequently,  the  plane  must  be  the  radiating  surface.  We 
must  have  defined  premises  on  the  distribution  of  sources  on  the  sur¬ 
face  of  closure.  These  premises  are  always  hypothetical  because 
boundary  conditions  permit  us  to  establish  tne  intensity  of  sources 
only  on  the  surface  of  the  body.  With  the  aid  of  the  integral  of 
radiation  we  can  derive  a  precise  solution  only  for  the  half-space 
in  front  of  a  plane  moving  piston  or  screen  having  a  rigid  immobile 
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wall  of  finite  dimensions.  Wot  one  of  the  actually  encountered 
diffraction  problems  can  be  reduced  to  this  formulation. 


As  we  mentioned  earlier,  when  utilizing  the  integral  of  radiation 
the  intensity  of  sources  distributed  on  the  surface  of  a  body  is  sel¬ 
ected  so  that  the  normal  velocity  component  of  the  net  field  on  this 
surface  is  equal  to- zero.  The  surface  of  closure  has  special  features 
it  is  "transparent"  for  the  direct  wave,  but  at  the  same  time  does 
not  pass  disturbance  propagation  radiated  by  the  sources  situated  on 
the  facial  surface  of  the  obstacle. 


Inasmuch  as  no  actual  surfaces  have  these  features,  a  fixed 
error  occurs.  Moreover,  the  use  of  the  integral  of  radiation  often 
permits  us  to  most  simply  derive  a  final  result.  For  this  reason, 
the  evaluation  of  diffraction  problem  solution  error  with  the  aid  of 
the  integral  of  radiation  becomes  important. 

Let  us  make  an  evaluation  for  several  particular  cases.  In 
§12  we  considered  the  incidence  of  a  unit-amplitude  wave  along  the 
normal  to  one  corner  of  a  wedge.  The  solution  of  a  basically  similar 
problem  was  derived  in  §14  with  the  aid  of  the  integral  of  radiation 
[cf.  (14.13)]. 


The  pressure  diffraction-component  was  equal  to 


arccos - 


co*  * 


(15.24) 


For  points  situated  on  the  surface  of  the  obstacle  (a  =  0) , 


Pa 


ft  1  I  f 

,  0  -  — --  arcco* 

I  K 


(15.25) 


Frg.  66.  shows  the  results  of  comparing  this  solution  with  the 
precise  solution  for  various  wedge  angles.  He  can  see  that  a  satis¬ 
factory  convergence  of  findings  only  occurs  where  £  =  (4/3)  tt.  An 
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Fig.  66.  Pressure  Change  in  Diffraction  Waves 
Formed  on  the  Edge  of  an  Angle  During  Normal 
Incidence  of  a  Unit-Wave  on  One  of  the  Edges  of 
that  Angla. 

-  precise  solution, 

-  solution  with  the  aid  of  the  integral 

of  radiation. 

assumption  on  the  motion  of  a  piston  having  a  semi-infinite  wall  was 
equivalent  to  normal  incidence  of  a  wave  onto  a  wedge  having  an  in¬ 
ternal  angle  of  (4/3 )  tt  .  *' 

As  our  second  example,  let  us  take  the  case  of  incidence  of  a 
unit-wave  along  the  normal  onto  a  rigid  end-face  of  trapezoidal  shape 
(§13).  The  analog  to  this  is  motion  of  an  inf initely-long  piston 
having  a  rigid  wall  (§14). 

The  calculated  results  of  specific  load  and  pressure  on  the 
central  point  of  a  piston  [cf.  formulas  (14.15)  and  (14.20)]  as  com¬ 
pared  with  the  corresponding  data  of  §13  are  cited  in  Fig.  67.  As 
can  be  seen  from  the  drawing,  for  the  initial  period  of  motion (t  < 

<  1.5),  a  solution  with  the  aid  of  the  integral  of  radiation  almost 
coincides  with  the  calculation  for  3  =  (4/3) tt,  and  subsequently 
tends  toward  3  =  (3/2 )  tt  . 

Thus,  we  can  conclude  that  in  analyzing  diffraction  problems,  the 
use  of  the  integral  of  radiation  leads  to  correct  qualitative  conclus¬ 
ions.  Quantiative  evaluations,  however,  can  be  very  approximate. 
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The  best  convergence  of  results  occurs  in  the  study  of  diffraction 
by  the  flat  end-faces  of  elongated  bodies  having  lateral  walls  which 
are  perpendicular  to  the  end-faces.  The  greatest  error  occurs  in 
calculations  for  plates. 


§  16 .  Diffraction  of  a  Spherical  Wave  by  the  End-Face  of  a 
Semi-Infinite  Rigid  Round  Cylinder. 

The  conversion  from  diffraction  of  plane  waves  by  an  obstacle 
tc  diffraction  of  a  spherical  wave  is  associated  with  mathematical 
difficulties.  Therefore,  the  primary  features  of  this  process  will 
be  explained  using  the  simplest  example  of  the  flow-around  of  the 
end-face  of  a  semi-infinite  rigid  round  cylinder  by  a  spherical  wave. 
To  evaluate  the  hydrodynamic  fields,  let  us  employ  the  integral  of 
radiation.  As  we  mentioned,  this  method  is  the  simplest  method,  be¬ 
cause  it  eliminates  repeated  diffraction  waves  from  consideration. 
Moreover,  in  view  of  the  assertions  of  the  preceding  section,  this 
method  should  not  produce  appreciable  error  in  quantitative  evaluat¬ 
ions. 


As  we  know,  the  potential  characterizing  the  propagation  of  a 
direct  wave  during  sphericallv-symmetric  motion  can  be  written  in  the 
form 


f— ^ 


R) 


(16.1) 


where,  for  convenience,  we  introduce  the  dimensionless  coordinates 
_  —at 

R  =  R/a,  t  =  0  (a  -  the  radius  of  the  end-face) . 

a 

The  magnitude  of  the  normal  component  in  the  plane  of  the 
obstacle  is 
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The  boundary  value  condition  will  be  satisfied  if  hydrodynamic 
sources  are  arranged  at  points  on  the  surface  of  the  end-face  so  that 
the  additional  velocity  of  fluid  particles  induced  by  these  sources 
is  equal  in  magnitude,  but  opposite  in  the  sign  of  velocity;  velocity 
is  defined  by  the  relationship  (16.2).  We  can  achieve  similar  re¬ 
sults  with  the  aid  of  the  integral  of  radiation,  which  in  this  case 
is  conveniently  written  in  the  form 


..  _  i  f  (’  Ijrj 

'•>-  ~  sTj  J — F- 


(16.3) 


where  R  -  the  distance  between  an  arbitrary  point  on  the  surface  of 
the  end-face  and  point  A. 

Considering  a  case  of  axial  symmetry,  we  find  on  the  basis  of 
(16.2)  that 

o 

i 

f _  ■  l/(<  -  R  -  «•)»,  (i  -  R  -  R*)\ 
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°  (16.4) 


Let  us  introduce  the  substitution 


R  +  R*=x, 


R  =  l  r*  R0  =  ru'4; 

R'  -  l  >  +  .  R'„=  1  l  t-  r-. 


Then, 
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By  complete  analogy. 
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Thus ,  the  potential  at  point  A  is 
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Integration  by  parts  yields 
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or,  using  previous  designations, 
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If  we  add  direct-wave  potential  to  the  potential  of  (16.8)  and 
use  a  certain  relationship  p  =  “Poft’'  we  ^fcr;*-ve  the  magnitude  of 
pressure  at  points  lying  on  the  axis  of  symmetry: 
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(16.9) 


The  first  two  terms  of  equation  (16.9)  correspond  to  the  case 
of  an  infinite  obstacle.  They  define  the  direct  and  reflected  waves. 
The  third  term  describes  the  expansion  wave  formed  by  the  edge  of 
the  obstacle.  The  diffraction  wave  picture  is  shown  in  Fig.  67. 


The  solution  of  this  same  problem  under  the  assumption  of  the 
incompressibility  of  a  medium  is  of  interest.  Final  formulas  can  be 
derived  in  this  case  both  as  a  result  of  the  limiting  process  in 
relations  (16.8),  (16.9)  toward  an  inf initely-great  speed  of  sound, 
and  by  means  of  direct  consideration  of  the  potential 
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Fig.  67.  Nature  of  Variation  in  Pressure  During  Explosion, 
Allowing  for  a  Rigid  End-Face,  According  to  the  Notions  of 
an  Incompressible  and  Compressible  Fluid. 
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(16.10) 


The  integral  of  radiation  (16.3)  is  consequently  written  in 
the  form 
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This  integral  is  taken  in  finite  form  if  point  A  lies  on  the 
z  axis.  After  simple  transformations  we  will  find  that 
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Because  p  =  -pQ  jp  we  come  to  the  conclusion  that  the  presence 
of  an  obstacle  of  finite  dimensions  in  a  fluid  causes  a  proportional 


change  in  the  magnitude  of  pressure  at  a  given  point.  The  coefficient 
of  proportionality  is  a  function  only  of  the  geometric  characteristics 
of  the  problem. 


Fig.  67  shows  the  results  of  comparing  pressure  according  to  the 
notion  of  fluid  incompressibility  and  compressibility.  We  can  easily 
see  that  the  net  pulse  is  identical  in  both  cases.  The  assumption  of 
incompressibility  of  a  medium  is  in  full  agreement  with  the  physical 
essence  of  the  hypothesis,  and  produces  only  a  slight  redistribution 
in  pressures.  This  fact  permits  us  to  apply,  in  individual  cases 
(where  the  net  pulse  is  a  deciding  factor) ,  a  simpler  notion  of 
fluid  incompressibility  for  approximate  calculations. 

The  evaluation  of  pressure  magnitudes  at  an  arbitrary  point  in 
space  runs  into  deeper  problems.  This  problem  can  be  solved,  for 
the  present,  only  for  a  plane  wave  (cf.  §15). 


For  direct  comparison,  it  suffices  to  multiply  the  solution  of 
(15.3)  by  the  constant  quantity  l/(pQaQ)  and  add  direct-wave  pressure. 
Then  we  will  find  that 


P  I r,  i )  Jo  ('  +  «')  +  3«  -*’)  ~  -  £i)  t 
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(16.13) 


where,  as  before, 


%  {'t}  =  2  arccos 


(15.5) 


ft,  =  +  (r  —  O'*  ”  distance  to  nearest  edge  of  end-face; 

Rt  =  Y  y  4.  (r  +  jy  -  distance  to  most  distant  edge  of  the 

end -face. 

Because  (16.8)  and  (16.9)  are  valid  for  a  wave  of  arbitrary 
shape,  and  we  are  most  interested  in  an  exponential  wave,  let  us 
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write  the  pressure  in  the  case  of  incidence  of  a  wave  along  the  nornv 
al  Can  exponentially-profiled  wave),  transforming  C16.13)  with  the 
aid  of  the  Duhamel  integral:  where  ?  <  1 
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a  0 

where  pm  -  maximum  pressure  on  the  direct-wave  front;  0  =  — -  the 
dimensionless  exponential  damping  constant. 


As  in  formula  (16.9),  the  first  term  of  (16.14)  expresses  a 
direct  wave  and  the  second  -  a  reflected  wave.  The  three  latter 
terms  define  an  expansion  wave  propagating  from  the  edge  of  the  end- 
face.  This  wave  arrives  at  point  A  at  time  t  =  (point  E  in  Fig. 

68).  In  the  interval  Rx  <  t  <  R2,  elementary  expansion  waves  con¬ 
verge  upon  point  A  first  with  greater,  then  with  lesser,  and  then 
with  greater  intensity  (section  of  contour  EF  in  Fig.  68) .  Where 
t  >  R2,  the  unsteady  flow  continues  a  while  longer,  being  nonuniform- 

ly  determined  by  damping  disturbances  proceeding  from  the  edges  of 
the  obstacles.  In  proportion  to  the  approach  of  point  r  to  the  center, 
slope  EF  approaches  the  vertical.  Ultimately,  where  r  =  0  (R-^  =  R2) 
formula  (16.14)  acquires  the  form 
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Fig.  68.  Net  Pressure  at  Points  Situated 
Symetrically  In  Front  of  and  Behind  a  Disc 
z  =  0.08,  r  =  0.92,  during  Normal  Incidence 
of  an  Exponentially-Shaped  Wave  9  =  0.02  onto 
Said  Disc. 

-  in  front  of  disc; 

-  behind  disc. 

Also  important  is  the  case  of  a  wave  falling  at  an  arbitrary 
angle.  However,  the  study  of  this  problem  is  considerably  more  com¬ 
plex  than  for  normal  incidence,  because  the  disturbance  arrival-time 
at  a  given  point  will  be  a  function  of  the  formation  time  of  element¬ 
ary  sources  on  the  surface  of  the  obstacle  (in  addition  to  geometric 
parameters) . 

This  problem  was  first  considered  by  Lopukhov.  Omitting  the 
operations  and  reasoning,  let  us  cite  several  of  his  findings. 

Fig.  69  shows  a  comparison  of  pressure  contours  at  a  given 
point  for  normal  and  oblique  incidence  of  a  plane  wave.  We  can  easi¬ 
ly  see  that  the  nature  of  the  contour  is  retained.  The  reflected 
wave  front  arrives  from  a  point  which  is  displaced  with  respect  to 
the  geometric  center.  Pressure  variation  resulting  from  diffraction 
occurs  more  smoothly. 

In  the  case  of  diffraction  of  a  wave  by  a  disc,  as  we  said 
earlier,  the  precision  of  theoretical  evaluations  is  reduced.  How¬ 
ever  ,  it  would  be  \  set ul  to  give  some  data  for  a  qualitative  descrip¬ 
tion.  Thus,  with  the  aid  of  the  integral  of  radiation  we  can  easily 
calculate  pressure  at  points  behind  the  disc.  According  to  the  prin- 
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Fig.  69.  Net  Pressure  at  Points  Situated 
in  Front  of  a  Disc  z  =  0.17,  r  =  0,  during 
Incidence  of  Exponential-shaped  Wave  0  =  0.2.  f 

— — -  45°  gradient; 

-  normal  incidence. 


ciple  of  symmetry,  pressure  will  be  determined  by  the  three  last 
terms  in  (16.14),  taken  with  opposite  signs 
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The  pressure  curve  shows  a  sharp  increment  at  its  inception 
(t  =  R^)  and  in  the  proximity  of  t  =  ^(Fig.  70)  .  If  point  A  is 
located  on  the  axis  of  symmetry,  pressure  on  it  wxll  change  as 
on  a  direct  wave. 


Consequently,  we  can  make  the  following  conclusions: 

1.  When  a  shock-wave  flows  past  an  obstacle,  an  expansion  wave 
is  formed  which  propagates  from  the  edges  and  distorts  the  direct  wave 
contour. 


216 


Fig.  70.  Net  Pressure  at  Points  Situated 
Behind  a  Disc  During  Normal  Incidence  Onto 
Said  Disc  of  an  Exponential-Shaped  Wave  0  =  0.2, 
z  =  0.08. 

-  r  =  0; 

r  =  0.75? 

-  r  =  0.92. 

2.  At  points  situated  in  front  of  the  disc  (end-face)  and  pro¬ 
jected  onto  at,  the  section  of  the  pressure  contour  containing  the 
direct  and  reflected-wave  fronts  remains  the  same  as  in  the  case  of 
an  infinite  obstacle. 

3.  When  a  direct  wave  flows  behind  a  disc,  the  increment  in 
pressure  on  the  front  becomes  gradual,  and  maximum  pressure  at  points 
behind  the  disc  are  abruptly  reduced,  except  for  points  lying  on  the 
axis  of  symmetry. 

4.  Pressure  at  points  which  are  not  projected  onto  the  disc, 
are  distorted  by  positive  and  negative  waves  emerging  from  the  sur¬ 
face  of  the  disc  and  its  edge. 

5.  Similar  phenomena  should  occur  in  diffraction  of  a  direct 
shock-wave  by  plane  obstacley  of  other  shapes. 


§17.  Diffraction  of  a  Plane  Wave  By  a  Rigid  Sphere 

The  diffraction  of  a  plane  wave  by  a  rigid  sphere  was  first 
examined  by  Kharkevich  I 21 j  and  later,  applying  other  methods,  by 
M.  N.  Lefonova  and  0.  K.  Fyodorov. 


We  will  state  this  problem  slightly  differently,  using  the  find¬ 
ings  of  study  1 21 J .  Let  us  use  a  spherical  system  of  coordinates 
having  its  inception  at  the  center  of  a  sphere.  The  angle  0  will  be 
measured  from  the  half-line  emanating  from  the  center  of  the  sphere 
laterally  in  opposite  direction  to  the  propagation  of  the  wave.  The 
wave  processes  in  this  system  of  coordinates  have  axial  symmetry  and 
are  not  a  function  of  the  angle  tj;.  They  are  characterized  by  the 
wave  equation 
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where  <f>  -  the  potential  of  the  additional  pressure  field  induced 
by  the  presence  of  a  sphere. 


The  association  of  pressure  and  the  potential  function  is  defined 
by  the  equation 


(17.2) 


The  field  of  radial  velocities  is  expressed  by  the  relation 


<K 


(17.3) 


The  boundary  conditions  when  integrating  (17.1)  are: 


equality  of  the  normal  velocity  components  to  zero  on  the  sur¬ 
face  of  the  sphere 


Jv  I 
Or  | 


r  it 


r-a 


(17.4) 


where  vr  -  the  radial  velocity  component  of  particles  in  the  direct 
wave;  n|3 


equality  to  zero  of  potential  function  of  disturbed  fluid  motion 
at  an  infinitely-great  distance  from  the  sphere 


•  '-3®  ’  ’ 


where 


(17.5) 


We  know  from  general  courses  on  mathematical  physics  that  the 
solution  of  (17.1)  can  be  written  in  th.e  form  of  a  Legendre  poly¬ 
nomial  series* 


cosQ). 


(17 . 6' 


where  Pn(cos  0)  -  the  Legendre  polynomial  to  the  nth  power. 


Upon  substituting  (17.6)  into  (17.1),  we  derive  an  equation 
for  defining  the  functions  'J>n(r,t) 


( 


i 


(  #  +  “  if)  +  T  1 1 1  -  COS20)  p'n  -  2  C0S GP„|  ?,  - 

I 


%  dt- 


Pn~  Q 


or,  because  the  functions  of  Pn  satisfy  the  Legendre  differential 
equation , 


(1  -  2*)  ~  +  n(n  +!)««=  0. 

di 

o _ Ll?!ia  =  n 

d?'  +  '  Or  '?■ i  9,1  o*  (W* 


(17.7) 


To  solve  (17.7),  let  us  employ  the  Laplace  transform 


0 


VS  ’*<#. 


(17.8) 


where  v  -  some  complex  integer  having  a  positive  real  part* 


*Cf . ,  for  example,  H."  S.  Koshlyakov,  E.  B.  Gliner,  M. 
Basic  Differential  Equations  of  Mathematical  Physics, 


(1962) . 


M.  Smirnov, 
GIFML,  Moscow, 
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After  multiplying  (17.7)  by  e  and  integrating  with  respect  to 
t  from  0  to  infinity  with  zero  initial  data,  we  get  an  ordinary  dif¬ 
ferential  equation  to  depict  ^(r,  9r  v) • 


rf‘T« 

dr3 


I. 

r* 


(17.9) 


Substituting  the  variables  <j> 
reduces  to  a  Bessel  equation 


this  equation 


u 


(17.10) 


The  general  solution  of  (17.10)  is* 

y  —  C,/  ,  (x)  +  CtK  ,  (*), 

j-  ‘"♦■■y 


(17.11) 


where  I  ,  .  /0  (x)  and  K  ,  .  (x)  -  first  and  second-series  modified 

n  +  i/z  n  +  i/z 

Bessel  functions**  of  the  n  +  1/2  order: 


'  ,  W  < 


i  («*); 


-  a  first-series  Bessel  function; 
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K  ,  (*) 


*  r 

2  sin  | 

f«  +  — ] 
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hi 

Because  where  x  -►  «,  In  +  (x)  -*■  »  (considering  the  second 

boundary  condition  of  the  problem),  we  should  assume  that  C-^  =  0. 


"*cf .  ,  for  example,  £.  T.  Whittaker,  J.  N.  Watson,  Course  on  Modern 
Analysis,  T.  I.  GIFML,  (1963). 

**Modified  second-series  Bessel  functions  are  often  called  Macdonald 
functions . 
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or  using  our  previous  variables, 
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(17.12) 
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In  mathematical  physics,  the  so-called  Stokes  function*  is  often 
employed  fn(x),  F^(x).  The  association  of  these  functions  with 
first-series  Bessel  functions  can  be  expressed  by  the  relation 


Jn 


(a)  -*  r ' 


(x)4  ^  ±(x)l 


F'(ix)  =  ix(2n 4-1)”'  [«/„_,(<*>  +  (n  4 


(17.13) 

(17.14) 


( 


Employing  the  Stokes  function,  Kharkevich  derived  a  solution  of 
(17.9)  in  the  form** 


(17.15) 


*The  Stokes  function  is  often  called  the  Bessel  Spherical  function- 

**For  the  first  items,  the  functions  £  (z)  and  F  (z)  have  the  form 

n  n 

(we  will  henceforth  require  the  function  F  (z) ) : 
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In  equations  (17.12)  and  (17.15) ,  the  coefficients  and  Bn 
are  taken  from  the  boundary  value  conditions  of  the  problem. 

Using  a  transform  on  the  left  side  of  (17.4)  instead  of  the 
original,  let  us  designate  that 


*rn 

dr 


«  -  b. 


(17.16) 


S’  -  a  transform  of  the  nth  expansion  coefficient  with  respect  to  the 
Legendre  functions  of  the  normal  velocity  component  of  particles  behind 

the  front  of  a  unit  wave 


\9  =  -  &A(cosO), 


rt-0 


K  =  f 

o 


(17.17) 


(17.18) 


In  view  of  the  fact  that  (1  +  z)fn(z)  -  zf^(z)  =  Fn(z)  and 


iV 


integrating  (17.15),  we  find  that 

•  •»  *“  vA 


(17.19) 


(17.20) 


After  substituting  the  calculated  coefficient  values  into  (17.15), 
we  find  the  solution  in  transforms  of  the  basic  equation  (17.1) 


|^\  «’  -‘V  /wU) 

■  "  \  0a  I  r  e  .  ;a  ,  • 

to 


(17.21) 


The  quantities  b^  entering  into  (17.21)  are  expansion  coefficients 
with  respect  to  the  Legendre  functions  of  the  normal  velocity  compon¬ 
ent  of  particles  behind  the  front  of  a  unit  wave. 


;~y 


I 
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Let  us  calculate  these  coefficients.  In  the  selected  system  of 
coordinates,  the  position  of  the  unit-wave  front  will  be  defined  by 
the  equation 


j  _  Jt _ r  cus  0  _ 

a#  • 


(17.22) 


the  velocity  of  particles  behind  the  front  is 


.. _ >  »  ,  rcosfl\ 

"  Mo  °v  “<•  j’ 


(17.23) 


the  maximum  component  of  this  velocity  toward  the  surface  of  the 
sphere  is 


V.  --  —  t*  «’*•"  *•  - 


Mu  «l>  ««  / 


(17.24) 


that  same  velocity  component  in  transforms  is 


—  —  (I— CM  •)  * 

1  *  e  * 

v.  —  —  cos  0  - - 


(17.25) 


Let  us  write  v  as  a  Legendre  polynomial  series 
rnp 


%  “  ^^,(cose). 


To  define  the  coefficients  of  bn,  let  us  employ  a  familiar 


equation 


2a  —  i 


a.  r. 

j  r  rco‘‘ 

_  ___  J  e  -  cos  0P„  (cos  0)  si! 
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(17.26) 
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which  in  transforms  may  be  written  in  the  form 


-  -  yi^gg****  ~ Ur's-**-™ »*•  -v 


P  =  — 


(17.31) 


According  to  (17.6)  and  (17.15),  we  have 


(17.32) 


For  points  situated  on  the  surface  of  the  sphere  (r  =  a) , 


P*~—  W  2  K  (”')  i  vi  />„(«»&). 


n-0 


(17.33) 


where 


^  (;i  = 

*  M»> 


(17.34) 


The  conversion  in  (17.33)  from  transform  to  original  can  be 
effected  with  the  aid  of  the  Mellin  integral 


Pa  = 


f'"°*  ^  fV'dv] p-  <cos  ®). 


(17.35) 


where  the  contour  (L)  passes  from  point  x0  “  iro  to  point  x0  +  ioo 
in  the  right  half-plane  of  the  complex  variable  v  -  x  +  in  in  such  a 
way  that  all  the  characteristics  of  the  subintegral  function  lie  to 
the  left  cf  this  contour. 

We  can  simplify  calculations  considerably  by  using  the  general¬ 
ized  Sorel  theorem. 

According  to  this  theorem 

/ 

(17.36) 


225 


where 


C 


7, (■)>/, (0  =  ^17, 

7t(*)  >/i(o = ij'7,  (>)»■<(.. 


Consequently , 


«-l»  Lo 

=  -  :^0  is  1 1  ( *  — *)  **^)  dx 

<i-o  j  o 


/\(cas0)  = 


P„  (cosO». 


Integrating  by  parts  and  considering  that 


■2MO/\<cos0)«iV(vi 


we  derive 


*  f  t 
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]’  -^jp,<cos0)  = 


where 


*•  (?)  -  i  f  •>«  (*)«*'«/*  =  ~  f 
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(.17.37) 

(17.38) 


(17.39) 


(17.40) 


(17.41) 


In  this  form,  we  can  easily  find  the  originals  of  functions 
i|>  (t) .  Actually,  using  the  theorem  on  residues,  and  in  view  of  the 
fact  that  the  function  ^  (t)  is  meromorphic**, 


*Frbm  (l'?. 34)  we  can  see  that  where  v  °°,  ipn(v) 


_1_ 

v 


**A  meromorphic  function  is  a  one-valued  analytic  function  f(z)  in  a 
complex  plane  which  has  only  a  pole  as  its  special  points  differing 
from  z  =  °°. 


>7 
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J_  i‘  /•£>  e:i d»  =  V  Res;  j  £-(f~ «•'"  1 
2ttt  J  F« (»)  ^  *  |/«W  1 


(17.42) 


where  Res—  -  residues  of  functions  at  points  v.  ; 

k  K 

v,  -  roots  of  the  equation  F  (v)  =0. 
k  n 


The  roots  of  the  Stokes  polynomials  Fn(v)are  given  in  Kharkev- 

ich's  study  [21].  Also  given  there  is  an  expression  for  the  originals 

of  function  ip  (t)  in  the  form 
n 


m  I 


(17.43) 


where 


4»'  (;)  =  4-o(;). 


Because  where  n  =  0r  = 
+  i  and  v”2  =  -  1.0,  then 


-1.00  and  where  n  = 


1,  vx  =  -  1.0  + 


•M-i)  • 


(17.44) 


o,  1 7 )  ~  - — *  -  Q  j— i+o7 . 

4-  lrJ~-0  A  (->-<)  <-i—o7  _  —7  t 
•I*,  (-!-<)  e  ~e  C0St- 


(17.45) 


The  originals  of  the  coefficients  of  b  can  be  found  directlv 

n 


from  formula 


bn  —  1  vr  Pn  (cos  0)  sin  9d0  = 


(17.46) 
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where,  accdrding  to  (17.24) 


(17.47) 


np 


Considering  that  Ogtt  -  1  +  x)  =  0  where  x  <  1  -  t,  for  t  <  2 

we  find  that 


ft,- 


2n  -  I  1 
2  M« 


j’  xPn(x)dx, 


(17.48) 


where  t  >  2 


.  2n  - 1  |  7* 

"  2  mT'I  *^«  (*)<**• 


(17.49) 


The  integrals  of  (17.48)  and  (17.49)  are  taken  in  finite  form 
for  any  n.  Specifically,  where  t  <  2 


fti  = 


■stt{t 


(17.50) 


while  where  t  >  2 


(17.51) 


Thus,  the  solution  of  this  problem  is  derived  using  infinite 
series.  Employing  this  solution,  we  can  calculate  the  pressure  at 
any  point  in  a  fluid.  Calculated  pressure  results  in  terms  of  the 
first  four  terms  of  the  series,  for  three  points  on  the  surface  of 
a  sphere,  are  shown  in  Fig.  71 (calculation  performed  by  0.  K.  Fyodor¬ 
ov)  . 
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Fig.  71.  Net  Pressure  at  Points  on  a  Sphere  During 
Incidence  onto  it  of  a  Unit  Shock  Wave:  a  -  0  =  0°; 
b  -  9  =  90° ;  c  -  0  =  7T . 

-  solution  allowing  for  four  terms  of 

the  series; 

-  approximate  solution  according  to 

formulas  (17.81)  and  (17.82) 


We  can  see  from  the  figure  that  the  pressure  on  the  surface  of  the 
sphere  rather  quickly  becomes  equal  to  the  pressure  on  a  direct  wave. 
At  points  situated  on  the  facial  side,  pressure  changes  in  jumps;  on 
the  lee  side,  it  changes  gradually.  Pressure  equalization  time  is 
roughly  equal  to  the  running  time  of  a  wave  along  the  radius  of  the 
sphere. 


This  problem  is  similar  to  the  problem  on  progressive  motion  of 
a  sphere.  The  difference  is  that  in  the  latter  case,  the  normal 
component  of  particle  velocity  on  the  surface  of  the  sphere  is 


vr  —  0p(/)cosO,  (17.52) 

i.e.,  it  is  not  determined  by  summation  from  zero  to  n  -*■  00 ,  but  only 
by  one  of  the  Legendre  polynomials  [P^ (x) ] .  Moreover, 


(17.53) 


Thus,  this  solution  is  a  particular  case  of  the  solution  prev¬ 
iously  derived.  According  to  (17.33),  on  the  surface  of  a  sphere 


P«-  =  IWW  (»)  cos  0, 


where,  according  to  (17.34) 


♦i  l*) 


jl.  LiS  '\ . 

Ov  M») 


(17.54) 


(17.55) 


Using  the  original  and  considering  (17.45),  we  will  get 

P„  „  (a.  M I  .VVW  [i )  cos  0  -  wf  cos/  cos  0.  (17.56) 


It  follows  from  this  expression  that  at  the  initial  moment  in 
time,  pressure  on  the  surface  of  the  sphere  jumps  from  zero  to 
pQaQ  cos0;  pressure  subsequently  has  the  common  nature  of  a  time  rate 
of  variation  independent  of  the  point  coordinates. 

Let  us  find  the  net  load  acting  upon  a  sphere  both  in  the  case 
of  progressive  motion  and  in  the  case  of  its  diffraction  of  a  unit 
amplitude  plane  wave.  For  this  purpose  we  must  integrate  the  quan¬ 
tities  of  the  elementary  loads  with  respect  to  the  sphere  surface. 

The  projection  of  of  these  loads  on  the  z  axis  is  equal  to: 

dFt  -  />rfScosO  -  p2-u* sin&cosOdQ  —  —  pir.a-xdx.  (17 . 57) 


In  view  of  (17.56),  the  projection  of  the  net  force  onto  the  z 
axis  during  progressive  motion  of  a  sphere  will  be  derived  in  the 
form 
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Fig.  72.  The  Function  (Ji^(t)  for  Progressive 

Motion  of  a  Sphere  according  to  the  Unit 
Function  Law. 


where 


I'i  (0  =  e  cos  t 


We  can  easily  see  that  the  law  of  variation  in  net  load  is 
exactly  the  same  as  for  an  arbitrary  point  on  a  sphere  (Fig.  72) . 

If  there  were  no  diffraction  (the  hypothesis  of  plane  reflection) , 

Cthen  function  ^(t)  would  be  identically  equal  to  its  greatest  value 

^(0)  =  1. 

In  diffraction  of  a  plane  unit  wave  by  a  sphere,  pressure  at 
an  arbitrary  point  will  be  composed  of  pressure  on  the  direct  wave 
and  pressure  caused  by  flow-around  of  the  sphere 


+  P3 


(17.59) 


Let  us  calculate  separately  the  net  pressure  of  these  components. 
According  to  (17.23)  and  (17.57) 


fnp  U)  -  27.0*  J  3W  (/  —  1  j-  X \xdx. 


(17.60) 


However,  where  x<  1  -  t,  0^(1-  1+x  )  2  0  and  consequently, 
for  t  <  2 
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F, lfl  (/)  -  27.0*  j  xdx  -  r.ar  1 2l  —  /*  ); 

i-'/ 
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(17.61) 
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— imaiaa 


where  t  >  2 


M')  =  o. 


(17.62) 


For  the  second  load  component,  let  us  first  find  the  transform. 
According  to  (17.33) 


+i 


—  A  (v)  (v)  J  Pn(x)xdx. 


(17.63) 


Because  of  the  orthogonality  of  the  Legendre  polynomials,  all 
the  terms  of  (17.63)  except  the  first-order  term  are  equal  to  zero 
[x  =  P^x).  Consequently, 


-  ~  ™\a0.bx  (-J (i). 


(17.64) 


Employing,  as  we  did  before,  the  generalized  Borel  theorem  and 
changing  from  transform  to  original,  we  will  find  that: 

J  fri  (/  —  ‘i'i  (T) (17.65) 

Differentiation  with  respect  to  t  of  the  second  equation  in 
(17.50)  (where  tT  <  2)  yields 

*;(*)  =  --£*  (17.66) 


where  t  >  2 


M/)=o. 


Substituting  these  expressions  into  (17.65)  and  considering 
(17.45),  we  find  t.uat: 
where  t  <  2 

F*  (if)  2ra*  l'  [l  —  (7  —  *)]*  cos  vh  - 


=  2nfl*  2e 


^2e~‘  sin?  —  /  4-  -yj 


(17.67) 
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where  t  >  2 

7 

F,(/)«2ra*J  Jl  —  (?  —  t)],«-tco5tdt«4iw*tf~7sin7.  nn  CQ. 

7_j  11/  .bo; 

Combining  the  results  of  (17.61),  (17.62),  (17.67),  and  (17.68) 
the  summary  load  from  the  action  of  the  direct  and  diffraction  wave 
will  be  written  in  the  form  (Fig.  73) 

Fs{i)  =  4iuj*e“'  sin/.  (17.69) 

Expression  (17.69)  was  derived  by  Kharkevich  [21]  in  a  slightly 
different  manner. 

It  is  easy  to  notice  that  the  force  acting  on  the  sphere  rather 
quickly  vanishes,  which  is  associated  with  the  equalization  of  pres¬ 
sure  at  all  points  on  the  sphere  surface. 

With  the  aid  of  the  Duhamel  integral,  we  can  easily  expand  the 
formulas  established  to  a  wave  of  arbitrary  profile.  Specifically, 
the  net  force  during  diffraction  of  an  exponential-shaped  wave  by  a 
sphere  is  defined  by  the  relation 


(17.70) 


Integrating  (17.70)  with  respect  to  time  from  zero  to  infinity, 
we  can  see  that  the  total  pulse  of  load  F ^  will  be  equal  to  zero.  We 
will  derive  the  same  result  during  incidence  of  a  finite-duration 
arbitrary-shaped  wave  onto  a  sphere. 

The  extreme  simplicity  of  formulas  (17.67)- (17.69)  attracts  our 
attention.  At  first  glance  it  even  seems  somewhat  unexpected,  since 
the  solution  would  seem  less  complicated  than  the  problem  -  determin- 
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Fig.  73.  Net  Force  Acting  On  Immobile 
Sphere  During  Incidence  on  It  of  Unit 
Shock-Wave . 


ation  of  pressure  on  an  arbitrary  point  on  the  surface  of  a  sphere  - 
and  was  derived  using  an  infinite  series.  Moreover,  similar  effects 
of'.en  occur  and  can  be  attributed  to  the  properties  of  orthagonal 
polynomials.  This  often  makes  integral  evaluations  very  simple. 

This  fact  causes  us  to  consider  the  question  of  whether  we  can 
employ  the  method  of  determining  net  load  Ffl  for  the  approximate  ev- 
C  aluation  of  pressure  on  a  given  point. 

To  illustrate  this,  let  us  return  to  expression  (17.65),  which  we 
will  write  in  the  form* 


«<<-;)*.  ft*. 


(17.71) 


where 


b'  Tf3-3' -I''*)* 


(17.72) 


(17.50b) 


The  function  Q(t)  corresponds  to  F  (t)  where  t1  =  1  and  is  thus 

A  1 

the  second  component  of  net  load,  obtained  under  the  assumption  of  the 
hypothesis  of  plane  reflection.  In  this  connection,  ^(t)  character¬ 
izes  the  change  in  load  owing  to  diffraction,  while  Qd)-  owing  to 

* Expr e ssion  (l7.^1)  correspond s  to  the  Duhamel  integral  for  Q(Q)  «*  0. 
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the  sphere  being  drawn  into  the  wave.  If  Q(t)  were  a  unit  function, 
the  load  would  be  defined  by  the  function  ^ (t) ,  as  occurred  in  the 
motion  of  a  sphere  according  to  the  law  of  unit  function  [cf.  17.58)1. 
The  symmetry  of  functions  Q(t)  and  ^(t)  formulated  in  this  sense 
permits  us  to  consider  the  problem  of  determining  pressure  on  an  arbi¬ 
trary  point  on  a  sphere  according  to  the  following  pattern : 

pressure  is  determined  under  the  assumption  of  the  hypothesis 
of  plane  reflection  p*  (a,  0,  t^) ; 

employing  the  structure  of  the  Duhamel  integral,  we  introduce  a 
function  which  takes  diffraction  i^(t^)  into  consideration: 

r, 

M  -  *»>.  +  J^i I'.-*) lijrfx  — 


r, 

-  p',  i 6-  m  t  j p\  (t i 


(17. 73) 


For  a  sphere 


p(/,)cosO. 


(17.74) 


where  t^  -  dimensionless  time,  counted  from  the  moment  the  wave  front 
converges  with  the  point  of  observation. 


In  the  case  of  unit  wave  incidence 


p\  I,"-  °*  *i)  =  °o(',j  cos  9. 


(17.75) 


and  (17.73)  acquires  a  simple  form 


p3  la,  6,  /,)  =  Jq  f/, }  cos&i,  (?,), 


(17.76) 


where 


!  h  cos&. 
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I 


Formula  (17.76)  coincides  with  the  precise  expression  (17.40), 
if  we  consider  that  ^  in  the  latter.  We  can  easily  be  con¬ 


vinced  of  this  fact  in  view  of  the  fact  that 


*(lp  hfln 


(17.77) 


V  (7 1  J»,  (c«W»0  = 


(17.78) 


Substituting  (17.77)  and  (17.78)  into  (17.40),  we  derive  (17.76). 


The  equality  between  all  the  functions  ipn  is  accurately  realised 
for  the  initial  moment  in  time.  This  is  easily  shown  by  employing 
asymptotic  representations  of  the  Stokes  polynomials  in  the  range  of 
transforms 


A.'. |i_  •.  , 

U„  V  \  »  '  •••jl 


(17.79) 


whence 


(17.80) 


Based  on  the  preceding  arguments,  according  to  (17.76),  we  can 
write  the  approximate  expression  for  net  pressure  on  an  arbitrary  point 
on  a  sphere  in  the  following  form 


pt  (a,  0,  /,)  =  [l  +  (M  cosO|  3a  (/,) 


(17.81) 


where 


•i,  [tt)  »  e~u cos?,. 


(17.82) 


Calculated  results  according  to  (17.81)  are  shown  in  comparison 
to  the  "precise"  solution  in  Fig.  71.  "Precise"  solution  implies,  in 
this  case,  calculations  according  to  formula  (17.40)  having  four  series 
i  terms . 
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The  good  agreement  between  these  solutions  attests  to  the  feasi— 
bility  of  using  the  substantially  simpler  approximate  relationships  of 
(17.73)  to  describe  the  pressure  diffraction  field. 


Diffraction  of  "i  Plane  Wave  By  a  Rigid  Round  Cylinder 


A  number  of  researchers  have  studied  the  diffraction  of  a  plane 
wave  by  a  round  cylinder.  The  most  important  results  were  obtained 
by  V.  V.  Novozhilov,  R.  Skalak  and  M.  Freedman,  V.  L.  Prisekin,  Yu. 
A.  Fyodorovich,  Yu.  V.  Goryainov,  A.  K.  Pertsev,  and  others. 


The  formulation  of  this  problem  has  much  in  common  with  the 
problem  considered  earlier.  Onto  an  infinitely-long  rigid  round  cyl¬ 
inder  falls  a  plane  wave  of  unit  amplitude,  whose  front  is  parallel 
to  the  cylinder  axis.  We  must  find  the  pressure  diffraction  field  and 
calculate  the  net  force  acting  on  the  cylinder. 


The  additional  pressure  field  induced  by  the  presence  of  a  cyl¬ 
inder  in  the  fluid  is  characterized  by  the  potential  function,  which 
is  defined  by  the  wave  equation 


J  _ I  (f*f  __  0 

Or  ,«  i#i«  o'-  Of 


(18.1) 


The  association  of  pressure  and  particle  velocity  with  the  pot¬ 
ential  function  is  expressed  by  the  relations 

(18.2) 

While  considering  a  similar  problem  in  the  preceding  section, 
we  established  a  close  association  between  unit  wave  diffraction  pro¬ 
blems  and  the  problem  of  radiation  in  the  motion  of  a  body  at  a  velo¬ 
city  which  changes  according  to  the  unit  function  law.  Thus,  let  us 
first  consider  the  progressive  motion  of  a  cylinder  at  a  velocity 
which  can  be  described  by  the  unit  function  law.  Then,  the  limiting 
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conditions  can  be  written  thus : 


on  the  surface  of  a  cylinder 


=■•  cos03u(/), 

&  r  .. 


(18.3) 


where  0  -  the  angle  measured  from  a  half-line  perpendicular  to  the 
cylinder  axis  and  coinciding  with  the  direction  of  its  motion. 


At  great  distances  from  the  cylinder,  where  r  +  °° 


0. 


(18.4) 


The  solution  of  equation  (18.1)  will  be  sought  in  the  form 


( r ,  0.  f)«  2  <r„(r,  f)cos/i9. 

it  •  0 


To  define  functions  <|>ii (r , t)  from  (18.1),  we  find  that 


(18.5) 


,i.in  _L  n*  .. _ L  _  a 

0r!  r  dr  fi  "  a\  dt! 


(18.6) 


Let  us  apply  the  Laplace  transform  to  equation  (18.6) 

?,  =  J  'fr.e~y,dt, 

0 

where  v  -  a  complex  number  having  a  positive  real  part. 


(18.7) 


Consequently,  we  find 


(18.8) 


Equation  (18.8)  is  the  Bessel  equation.  Its  general  solution  is 


(18.9) 


where  In(x)  -  modified  Bessel  funtions  of  the  first  type;  Kn(x; 
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.■UU..'‘*T  ■![ 


■  S' 


modified  Bessel  functions  of  the  second  type  (Macdonald  functions) . 


On  the  basis  of  the  second  limiting  condition,  we  should  assume 

that  B  =  0  (where  r  00 ,  I  +  m) .  Therefore, 
n  n 


(18.10) 


To  define  the  coefficients  of  C^,  let  us  employ  the  first  limit¬ 
ing  condition  of  the  problem.  We  can  see  from  its  form  that  in  this 
case  there  will  only  be  one  series  term  in  the  expansion  of  the  funct¬ 
ion  3<jr/3r  with  respect  to  cosines.  Because  the  transform  of  the  unit 
function  Cg(t)  is  1/v,  according  to  (18.3) 


whence 


(18.11) 


Consequently,  according  to  (18.10)  and  (18.5) 


¥  “ 


a* 


(18.12) 


Using  the  original  instead  of  the  transform,  and  employing  the 
generalized  Borel  theorem,  we  will  find  that 


¥  v 


*  O  =s 


d~>  cos 


e. 


(18.13) 


Differentiating  with  respect  to  t,  and  in  view  of  the  properties 
of  the  Dirac  delta  function,  we  find  that  the  magnitude  of  pressure  on 
the  cylinder  surface  is 

P  (a>  9.  t)  —  (t)  cos  0,  (18.14) 
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where 


(18.15) 


The  values  of  the  denominator  roots  of  the  subintegral  function 
of  (18.15)  are 


Vj  7  =  —  0,644  +  1 0,50 1 . 


Goryainov  suggested  the  approximation  of  the  function  in  the 


form 


ft 216 cos 0,5/  + 0,1 89  sin  0,5/ )  C'0®44' 


(18.16) 


The  net  load  per  unit  length  of  the  cylinder  is  determined  by 
the  expression 


2*  2* 

F t  =  J  p  cos  iiadd  =  f/#a0ai,  (/)  |  cos*  3d9  « 
o  b 


mvvMO. 


(18.17) 


This  finding  is  totally  similar  to  the  one  derived  earlier  in 
the  study  of  sphere  motion.  The  nature  of  variation  in  net  force  and 
motion  at  an  arbitrary  point  on  a  surface  is  defined  by  a  general 
function  of  time.  A  graph  of  <J>^(t)  is  shown  in  Fig,  74.  The  appear¬ 
ance  of  the  curve  is  similar  to  one  for  the  motion  of  a  sphere  (cf. 
Fig.  72).  It  differs  only  by  its  slower  drop  in  pressure  which  is 
easily  attributed  to  the  geometry  of  the  process  (plane  flow-around 
instead  of  spatial) . 


Diffraction  of  a  unit  wave  by  a  cylinder  is  similar  in  formulat¬ 
ion  to  the  problem  already  considered.  The  difference  is  in  the  form¬ 
ulation  of  the  first  boundary  condition.  As  before  [cf.  formulas 
(17. 22)- (17. 25) 3 ,  the  normal  component  of  particle  velocity  behind  the 
front  is 


%>  =  - 


■COS 


9  + 

\  *0  «0  /  ’ 


(18.18) 
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where  it  is  customary  to  begin  counting  time  from  the  moment  the  wave 
front  arrives  at  the  surface  of  the  cylinder. 

To  determine  the  coefficients  of  C  ,  we  should  expand  expression 
(18.18)  into  a  series  in  terms  of  cosines 


V  C  cos  rtO. 

up  M  n 


(18.19) 


According  to  the  laws  for  defining  the  coefficients  of  the  Four¬ 


ier  series 


i 

---  —  a,s  —  f  v  d0, 

-*•  b  "p 
l 

Ln-  —  «a'-u  |  v.  cosn9dG, 

“  „  >•* 


(18.20) 


whence,  after  substituting  (18.19)  into  (18.20)  and  performing  simple 
calculations , 


where  t  <  2 


Cg  «  ~  sin 


C«-4-(H  -jsin 2?j, 

C  I  j  lj  S  ,  sin  (a  -  I)?1 

*  *1  «-!  nil 


(18.21) 


where 


Where  t  >  2 


'f>  =  arccos(l  — 


Cu  -  C.  —  ...  =■-  Cn  -■  0,  ^ 
C,  =  1 .  I 


(18.22) 


(18.23) 


Using  the  same  arguments  as  in  the  preceding  section  [cf.  (17.39), 
(17 .40) ] ,  we  will  find  the  addition  pressure  at  points  situated  on  the 
surface  of  the  cylinder  in  the  form 
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Fig.  74.  Function  ^  (t)  for  Progressive 

Motion  of  a  Round  Cylinder  according  to 
the  Unit  Function  Law. 

-  calculated; 

-  approximated. 


pa(a,  0.  7)  cos02u{J'  —  1  t. cos 01  ~ 


+11  fa**r** 


n—  o  Lo 


cos  nO. 


(18.24) 


where 


JL  f  «nf± 

»J  *-<>> 

U) 


(18.25) 


Calculation  of  the  function  *j>n(t)  is  associated  with  mathematic¬ 
al  difficulties.  Its  precise  value  was  first  derived  by  Goryainov 
in  conjunction  with  I.  L.  Mironov,  A.  K.  Pertsev,  and  A.  Ya.  Rukolaine. 


It  is  defined  by  the  expression 


i 


e~"d k 


\ fiKn(»)  !  »*„_,<*)}*  I  rt\nln(*)-*lll-i  «)|! 


-V  j- 


(18.26) 


where  In(x),  Kn(x)  -  modified  Bessel  functions  of  the  n-th  order  of 
the  first  and  second  type;  \L  -  complex  conjugate  roots  of  the  equat¬ 
ion* 


*The  number  of  roots  is  determined  by  the  closest  even  number  to  the 
expression  n  +  1/2. 


242 


a**” 


- '  s'  '7,  ,/•  \ 


•  *■  1  •’  . 


C 


’  c 


Fig.  75.  Pressure  at  Points 
during  Diffraction  of  a  Unit 
Wave  with  Respect  to  a  Round 
Cylinder:  a  -  0  =  0° ; 
b  -  6  =  -rr/2 ;  c  -  0  =  tt. 


■  calculated,  allowing  for  eight 
terms  of  the  series 
approximated,  using  the  rough 
approximation  (t) 


I 

t 


t 


! 

f 


c 

i 

j 

For  n  =  1,  2,  3,  Skalak  and  Freeman  cite  the  values  of  the  roots  i 

in  their  study.  j 

t 

The  calculated  pressure  in  terms  of  the  first  eight  terms  of  the  | 

series  for  several  points  on  the  surface  of  a  cylinder  is  shown  in 
Fig.  75  (calculated  by  Goryainov).  Comparing  these  data  with  Fig.  71 
we  can  conclude  that  the  nature  of  variation  in  pressure  on  the  sur-  < 

face  of  a  cylinder  is  the  same  as  on  the  surface  of  a  sphere,  except  j 

for  a  somewhat  retarded  drop  in  amplitude.  I 

A 

1 

As  before,  pressure  may  be  approximated  roughly  in  the  form  j 


(>) = — rt/C,  (v)  — vA'n_,  (v)  =  0. 


(18.27) 


n3(a,  '),  t)  co$0j,(f  —  l  +  COS0)3o(J—  1  -|  cosO). 


(18.28) 


^  The  net  pressure  (allowing  for  the  direct  wave)  is 

p(a,  8,  o  |i  +  cos 8)|  (?  -  1  + cos 0). 
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(18.29) 


.■iriwami^iiTilSfirAriTa; 


or,  by  counting  time  from  the  moment  the  direct-wave  front  converges 
with  the  point  of  observation 


/,  =  /  —  1  4-  cosO 

P(o,  9,  ?,)=|14  *,(/,)  cos  9| a0 (/ ,). 


(18.30) 


The  function  i|)^(t^)can  be  approximated  with  roughly  the  same 
precision  by  a  linear  or  exponential  relation  (the  linear  approximat¬ 
ion  is  shown  in  Fig.  74).  Thus, 


(18.31) 


Allowing  for  (18.31),  formulas  (18.29)  and  (18.30)  may  be  re¬ 
written  in  a  form  which  is  quite  suitable  for  practical  calculations 


P(a,  9»  ?,)c s(t  4-<?“',co$9)30(71), 
p(a,  0.  /,)==  =»n(7i)  4  30<7,-2)|. 


*(18.32) 


(18.33) 


Let  us  now  calculate  the  cumulative  load  acting  on  a  unit  length 
of  the  cylinder  when  a  plane  wave  falls  onto  it.  Let  us  individually 
evaluate  the  two  components  of  this  load.  For  the  direct  wave  pnp  = 

=  <jg  (t  -  1  +  cose  ),  we  find  that 


Fw(t)  =  |  a 0(/  —  1  4-  cos 9) a  cos 0  dO. 


(18.34) 


Considering  that  Oq  (t  -  1  +  cos0  )  =  0  where  cos  0  <  1  -  t 
(i.e.,  where  0  >  arc  cos  (1  -  t)  and  2 tt  -  0  arc  cos  (1  -  t) ) ,  for 
t  <  2  we  will  find  that 


arc  cut  (l—O 


F„p(t)  =  2c.  J  cos Bdi  =  2a  |  2 /-7s. 


*Formula  (18.32)  was  suggested  by  Yu.  A.  Fyodorovich. 


(18.35) 
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Where  t  >2 


fnP  <0>,-o. 


The  second  component  of  the  cumulative  load  will  be  calculated 
by  employing  the  previously  derived  expression  (18.24)  for  the  quan¬ 
tity  of  additional  pressure: 


it  i« 

FA(i)  =  a  j  p,(o,  8,l)cos9d9*=aj  «#(?  —  1  +  co88)cos*0d& -f 

o  • 

+  o  vf  5)<fil  fcol«co«nMa. 

*  Ji'  (18-3e) 


Due  to  the  orthogonality  of  the  function  cos  nQ  ,  all  the  terms 
of  the  series  in  (18.36),  except  one  (n  =  1)  vanish.  Consequently, 


o 

-f-  cos  9)cos*  Od0  -f- 


+  an  j*  C,  (t)  ~  h  (t  —  t)  dr. 

0 


(18.37) 


In  view  of  the  property  of  the  unit  function,  and  likewise 
(18.21)  and  (18.22),  we  will  find  that: 

where  t  <  2 


,.K  i-o.  (I— 0  f 

f3(i)  2 a  (  cos’9d9  4  a  I  jarccos(l  —  *)  + 


+  \'f.  -  *  .  (I  -  i)|  -4-  ^(i-r)dr  = 
arccos(l  —  if')  |  2 "t  —  /* <1  —  j)  +  j  [arccos(l  —7)  + 

+  V  2t  -  ?  (I  -  *)]  •  (i  -  t)dtj ; 


(18.38) 
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Fig.  76.  Net  Force  Acting  on  Immobile 
Round  Cylinder  Where  Unit  Shock-Wave 
Falls  onto  It. 


where  t  >  2 


f, (/>«»«+  «  |arc 


X 


i 

*  rt 


%  **  i,  (/  -  t)«fc  +  *o  l  -  '  -  ft  (<  -  t)ifc  ■■■ 
at  '  J  “* 


».  _  .. 

o  j  I  arc  cos  (I -x)  +  1^2t--*(l  -t)|x 


X  0 — t)  dx  -j-  ko ft  (<  —  2). 


(18.39) 


The  calculated  cumulative  loads  according  to  the  formulas  cited 
by  Goryainov  are  shown  in  Fig.  76. 


§19 .  Hydrodynamic  Forces  in  the  Progressive  Motion  of  an 
Absolutely  Rigid  Body  of  Arbitrary  Shape 

The  general  method  for  solving  the  problem,  developed  in  the 
preceding  section  can  be  also  used  in  evaluating  hydrodynamic  forces 
formed  in  progressive  motion  of  arbitrarily-shaped  bodies.*  In  this 
case,  the  net  load  is  defined  by  the  relation 


*Strictly  speaking,  this  is  valid  for  free  bodies  if  the  shape  is 
symmetric  with  respect  to  the  direction  of  motion. 
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(19.1) 


y<  z,  t) cos  nzdS  =  OgJ*  |  cos  nzd‘ 


where  p(x,  y,  z,  t)  -  pressure  on  the  surface  of  a  body; 

n  -  the  direction  of  the  external  normal  at  point 

x,  y ,  z. 


The  motion  of  a  body  occurs  ;>.n  the  direction  of  the  z  axis  at 
a  velocity  of  z  =  (t) . 

The  velocity  potential  of  the  disturbed  fluid  motion  is  charact¬ 
erized  by  the  wave  equation 

J*jL  ,  _  J_  dhf 

dx*  dy*  dz*  <j*  dt*  (19.2) 

under  the  following  boundary  conditions: 
on  the  surface  of  the  body 

dx  •  ^ 

=  zcosm,  (19.3) 

on 


at  a  distance  from  it 


T  “*-0  npH  r  «  Vx*  +  y*  -f  **  -►CO. 


(19.4) 


As  before,  let  us  apply  a  unilateral  Laplace  transform  to  equat¬ 
ion  (19.2) 


m 

?  =  j  ?(*.  y.  z,  t)e~'‘dt 


(19.5) 


where  Re(v)  >  0. 


Then,  in  transforms  (19.2)  will  be  written  as 


.  - 
d\*  0y*  di*  Oq 


(19.6) 
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The  first  limiting  condition  where  z  = 


cr0  (t)  will  be 


l  A 
—  cos  a*. 

V 


(19.7) 


Drag  force  in  transforms  is 


F,  (v)  =  r,#v  j  j  9  cos  MdS. 


(19.8) 


Because  we  have  been  interested  in  integral  evaluations  from  the 
very  start,  let  us  stipulate  that  the  function  of  the  potential 
be  measured  at  points  in  the  medium  which  are  situated  on  some  surfaces 
S*  which  are  equidistart  to  the  surface  of  the  body.  The  physical 
meaning  of  S*  surface  is  that  wave  disturbances  propagating  at  the 
same  time  from  all  points  on  the  body  will  have  envelope  curves  lying 
on  these  surfaces.  The  generalized  coordinate  r  for  these  surfaces 
will  be  understood  as  the  shortest  distance  from  the  origin  of  the 
coordinates  to  points  on  these  equidistant  surfaces  along  the  normal 
to  the  surface  of  the  body.  We  are  furthermore  given  that  the  cor¬ 
responding  distance  from  the  origin  of  the  coordinates  to  the  surface 
of  the  body  is  equal  to  a.  Then,  apparently,  the  relative  coordinate 
r  =  r/a  =  1  will  be  satisfied  by  the  surface  of  the  body  S. 

Accordingly,  it  is  convenient  to  additionally  designate  that 


—  ^  r  —  N 

?♦('".  »)  =  J  J  fcos  mdS, 

?•  (r,  0  *■  J  J  <?  cos  MdS. 


(19.9) 


Employing  the  previously-developed  general  method,  the  function 
<F*(r,  v)  will  be  written  in  the  form 


?,(r.  v)  =  C(v)£(r,  v). 


According  to  (19.7)  and  (19.9) 


«=  — =  —  f  f  cos1  MdS 
r  I  dr  r'-l  '  J 


(19.10) 
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..imu 


-  -  'KttrH?''  -'-'-7'-  " 


where 


Hence,  to  define  C(v),  we  have 


-  C(v) 


*(r.  y) 
dr 


A 


(19.11) 


and  consequently. 


?*(r, 


r*{r,  v) 

d'.(r,  v) 

df 

r  » 

:  (r. 


vrhere 


tW  =  iUp| 


r-l 


According  to  (19.8)  and  (19.12),  drag  is 


i.  '>=f.*4ff. 

*  Y») 


or,  using  the  original, 


/-K 


F* (/>  =  277  I  ~F*Mc'>d'- 


i-i~ 


(19.12) 


(19.13) 


(19.14) 


If  we  are  given  function  F* (t) ,  then  with  an  arbitrary  law  of 
variation  in  velocity  i  =  i(t) ,  drag  can  be  derived  with  the  aid  of 
the  Duhamel  integral 


Fit)  =  F0  (0  z  (0)  +  j  z  ( t  - 1)  /%  (z)  dz, 
0 


(19.15) 


or  with  zero  initial  data  l£(0)  =  0] 


z(t  —  z)F.  (z)dz. 


(19.16) 


Let  us  designate  that 


F*  (t)  =—  F0'j(t), 


(19.17) 
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where 


Then 


(19.18)  j 

| 

(19.19)  | 


(19.20) 


Here,  FQ  corresponds  to  drag  when  calculating  in  terms  of  the 
hypothesis  of  plane  reflection  (ip  =  1)  ,  while  function  (t)  charact¬ 
erizes  variation  in  this  force  owing  to  diffraction.  The  main  prob¬ 
lem  is  namely  in  evaluating  the  function  ijj(t).  At  the  present  time, 
this  evaluation  can  only  be  done  for  the  simplest  cases  (an  infinite 
cylinder,  sphere,  piston,  plate).  The  question  arises  as  to  how  we 
should  proceed  in  other,  less  important  cases  (with  respect  to  prac¬ 
tical  applications) . 

Let  us  try  to  plan  a  means  for  approximation  of  a  solution.  We 
have  noted  maiy  times  before  that  the  function  ip (t)  depends  on  one 
dimensionless  parameter,  differs  greatly  from  zero  only  at  the  initial 
period  in  time,  and  is  equal  to  the  running  time  of  the  wave  between 
the  most  distant  points  on  the  surface  of  the  body.  In  this  interval, 
the  nature  of  variation  in  the  function  is  close  to  linear.  Moreover, 
as  was  shown  in  §14  and  15,  the  total  integral  with  respect  to  time 
from  function  i|>(t)  is  proportional  to  the  quantity  of  apparent  mass. 
Actually,  where  Sq  approaches  infinity,  we  have  from  (19.20) 

F(/)=-z(/)Fo  .[•>(*)*.  (19.21) 


Because  FQ  is  proportional  to  aQ  and  ip  (t  )  is  a  function  only  of 
one  dimensionless  parameter  T  =  a^t/a,  where  2(t)  the  coefficient 
known  as  apparent  mass  is  not  a  function  oi  the  speed  of  sound  and  is 
equal  to  „  „ 


(19.22) 
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A 


We  can  arrive  at  formula  (19.22)  directly  from  general  physical 
concepts  117].  Actually,  the  integral  with  respect  to  time  of  drag 
of  a  body  in  a  fluid  is  equal  to  the  momentum  translated  to  the  med¬ 
ium.  When  the  rate  of  travel  changes  according  to  the  unit  function 
law,  this  quantity  is  different,  like  apparent  mass. 


Consequently,  the  following  rough  approximation  can  be  suggested 
for  the  function  ip  (t) 


(19.23) 


Time  t*  is  defined  from  the  condition  of  equality  of  the  areas 
bounded  by  the  curves  ip*  (t)  and  ip  (t) : 


whence 


(19.24) 


Thus,  the  problem  of  evaluating  hydrodynamic  force  during  pro¬ 
gressive  motion  of  a  body  obtains  an  approximate  solution  if  we  are 
given  the  quantity  of  apparent  mass. 

As  an  example,  let  us  consider  the  motion  of  a  prolate  ellipsoid 
of  revolution  in  the  direction  of  the  axis  of  symmetry. 


Let  us  first  find  the  value  of  FQ.  After  expanding  the  coord¬ 
inates  at  the  center  of  the  ellipsoid,  let  us  write  the  equation  of 
its  surface 


(19.25) 


where  a  and  b  are  the  dimensions  of  the  semiaxes  of  the  ellipsoid 
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(b  >  a) . 

According  to  (19.18) 


*  •  A 


Fa  =  :>#„  \  \  cos*  ndS. 
s  ' 


or,  using  a  contour  integral  instead  of  the  surface  integral. 


*  »  _ 

=  2'>0a02itj  y  cos*  H2d/  =  4r;,„au  j*y  J  /  1  +  (—)*  cos-  nidi,  (19.26) 


y  xx  a 

dy  _ 

at 

dz 

A 

*>1  m“„7*  ’ 

1 

cos  nz  — 

l/'-Mir 

Substituting  these  quantities  and  performing  simple  transform¬ 
ations,  we  find  that 


f,“4r?*Fr-T^  ’ 

•  I  i 


where  z  . 

*  6 


Integration  yields 


F.  V-/ irb}' 


(19.27) 


As  we  know,  the  quantity  of  apparent  mass,  for  the  motion  of  an 
ellipsoid  of  revolution  in  the  direction  of  the  larger  axis  [16] ,  is 

MnP  =  Po  Yra9klB' 


(19.28) 


Fig.  77.  The  Coefficient 
of  Apparent  Mass  for  a  Pro¬ 
late  Ellipsoid  of  Revolution. 


Fig.  78.  The  Relation  of 
t*  as  a  function  of  a/b  for 
a  prolate  ellipsoid  of  re¬ 
volution. 


where 


Therefore , 


(19.29) 


(19.30) 


where 


1‘ 


A_ 

20 


c,._^.areSl„j/‘Lr! 


(19.31) 

(19.32) 


The  relationships  of  y  = 


and  t*  as  functions  of 


2eT  w* 

are  shown  in  Figs.  77-78.  For  large  k,  we  have 


i r 


a 

TT 


In2t-j 


C  ;> 


2  * 


and  consequently, 

/.  *  :3~  (ln2Ar-l). 
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(19.33) 


Fig.  79.  Coefficient  x 
for  an  Infin.itely-Long 
Small  Arc  of  a  Circle. 


Fig.  81.  Coefficient 
of  apparent  mass  for 
an  infinitely-long 
cylinder  having  a 
lune-shaped  cross  sect¬ 
ion. 


Fig.  83.  Coefficient  of 
apparent  mass  for  an  in¬ 
finitely-long  rhombic 
cylinder. 


Fig.  80.  Coefficient  x 
for  an  Infinitely-Long 
Elliptical  Cylinder. 
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Fig.  82.  Relationship  of  t* 
as  a  function  of  a/b  for  an 
infinitely-long  cylinder  having 
a  lune-shaped  cross  section. 


Fig.  84.  Relationship  of  t, 
as  a  furction  of  b/a  for  an 
infinitely-long  rhombic 
cylinder. 
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Fig.  85.  Coefficient  of  apparent  mass  for 
an  infinitely-long  rectangular  cylinder. 


Fig.  06.  Coefficient  of 
apparent  mass  for  a 
parallelepiped . 
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Fig.  87.  Coefficient  of 
apparent  mass  for  an .elliptical 
plate. 


The  quantities  FQ  and  t*  are  calculated  by  analogy  for 
bodies  of  different  shape.  Calculated  findings  for  plates  of  diverse 
configurations  and  several  geometric  bodies  are  shown  in  Tables  3  &  4 
in  Figs.  79-87. 


Table 


Table  3  (cont'd) 


Table  3  (cont'd) 


a. 
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§20.  Hydrodynamic  Forces  Formed  When  Plane  Wave  Falls  onto  an 

Immobile  Absolutely-Rlgid  obstacle  of  Finite  Dimensions  and 
Arbitrary  Shape 

As  we  showed  earlier,  the  problem  of  evaluating  net  load  for 
the  incidence  of  a  plane  wave  onto  an  absolutely-rigid  body  can  be 
reduced  to  determining  drag  for  motion  at  a  velocity  which  changes 
according  to  the  unit  function  law.  The  unit  function,  in  turn,  re¬ 
duces  to  the  calculation  of  the  function  (t) ,  which  can  always  be 
calculated  approximately  if  we  are  given  the  body's  apparent  mass. 

Based  on  these  ideas,  let  us  show  the  way  to  practical  evaluat¬ 
ion  of  the  net  hydrodynamic  force  for  the  incidence  of  a  plane  wave 
onto  a  body  of  arbitrary  shape. 

After  having  selected  the  same  system  of  coordinates  as  in  the 
preceding  section,  and  expanding  the  z  axis  in  the  direction  of  wave 
run,  pressure  on  the  direct  wave  and  the  rate  of  particle  motion  will 
be  written  in  the  form 


lv<>- 

The  net  load  will  be  written  as  the  sum  of  two  components 

F(  [0  =  Fn[>(t)  +  (20.3) 

the  load  from  the  effect  of  direct-wave  pressure  on  the 
surface  of  the  body; 

the  load  from  the  effect  of  additional  pressure  of  the 
reflected  and  diffraction  waves  on  the  surface  of  the 
body. 

By  definition, ,the  first  component  of  load  is 


where  F  (t)  - 
np 


(20.1) 

(20.2) 
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X 


FnpV)  --•=  -  j  j  p, p  COS  /UdS  --pm  j  j/(/  -  ■£) 

X  ~  I  cos  wzdS  =*—  pm  j  |  ~  )  cos  nzc/S, 


s.  If  0,0 


(20.4) 


where  -  the  portion  of  the  body  surface  situated  in  region  z  <  a^t. 


The  second  component  is  defined  by  the  relation 


r,{t)  \\  t>3  (A.  y,  z,  t)  cos  nzdS  -  », 1 1  “[*  cos  nzdS, 


(20.5) 


where  <j>  -  velocity  potential  satisfying  the  wave  equation 

dx*  dtp  di*  nj  dt* 

The  boundary  conditions  of  the  problem  are: 


(20.6) 


on  the  surface  of  the  body 


di  A 

— 1-  +  vnpcosnz«=0 

Oft 


(20.7) 


or 


(20.8) 


at  a  distance  from  the  body 


9  -♦  0  npH  r  =  V*  +  0*  +  **  -<•  CO. 


After  applying,  as  before,  the  unilateral  Laplace  transform 


?  f  ?(*,  y,  z,  t)e~''dt  (Rev  >  0). 
6 


(20.9) 
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in  transforms  we  find 


dx*  dy*  d:>  Qq  t' 


dn 


A 

=  —  V„p(Z,  »)COSM 


l*  oj 


Let  us  designate  that* 


9*(r,  *)  =  j  j?  cos  nzdS, 
9 *(r,  t)  «  J  f  9  cos  mtiS. 


(20.10) 

(20.11) 


(20.12) 

(20.13) 


As  in  §19,  let  us  write  the  function  <j>*(r,  v)in  the  form 

^*(r,  v)  =  C(v);(P,  v).  (20.14) 


The  boundary  condition  of  (20.11)  for  $  (r,  v)  can  be  written 


thus: 


I 

M»  * 


(20.15) 


where  Q(v)  -  the  transform  of  the  function: 


Q  (0  =  !  o°«  (  j  w«p  cos1  m  dS  a  pw  f  j/(f  -  —  j  X 
s  $ 

X®,(/~J-)c°s*«dS.  (20.16) 

We  can  easily  illustrate  the  physical  meaning  of  the  function 
Q (t) .  The  form  of  its  writing  shows  it  to  be  nothing  else  than  the 
load  formed  on  the  surface  of  a  body  under  the  influence  of  reflected 
wave  pressure  according  to  the  hypothesis  of  plane  reflection. 


*As  in  §19^  r  =  r/a,  where  a  is  the  distance  from  the  origin  of 
the  coordinates  to  the  surface  of  the  body . 
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Consequently,  according  to  (20.14)  and  (20.15) 


-Jr  .  =C(v)-%lL  —  Q  (v)/p«fl0. 


(20.17) 


and  consequently, 


(20.18) 


where 


dUt.  v) 


Let  us  write  the  second  component  of  net  load  in  transforms. 
According  to  (20.5),  (20.12),  and  (20.18),  we  have 


Ft  =  wj*  jipcosradS  =  p,#v?* (r,  >) . ^ 

=-i»9w4f!  . 

*  «W  IfVl 


(20.19) 


but  [cf.,  for  example,  (19.19)] 


— Lifc-i  «*(>). 

■  S(>)  7-i  • 


(20.20) 


consequently) 


ip*  •=  »$(*)♦(*)• 


(20.21) 


Based  on  the  Borel  theorem  for  the  original,  we  find  that 


FA"  !C(0)i(O  +  J'Q(/-t)MT)dt, 


(20.22) 


or,  likewise, 


tAU)  ■  QU)  >  \  Q(i  —  *)$(*) dx. 


(20.23) 
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The  derived  solution  is  approximate,  because  it  satisfies  bound- 
C  ary  condition  (20.17)  in  the  integral  sense  of  (20.15)  and  not  at 
each  and  every  point.  It  will  be  precise  only  for  bodies  having  a 
surface  motion  which  is  orthogonal  cos  rfe  in  form,  causing  pressure 
which  is  distributed  along  the  surface  likewise  according  to  the  or¬ 
thogonal  law  cos  rifc  (e.g.,  for  a  sphere  and  a  round  cylinder). 

For  arbitrarily-shaped  bodies,  precise  relationships  which  est¬ 
ablish  the  association  between  the  diffraction  load  and  drag  were 
derived  by  L.  I.  Slepyan  [17]  by  expanding  body  surface  point  dis¬ 
placements  into  a  series  in  terms  of  a  total  system  of  vector  funct¬ 
ions. 

Although  relations  (20.22)  and  (20.23)  are  generally  approximate, 
by  satisfying  the  boundary  condition  in  the  integral  sense  of  (20.15), 
they  permit  us  to  precisely  reduce  the  determination  of  diffraction 
load  for  an  arbitrary  rigid  body  of  finite  dimensions  to  the  eval- 
(  uation  of  drag  of  this  same  body  in  an  ideal  fluid.  Moreover,  the 
'  derived  solution  can  easily  be  expanded  to  include  the  case  of  a 

shock-wave  having  a  curvilinear  front  (e.g.,  spherical).  Instead  of 
the  boundary  condition  (20.7),  we  will  have: 

~dn  *  tv  cos  m”>  “  0l  (20.7a) 

where  n$  -  the  angle  between  the  direction  of  the  external  normal 
to  the  surface  of  a  body  and  the  direction  of  the  vector  of  particle 
velocity  in  the  direct  wave. 

A  corollary  of  (20.7a)  will  only  be  a  change  in  expression  (20.16) 
for  Q  (t) : 

Q(0=!>oOo  \  I W,,p  cos  wnr,  cos  nz  dS 

V  (20.16a) 

* 

while  retaining  the  final  relations  (20. 22) - (20. 23) . 

1 

We  earlier  showed  the  feasibility  of  the  linear  approximation  of 
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the  function  ^(t)  [cf.,  for  example,  (19.23)].  In  this  case,  where 
.*  t  <  t* 

i 

rti  i  • 

(20.24) 


I 

<?(/)- y-j*Q(x)dt, 


where  t  > 


r.  I 

^(0=Q(0--ffQ(/-x)*«Q(/)~i-  f  (20.25) 

*  o  *  <i». 


Let  us  designate  the  function  Q(t)  for  the  effect  of  a  unit 
amplitude  wave  using  Q* (t) .  The  function  Q* (t)  is  variable  until 
the  wave  encompasses  the  entire  body.  Henceforth,  it  becomes  constant 


Q* 


n.„ 


M. 


(20.26) 


I 


where 


ion. 


L  -  the  length  of  the  body  in  the  direction  of  front  propagat- 


It  follows  that  (t)  is  identically  equal  to  zero  where  t  > 
t£  +  t*.  Methods  of  evaluating  the  functions  4»(t)  and  Q*  (t)  have 
been  illustrated  many  times  above.  Therefore,  the  theoretical  port¬ 
ion  of  the  oblem  can  be  considered  as  having  been  explained. 


Let  us  illustrate  these  ideas  with  several  examples. 

Let  us  find  the  hydrodynamic  force  formed  during  the  incidence 
of  a  plane  wave  onto  a  sphere.  The  value  of  the  first  load  component 
was  previously  derived  (cf.  (17.61)  and  (17.62)] 


F  - 

*  lip  — 


-a*  (2/  —  /») 
0 


where 


/  <  2 
f>  2. 


(20.27) 


i 


According  to  (20.16),  the  quantity  Q*  is 

Q*  (/)  =  j  J  co$J03o{/  +  l  —  cos 0)  dS : 
s 
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■A.; 


k 


-■tFHWww  '!?* 


f 

3  *a*(l -f  (7— l)*|  where 

7<  2 

A 

(20 

Tsa* 

7>2. 

According  to  Table  3 

t 

2Af„p  — a  .  -f  _  j 

'*  F.  fl*’  * 

(20 

’  Substituting  (20.29) 

and  (20.28)  into  (20. 

24)  and 

(20.25) ,  we 

find  that 

4  +  (<-!**-/ — J-(?~i)4 

4  * 

where 

7  <7* « i 

’ 

—  iy» — 

where 

I  <7  <2 

-HI  --+ 

where 

2<7<  3 

4  4 

{ 

o 

where 

7  >3. 

(20.30) 

A  comparison  of  (17.67)  and  (17.68)  with  (20.30)  shows  that  in 
the  given  (but  perhaps  the  only)  case,  the  approximate  solution  is 
somewhat  more  complicated  than  the  precise  solution.  The  convergence 
of  results  is  satisfactory,  as  attested  in  Fig.  88a. 

The  advantage  of  the  approximate  method,  from  the  point  of  view 
of  simplicity  in  deriving  a  solution,  becomes  apparent  when  determin¬ 
ing  the  load  formed  on  a  round  cylinder.  In  this  case  [cf.  (18.35)], 


f„P(0  = 


2a  \  f  27  —  i*  where 

0  t  >2. 


(2 0.31) 


QAO  * 


a  arc  cos  (!  ~7)  +  (1  —  f) \r2t  —  i-j 


where 

/<  2 

where  7  >  2, 


(20.32) 
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bmp- 


Fig.  88.  Net  Force  Acting  Upon  an  Immobile  Rigid 
Sphere  (a)  and  Round  Cylinder  (b)  During  Incidence  of 
a  Unit  Shock  Wave. 

-  precise  solution;  -  approximated. 


while  according  to  Table  3, 


i  _  2Mntl 

*  F, 


2a 

a. 


*=  2, 


—  (3  -  0  arc  cos(l  -  f)  4  ~  (3-  8/4  t*)  V  2/ -/* 

DR 

where  t  <  2 

f-T-15IarccM(3-?,+T(i  +^)x 

X  ]/  6/  —  8  — •  /*  where  2  <  t  <  4 

0  where  t  >4 


(20.33) 


Results  calculated  according  to  the  precise  (§18)  and  aprroximate 
solutions  are  shown  in  Fig.  88b.  As  we  can  see  from  the  figure,  the 
convergence  is  rather  good  here.  The  bulk  of  precise  solution  cal¬ 
culations  cannot  be  compared  with  that  shown  above. 

As  one  example,  let  us  consider  the  net  load  acting  on  an  ellip¬ 
soid  of  revolution  during  incidence  of  a  plane  wave.  In  this  case, 

_  -  j  — /*)  where 

•up (0 ~  |  , 

{ 0  where 

where  * 

b  -  the  large  semiaxis  of  the  ellipsoid  in  whose  direction  the 
wave  propagates. 


t  <2 
0  2, 

(20.34) 
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The  quantity  Q*  is  calculated  exactly  as  was  shown  in  §19  when 
evaluating  FQ  [cf.  (19.26),  (19.27)]. 

We  have 


V*  - 1 


1  AJ  arc  sin - - 

_ K£*  _]  k 

}^Z~i  L  **  —  * 


Y»  - 1 


V**— i 

A*  arc  fin - — - (I  — 0 


Q.(0= 


2  mi1 


+0-0J/ 

•-iV  **-i  ~ 


where 


where 


(20.35 


where 


According  to  data  of  §19  and  Table  3, 


~t  *Ik  ^  A.  yrkt  _  j  . 

b  1  *  1  If. 


(20.36) 


where  y  and  C  are  defined  by  formulas  (19.31)  and  (19.32). 

Employing  the  relations  (20.24)  and  (20.25)  and  integrating, 
we  find  that 


At  -=-  “*  <4a  -f-  B  -f  C  +  D 
*o*  —  -f-  •+■  C  •—  £ 

l  +A9-E-M 


where 


where 


where  if*  <  f  <  2 


?  •  o  .y 

A  N*  •»  1*1 


where  ?  >  2  +  /*, 


(20.37) 
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where 


At. 

At- 

A, 

B 


..  .  V **  - 1 

A*  nc  sin - - - 

*i_| 


1'a»-I 

A*  arc  sin  ~ - (I  -/) 

_ A _ 

A*  - 1 


(HH 


l  A1  —  I  -  - 

A1  arc  sin - - - (1  —  /  f  f  ,> 

h 

~~~~~  j—  — —  — 


.  (Hr1)  • 


s'sbK1  0- 


c  = 

<1-0 

<*’  1 

37.  (A*  -  I)  J  ’ 

D  — 

3A*  4-  1 

7.  V  A»  —  1  3  (A*  —  l)  * 

• 

£=1 

(//_,  0 

*  M  = 

i  —  ["L+L  4.2-./ 

7,  V A*  -  1  1 3  (A1  —  1 ) 

(20.38) 


The  results  of  calculating  hydrodynamic  forces  F  and  Ffl  for 
the  values  of  k  =  b/a  =  1,  2,  5,  10,  and  20  are  shown  in  Fig.  89.  This 
graph  permits  the  visual  picture  of  the  diffraction  component  of  load 
for  different  relative  elongations  of  the  ellipsoid.  As  k  increases, 
the  effect  of  diffraction  is  reduced  and  when  k  =  b/a  >  10  it  may 

be  ignored.  This  fact  is  very  important  in  practical  evaluations. 


The  net  load  F  =  F  +  F  formed  on  an  ellipsoid  as  a  function 

np  A 

of  t^  =  (a^tj/a  (a  -  small  semiaxis)  is  shown  in  Fig.  90.  Aside 
from  the  conclusions  already  made,  the  graph  permits  us  to  consider 
the  change  in  hydrodynamic  force  as  a  function  of  the  relative  elon¬ 
gation  of  the  ellipsoid  where  the  transverse  cross  section  is  the  same. 


In  conclusion,  let  us  find  the  load  formed  during  incidence  cf 
a  plane  unit  wave  onto  a  parallelepiped  having  the  dimensions  2a  X 
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to  y 


O.i  1.0  V  2.0  2.5  3,0.  a±t 

*"  i 

Fig.  89.  Net  Load  Diffraction  Component 
And  Component  from  Direct  Wave  for  Influence 
of  Unit  Shock  Wave  on  a  Prolate  Ellipsoid  of 
Revolution. 


diffraction  component  F  , 
component  from  direct  wive  F 


Fig.  90.  Net  Load  for  Influence  of  Unit  Shock  Wave 
on  Prolate  Ellipsoid  of  Revolution  (time  count  begins 
when  shock-wave  front  arrives  at  middle  section) . 
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X  2b  X  2c.  The  wave  propagates  in  the  direction  of  edge  2c.  In 
this  case, 


^n\>  ~  •-*  l3o(0  —  3h(*  —  /|)|, 


(20.39) 


Q.  =-Sl3«('H  \(t  —  /,)). 


(20.40) 


where* 


S  iab, 


t  —  2.Wnp  _  2a 

*  ~  '  r„  ~  “« 


(20.41) 


I 

t 

i 

3 

s 

i 

l 

I 

1 


FAt)  -  s  [  (i  -  =A‘  -tj\  *-  f>  —  1~-)  < 

X  —  /.)—»•</  —  -  /*)!} . 


(20.42) 


The  net  load  is 


HD 

s 


(20.43) 


where 


P  r 


3o(/  —  /,)• 


(20.44) 


In  a  limiting  case  c  0, 
angular  plate 


we  derive  the  force  formed  on  a  rect- 


F(t) 

S 


3o('-'JI 


(20.45) 


The  values  of  the  parameter  t *  =  —  y  are  given  in  Fig.  86. 

a0 


*Cf.  Tables  3,  4,  and  Fig.  86. 
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Let  us  find  the  pulse  quantity  of  the  net  load.  Integrating 
(20.43)  for  a  parallepiped,  we  find  that 


j  =  y 


i 

«p  i 


Mnp_ 
Mo  * 


(20.46) 


for  a  plate 


J  ~  JA  Stt 


.M„p 

?U^|I 


(20.47) 


The  need  often  arises  to  define  not  the  overall  load  acting  on 
a  body,  but  its  individual  components  formed  on  sections  of  the  sur¬ 
face;  these  components  are  in  one  way  or  another  oriented  with  respect 
to  the  direction  of  wave  propagation.  Let  us  consider  this  problem 
using  the  example  of  a  parallelepiped.  Let  us  start  with  some  general 
remarks . 


We  earlier  showed  that  the  second  load  component  is  defined  by 
a  relation  similar  to  the  Duhamel  integral  [cf.  (20.22),  (20.23)].  The 
function  ^(t)  characterizes  change  in  force  due  to  diffraction,  while 
the  function  Q(t)  characterizes  change  in  force  due  to  the  body  being 
drawn  into  the  wave's  sphere  of  effect.  Where  iMt)  =1  (the  ypothesis 
of  plane  reflection),  load  is  defined  by  the  function  Q(t).  If  Q(t)  is 
a  unit  function,  load  would  be  defined  by  the  function  i|>(t) .  Conseq¬ 
uently,  as  we  said  in  §17,  there  is  total  analogy  between  the  functions 
Q (t)  ,  iji(t),  and  the  possible  formalization  of  the  solution  of  this 
problem.  Specifically,  the  integral  evaluations  (20.22)  and  (20.23), 
at  first  approximation,  can  be  expanded  to  an  arbitrary  portion  of  the 
body  surface  S-^ 


,  -«»,(«> i«>+R 


(20.48) 


or 


'V,,+K 

i  ■  >  «  • 


(20.49) 
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Equations  (20.48)  and  (20.49)  would  be  precise  if  the  additional 
pressure  on  an  arbitrary  point  on  the  body  were  defined  by  a  general 
function  of  time 


pt(t)  -  cos ru •:<(/,) 30(/,),  (20.50) 

where  t^  -  time,  counted  from  the  moment  of  the  wave  front's  arrival 
at  a  given  point. 

We  earlier  noted  that  in  the  motion  of  a  sphere  and  an  infin- 
itely-long  round  cylinder  according  to  the  unit  function  law,  the 
relation  (20.50)  is  satisfied.  This  generally  does  not  occur,  however. 
Therefore,  formulas  (20.48)  and  (20.49)  can  only  be  used  to  perform 
approximate  practical  evaluations. 

Let  us  employ  these  ideas  for  a  separate  definition  of  loads 
acting  on  the  frontal  and  lee  surfaces  of  a  plate  and  a  parallele- 
^  piped.  In  the  first  case,  in  the  incidence  of  a  unit  wave 

(20.51) 

Qf-Sj,(r).  (20.52) 


and  consequently,  according  to  (20.48) 


/•.„  -  /V-  WK( 0. 


(20.53) 


Adding  the  load  from  the  direct  wave  pressure  to  this,  we  find 

5(1  — i(/»  =>„(/). 


(20.54) 

(20.55) 


or  likewise, 


(20.56) 
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-iffissr-  - 


--  2  (1  —  pT)  =2y  (/):„(/). 


(20.57) 


where  pt  -  the  average  load  acting  on  the  lee  side  of  a  plate. 

Formulas  (20. 54) - (20. 57)  coincide  with,  the  relations  established 
previously  in  section  §13,  attesting  to  the  effectiveness  of  this 
method. 


If  we  assume  the  linear  approximation  for  <Kt),  taking  (20.44) 
into  account ,  then 


— -  =  3o(t)-s»(t  -  Ml  +  «•</  ~  '♦). 

~f~  '  ‘ - 7~f Jo</>  —  »«(/  —  /*)| —  a,(/  — 


(20.58) 

(20.59) 


Let  us  employ  formula  (20.40)  to  evaluate  load  hb  the  edges  of 
a  parallelepiped 

<?=SK(0  +  *„('  “'/)). 


whence 

Q<t>  =Sjp(/), 

Qr  =  S,0(t-t,) 

and  consequently,  according  to  (20.48) 

^.  =  S>(0  <»„(/). 

F&i  ~  S’b(t  t,)  -)0(t  —  it). 


(20.60) 

(20.61) 


(20.62) 

(20.63) 


Adding  the  load  from  direct-wave  pressure,  we  find  that 


n  r  -MOhoto. 


(20.64) 
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Ft=— S|l. -*(/—/,))  3o(,_f/) 


(20.65) 


This  finding  physically  satisfies  the  assumption  that  at  any 

point  on  the  frontal  surface,  the  diffraction  pressure  is  exactly 

the  same  as  at  a  symmetrically  situated  point  on  the  lee  side,  differ- 

2c 

ing  only  by  a  shift  in  time  by  the  quantity  t„  =  — .  Strictly  speak- 

x.  aQ 

mg,  however,  this  is  no  so. 

In  the  incidence  of  a  direct  wave  onto  a  parallelepiped,  dif¬ 
fraction  waves  are  formed  on  the  lee  side  after  the  time  interval  t„  - 

2c  ^ 

=  — -  and  reach  the  edges  of  the  facial  surface  after  At  =  2t„ ,  and  not 

a0  1 
At  =  t^  as  occurs  in  the  progressive  motion;  this  effect  can  be  de¬ 
scribed  by  the  function  ip  (t) .  Consequently,  formulas  (20.48)  and 
(20.49)  somewhat  reduce  the  load  on  the  frontal  side  of  the  parallele¬ 
piped.  Diffraction  disturbances  on  the  lee  side  appear  at  the  edges 
in  conjunction  with  the  direct  wave,  inducing  an  additional  rise  in 
pressure.  The  error'  in  evaluating  net  load  vanish  and  we  arrive  anew 
at  precise  quantities. 

By  analogy  with  (20.58)  and  (20.59),  in  the  case  of  the  linear 
approximation  of  the  function  i|>  (t)  for  loads  at  the  edges  of  a  para¬ 
llelepiped,  we  have 


s 


(2- 

*•  / 


-f.)l  i 


(20.66) 


s 


-  -~tj-  !=„(/  - 1,)- ’o(t  -  /,  -  /*)!  -  »,(/-/,  -  u, 


(20.67) 


or 


s 


2  —  PT, 


(20.68) 


F , 


where  average  pressure  pt  is  defined  by  (20.44) 


(20.69) 
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(20.73) 


Fig.  91.  Net  Load  on  an  Infinitely-Long 
Immobile  Rigid  Plate  2a  in  Width  During 
Incidence  onto  it  of  a  Triangular  Shock-Wave 

of  the  x  =  6^  type. 

+  a0 

for  a  parabolic-profile  wave 


(20.74) 


The  load  quantities  at  the  edges  of  a  parallelepiped  will  be 


-  2pJ(t)-D(t)  +  D(t-t ,),  (20.75) 

=  —  —  (20  76) 


The  net  load  is 


-  *Prf(t)- 0(0-  D(t  - 1,)  +  D(t  -  /  J  +  D(t  _ 


+  (20.77) 


Apparently,  relations  (20.75)-(20.77)  may  also  be  used  for  plates. 
For  this  purpose,  it  suffices  to  assume  that  t^  h  0. 

To  illustrate,  plotted  in  Fig.  91  is  the  variation  curve  of  the 

net  load  acting  on  an  inf initely-long  rigid  plate  2a  in  width  during 

the  normal  incidence  onto  said  plate  of  a  triangular-profile  plane 

2a 

wave  having  a  duration  of  t+  =  6—.  The  solid  line  indicates  cal¬ 
culation  according  to  precise  relations  in  section  §13;  the  dotted 
line  indicates  calculation  according  to  the  formulas  of  this  section. 

A  totally  satisfactory  convergence  of  results  occurs.  This  allows  us 
to  recommend  the  use  of  the  simple  relations  derived  here  for  prac¬ 
tical  evaluations. 

Summing  up,  we  may  note  that  the  methods  evolved  above  permit  us 
to  reduce  the  solution  of  complex  diffraction  problems  for  bodies  of 
arbitrary  shape  to  the  simplest  calculations.  It  is  only  necessary 
to  know  the  quantity  of  apparent  mass  of  the  body  under  consideration 
of  of  a  body  which  is  similar  to  it  in  contour. 


CHAPTER  III 


THE  EVALUATION  OF  EXTERNAL,  FORCES 


§21.  Generalized  Hydrodynamic  Forces  of  the  First  and 

Second  Category 

In  the  study  of  the  interaction  of  a  shock-wave  with  an  obstacle, 
we  ordinarily  distinguish  between  hydrodynamic  forces  of  the  first  and 
second  category.  Hydrodynamic  forces  of  the  first  category  includes 
forces  formed  on  an  obstacle  under  the  assumption  of  its  absolute 
rigidity  0  Hydrodynamic  forces  of  the  second  category  account  for 
the  effect  of  structural  displacement  and  deformation. 

In  the  most  general  case,  displacements  of  a  body  are  character¬ 
ized  by  six  generalized  coordinates:  three  projections  of  displacement 
of  center  of  gravity  onto  the  coordinate  axes  and  three  angles  of 
rotation  about  these  axes.  The  coordinates  can  be  described  by  the 
equations  of  solid  body  mechanics.  We  most  often  employ  the  Lagrange 
equation  in  its  second  form  which,  for  holonomic  systems,  has  the  form 

dt  \ d‘,  )  "  “  **  (21.1) 

where  T  -  kinetic  energy  of  the  system;  q^  -  generalized  coordinate; 

F^  -  generalized  force. 

Structural  deformations,  as  we  know,  can  be  described  by  the 
corresponding  differential  equations  of  the  theory  of  elasticity  and 
plasticity. 

The  subject  of  research  into  the  general  problem  of  external 
forces  during  underwater  explosion  consists  of  the  following:  analysis 
of  these  systems  in  conjunction  with  the  wave  equation,  satisfying 
the  condition  of  equality  in  the  normal  velocity  components  on  the 
surface  of  a  body.  The  mathematical  problems  of  such  a  task  are 
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apparent.  For  purposes  of  simplification,  we  are  often  given  the 
form  of  elastic-plastic  deformation.  The  motion  of  several  typical 
points  enables  us  to  deduce  structural  deformation  as  a  whole  (the 
"adduction"  method).*  In  both  the  strict  and  simplified  formulation, 
the  recrirocal  effect  of  deformation  and  load  are  specific  for  the 
problem  of  external  forces  during  underwater  explosion.  The  magni¬ 
tude  and  nature  of  the  external  load  absorbed  by  the  structure  is 
not  only  a  function  of  the  pressure  fields  during  explosion  in  a 
free  fluid,  but  also  depends  to  a  considerable  extent  on  the 
characteristics  of  the  structure  itself.  Structural  displacements 
and  deformations  induced  by  the  effect  of  a  shockwave  in  turn  lead 
to  a  change  in  the  pressure  fields.  The  considerable  acoustic  re¬ 
sistance  of  water  makes  this  reciprocal  effect  extremely  substantial. 


The  reciprocal  effect  of  displacement  and  load  can  be  illustrated 
using  the  simplest  of  examples.  Let  us  consider  the  motion  of  an 
absolutely  rigid  body,  which  is  symmetrical  with  respect  to  two 
mutually-perpendicular  planes,  under  the  effect  of  a  plane  shock-wave 
propagating  along  the  main  axis  of  symmetry.  The  motion  of  the  body 
will  be  defined  by  one  coordinate: 


Air  -  F, 


(21.2) 


F  —  —  J  j  p.cosnWdS, 


(21.3) 


where  M  -  mass  of  the  body;  S  -  its  surface;  W  -  displacement;  nW  - 
-  the  angle  between  the  direction  of  motion  and  the  external  normal; 
p^  -  net  pressure  on  the  surfaces  of  the  oody  formed  as  a  result  of 
interaction  with  a  shock-wave. 


The  association  between  net  pressure  and  the  potential  function 
can  be  expressed  by  the  relation 

dh 

'  °  d'  (21.4) 

*  The  method  of  "adduction" ,  as  applied  to  dynamic  calculation  of 
marine  structures,  was  developed  by  Yu.  A.  Shimanskiy  [25], 
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The  velocity  potential  can  be  defined  by  the  wave  equation 


*2L  _  _L 

<)x*  dtj*  dz-  0*  t)/s 


(21.5) 


The  boundary  conditions  are:  on  the  surface  of  the  body 


Oh 

On 


I.Y 


W  cos  nW. 


(21.6) 


at  a  rather  great  distance  from  it 


(21.7) 


where  <t> 

np 


-  the  velocity  potential  of  particles  in  the  direct  wave. 


Even  at  its  simplest ,  the  solution  of  this  problem  led  to  the 
need  for  combined  analysis  of  the  wave  and  integro-differential  equat 
ion 


M 


dr- 


Ox* 


+ 


^jj^-cos/irdS, 

<Pfy  0ih  _  | 

17"  4  ~  ~a*  ~0r~ 


(21.8) 


with  an  extremely  "unsuitable"  boundary  condition  (21.6) 


The  notion  of  two  categories  of  hydrodynamic  forces,  in  conjunct¬ 
ion  with  the  use  of  the  superposition  principle,  permits  us  to  somewhat 
simplify  the  problem.  Indeed,  if  we  assume  that  the  external  load  can 
be  defined  by  two  components  and  F 2,  one  of  which  is  not  a  function 
of  structural  displacements  and  deformations ,  then  it  is  possible  to 
evaluate,  in  an  a  priori  simple  way,  the  quantity  of  this  component 
allowing  for  diffraction  phenomena;  this  was  the  subject  of  the  pre¬ 
ceding  chapter.  The  separate  consideration  of  hydrodynamic  forces 
of  the  second  category  permits  us,  on  one  hand,  to  indicate  several 
general  approaches  with  different  assumptions  on  the  nature  of  deform¬ 
ations;  and  on  the  other  hand,  to  note  in  a  number  of  cases  relatively 
simple  methods  for  obtaining  final  results  with  a  given  degree  of  pre- 
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cision.  This  comprises  the  advantage  of  the  adopted  classification 
%  of  generalized  hydrodynamic  forces. 

In  this  chapter,  primary  attention  will  be  focused  on  the  study 
of  hydrodynamic  forces  of  the  second  category  and  net  loads  during 
the  interaction  of  an  underwater  shock  wave  with  various  types  of 
pliant  obstacles. 


§22.  The  Interaction  of  a  Shock-Wave  with  a  Free  Rigid  Plate 


The  simplest  case  of  interaction  of  an  underwater  shock-wave  with 
a  movable  obstacle  is  the  normal  incidence  of  a  plane  wave  onto  an 
infinite  free  rigid  plate.  There  are  no  diffraction  effects  present. 
The  field  of  pressure  and  particle  velocity  in  the  fluid  is  only  a 
function  of  one  coordinate  z.  The  study  of  this  problem  is  of  both 
methodological  and  practical  interest,  because  this  method  can  be  used 
to  evaluate  the  action  of  a  shock  wave  on  a  plate  where  the  period 
of  the  positive  pressure  phase  is  much  shorter  than  the  wave  running 
time  from  the  attached  contour  to  the  center. 


Given  that  a  plate  divides  two  fluid  media,  each  of  which  is 
homogeneous,  but  has  its  own  density  and  speed  of  sound.  For  the 
positive  direction  of  the  z  axis,  let  us  use  the  direction  of  direct 
wave  run;  the  origin  of  time  counting  -  from  the  moment  of  arrival  of 
the  wave  front  at  the  surface  of  the  plate;  and  the  origin  of  the  z 
aixs  -  on  the  frontal  surface  of  the  plate.  Then  the  pressure  field 
on  a  direct  wave  propagating  in  the  first  medium  will  be  characterized 
by  the  equation 


r„  =  pj(t 


(22.1) 


where  p^  -  pressure  on  the  front;  f (t)  -  the  function  describing  the 
change  in  pressure  at  the  point  of  observation;  a^  -  the  speed  of  sound 
in  the  first  medium. 
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The  reflected  wave  can  be  written  as  two  components:  the  wave 
reflected  from  the  immobile  obstacle  and  the  wave  induced  by  the  motion 
of  the  obstacle  under  the  influence  of  the  net  load. 


The  first  component  is 


Potp= Pmf(‘  + •£)*(* +'sr)' 


(22.2) 


To  define  the  second  component,  let  us  employ  a  wave  equation 
for  plane-symmetrical  motion 


(frf  _  i  ^ 

dt*  „2  at*  ' 


(22.3) 


where  <j>  -  the  velocity  potential  of  the  additional  field  induced  by 
plate  motion. 


Solving  this  equation  with  zero  initial  data  and  boundary  con¬ 
ditions 


•—I  =»r. 

d *  Uo 

9  -*■  0  npH  z  -*  co 


(22.4) 

(22.5) 


and  using  the  potential  <}>  to  take  into  account  relationships  for 
particle  velocity  and  pressure,  for  the  second  component  of  the  pres¬ 
sure  field  on  the  reflected  wave  we  will  find  that 

=  +  +  (22.6) 

where  W(t)  -  displacement  of  the  obstacle;  -  density  of  the  first 
medium. 


Therefore,  the  net  pressure  field  in  the  fluid  in  front  of  the 
obstacle  is 


Pp .  i  (* ' 


< )  "  Pup  +  P.mv  ~  Pmf[t  0(  ]  so(*  0j  |  + 

-,)M/ 1  1  'Jrj  3#(/ 1  *£j  ■ 

28  4 


(22.7) 


W 


Because  the  direction  of  particle  motion  in  the  direct  wave  co¬ 
incides  with  the  positive  direction  of  the  z  axis  and  in  the  reflected 
wave  runs  counter  to  it,  the  net  particle  velocity  in  front  of  the 
plate  is 


*V*i(^*  0~tytp  ^otp 


Pnp_  ~  CvJL 


(22.8) 


We  can  easily  see  that  for  final  evaluation  of  the  pressure  and 
velocity  fields,  we  must  know  the  still  unknown  function  W(t).  Let 
us  use  Newton's  law  to  define  it 

ss  ^ (/)-}•  Fj(/),  q 


where  m  =  p26  -  the  mass  of  the  plate,  adjusted  to  a  unit  of  area 

( p 2  -  the  density  of  the  plate  material;  6  -  its 
thickness) ; 

F.^  (t) ,  F2(t)  -  generalized  hydrodynamic  forces  of  the  f  irst 

and  second  category,  likewise  adjusted  to  a  unit  of 
plate  area. 


By  definition,  F^(t)  is  equal  to  the  net  pressure  on  the  immobile 
obstacle  according  to  (22.7): 


F,(/)  -  2plip(0,  0  =  2pmf(t)  o0{(). 


(22.10) 


The  generalized  force  of  the  second  category  F2  is  defined  by 
the  pressure  induced  by  the  motion  of  the  plate.  One  of  the  compon¬ 
ents  of  this  force  was  previously  derived  and  can  be  described  by 
formula  (22.6). 

If  the  fluid  behind  the  obstacle  has  a  density  p3  and  a  speed  of 
sound  a.j/  the  radiation  pressure  in  the  second  medium  is 

o™-!A#(<-^)>.(<-^).  (22-11) 


Considering  that  plate  displacement  occurs  due  to  the  difference 
in  pressure  on  both  of  its  sides,  for  the  generalized  force  of  the 
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second  category  we  find  that 


U "P->-  Li-a  =  -  h0!1^  +  PA*’  <'>|  V'>- 


li 

Otp  I,.  0 


(22.12) 


As  follows  from  (22.12) ,  the  net  load  F  =  is  a  function 

of  the  parameters  of  obstacle  motion;  these  in  turn  are  defined  by  the 
effect  of  this  load.  The  evaluation  of  external  forces  in  underwater 
explosion  is  impossible  in  isolation  from  the  study  of  the  structural 
deformations  (displacements)  induced  by  them.  This  circumstance  de¬ 
fines  the  primary  difficulties  in  the  external  force  problem. 

At  its  simplest,  the  load  F2  is  a  linear  function  of  the  plate's 
rate  of  motion  and  the  derivation  of  final  results  offers  no  problem. 

Combining  (22.9),  (22.10),  and  (22.12)  yields 


mW  -h  (!>,«,  +  faO,)  W  -  2 pmf(t)  a,  (/).  (22.13) 

The  general  integral  of  an  ordinary  differential  equation  of 
second  order  (22.13)  is 


(f)  -  ( 1  —  e-,v)  + 


2 p„ 


?*«»  ’  ?.|Oj  0 


)7(;)d;~ 


*Pm 


\e 
o 


HS)d\. 


(22.14) 


where 


hai  r  p.1^3 
m 


As  a  rule,  from  the  practical  standpoint  :he  solution  of  (22.14) 
with  zero  initial  data  (where  t=0,  W=W=0)  is  of  primary  interest. 
Let  us  consider  it  in  greater  detail  under  that  assumption.  Above  all, 
let  us  note  that,  as  follows  from  (22.9),  the  plate  accelerates  only 
where  F  =  >  0.  Consequently,  the  maximum  velocity  is  at¬ 

tained  at  time  t  =  t  ,  where  F(t  )  =  0. 

H  H 


286 


Because  pressure  behind  the  obstacle  is  directly  proportional  to  it 
rate  of  motion,  the  maximum  pressure  value  behind  the  obstacle  cor¬ 
responds  to  time  tH« 

Because 


F  -  f,  -J-  F.  -  2pnp  (/)  —  ~  p3os)  W  (0. 


(22.15) 


the  magnitude  of  maximum  plate  motion  can  be  derived  from  the  equation 


"(/„>  = 


flai  t  PWa 


(22.16) 


According  to  (22.11),  the  pressure  behind  the  plate  which  cor¬ 
responds  to  this  magnitude  is 


Pi  mm 


_ _ 

fi«i  1  PjOj 


Pnp  ('.<)• 


(22.17) 


The  time  t  of  acquisition  of  maximum  velocity  is  inversely 

H 

proportion  to  acceleration  and  consequently,  proportional  to  the  mass 
of  the  plate. 

The  greatest  momentum  acquired  by  the  plate  due  to  the  shock  wave 
can  be  easily  derived  by  integrating  (22.9)  from  zero  to  t  . 

H 

We  have 

HiU  ,tlt\  \  F  (•)(!■.- J  )t 

•>  (22.18) 


where  J+  -  the  pulse  of  the  positive  phase  of  net  load.  Comparing 
(22.18)  and  (22.16),  we  conclude  that 


J  ~ 


2  III 


Pl°l  •'  Ps°> 


P..P  (':,(• 


(22.19) 


Time  t  ,  like  the  nature  of  variation  in  parameters  of  motion, 
is  a  function  of  the  direct-wave  pressure  contour. 
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Let  us  evaluate  the  most  often  encountered  cases  in  practical 
applications. 

1.  Pressure  on  the  direct  shock-wave  changes  according  to  the 
unit  discontinuity  function  law 

P.ip  (0  —  P, n3o(0. 


The  solution  of  the  differential  equation  (22.14)  with  zero  in¬ 
itial  data  has  the  form 


»■(/)= -^=—f/-f(i i. 

Pi"i  ?ju»  L  fi.  j 


(22.20) 


Mi  .  w* 


(22.21) 


where 


u  _  M»  t  hfl* 
m 


(22.22) 


The  rate  of  plate  motion  at  first  increases  abruptly,  and  then 
asymptotically  approaches  its  limiting  value 


?i«» 


(22.23) 


The  maximum  velocity  is  not  a  function  of  plate  mass  and  can 
only  be  defined  by  pressure  on  the  front  and  the  acoustic  properties 
of  the  media. 

Pressure  in  front  of  the  obstacle  is  reduced  from  the  doubled 
pressure  on  the  direct-wave  front  to  the  quantity 


Pi  min  ~  Pm  - -“M  = 

1  h°t  i  MjJ 


P»rti  •  Mj 


(?2,24) 


Pressure  behind  the  obstacle  increases  from  zero  to  this  same 


quantity 


Pi  m.u  “  P\  min  ~  P» 

p|0.  ■  pj II, 
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(22.25) 


These  limiting  pressure  values  coincide  with  the  amplitude  of  a 
refracted  wave  at  tne  interface  of  two  media  having  acoustic  resist¬ 
ances  p^a^  and  p^a.  The  presence  of  a  rigid  obstacle  only  induces 
inertial  retardation  of  the  process  of  refraction.  As  the  acoustic 
resistance  of  the  medium  behind  the  obstacle  increases,  pressure  in 
this  medium  increases;  when  acoustic  resistance  is  reduced,  the  pr.-  •- 
sure  drops.  When  the  acoustic  resistances  of  the  media  are  equal, 
pressure  in  front  of  and  behind  the  obstacle  tends  to  equalize  itself 
with  the  pressure  on  the  direct  wave;  the  rate  of  plate  motion  tends 
to  be  equalized  with  the  velocity  of  particles  behind  the  direct  wave 
front.  Where  P3a3  <<  P^a^,  pressure  behind  the  obstacle  becomes 
negligibly  small.  Net  pressure  in  the  medium  in  front  of  the  obstacle 
also  approaches  this  same  quantity. 

2.  Pressure  on  the  direct  shock-wave  changes  according  to  an 
exponential  law 


_  f 


The  solution  of  the  differential  equation  (22.14)  has  the  form 


n  f  —  Ul+l’d  ~ 

= - -  3,  +  fc—  \+* 

m(Vi  SMSi-k—l)  • 


*<0 


(22.26) 

(22.27) 


where 


_ 

•• "  '  m 

..  _ 

Pa  —  ‘ 


(22.28) 


According  to  (22.27)  and  (22.7),  net  pressure  on  the  frontal 
surface  of  the  obstacle  is 
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r  -o.f. -  ”41 

2p"' — |v  —(!  —  ?>>«  J- 


(22.29) 


According  to  (22.27)  and  (22.11),  pressure  on  the  lee  surface  of 
the  plate  is 


/MO 


?»  ■  i1*  • 


(22.30) 


The  time  of  acquisition  t  of  maximum  pressure  behind  the  obstac- 

H 

le  (greatest  rate  of  plate  motion)  can  be  found  by  solving  the  trans¬ 
cendental  equation 


-f 

«  -(!».  +  ?.,)<  -0. 


whence 


(22.31) 


(22.32) 


Considering  that 


lnU,-t-  __i _ t _ 

Pnp(M  =  Pni  =  />«(?,  +  ?»)  ‘  •  (22 .33) 

and  in  view  of  (22.17),  we  will  derive  maximum  pressure  behind  the 
obstacle  in  the  form 


Pa  max 


f<iai  :  ?W.i 


PnAh  +  %) 


i>. 


(22.34) 


From  the  applied  po,-  it  of  view,  two  cases  are  of  the  greatest 
interest:  when  water  is  fovnd  in  front  of  and  behind  the  obstacle 
(the  problem  of  plate  protective  properties)  and  when  water  is  in 
front  of  the  plate  and  air  is  behind  it  (dynamic  calculation  of  plates 
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and  covers  forming  the  body  of  a  ship  or  other  hydrotechnic  structures) . 

In  the  first  case,  which  was  first  studied  by  Novozhilov,  Lefon- 
ova,  and  Aleksandrin, 


According  to  (22.29)  and  (22.30),  pressure  in  front  of  and  behind 
the  plate  will  be 


Pi  (0  = 


i  1  -  I 


(?-  \)e 


Pj(0  = 


(22.35) 

(22. 35) 


The  time  that  the  plate  acquires  the  greatest  rate  of  motion 
will  constitute 


(22.37) 


The  maximum  pressure  behind  the  plate  corresponding  to  this  time 
is 


Pt  mj\ 


-  PAV) 


i-  'if 


(22.38) 


Figs.  9  -93  show  graphs  of  the  functions  for  differ¬ 

ent  pra 

ent  values  of  B.  The  graph  indicates  that  pressure  in  front  of  and 
behind  the  plate  remains  positive;  pressure  behind  the  plate  rapidly 
increases  to  maximum  magnitude,  then  changing  roughly  in  accordance 
with  the  same  law  as  pressure  on  the  direct  wave;  where  8  >  5,  the 
protective  properties  of  obstacles  are  small.  Maximum  pressure  in 
this  case  is  reduced  by  no  more  than  20%. 


There  is  likewise  some  interest  in  evaluating  the  pulse  of  pres¬ 
sure  and  energy  flux  density  translated  across  the  obstacle. 
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Hass*- 


According  to  (5.52),  (5.56),  and  (22.36),  for  the  indicated 
fl  quantities  we  get: 


\  i*  -  j*  — 1 

J  M  -  ~T  Pm  ~)e  *  d/ 1  p">0' 

0  “■  Lo  0  .1 


E - TTaT  $  =  ^»P* 

r'1  ”  rt 


(22.39) 


(22.40) 


where  k  =  (28)/ (23  +  1)  - 


the  coefficient  describing  the  loss  of 
wave  energy  as  the  obstacle  passes; 


~~2“  P0aQ 


-  direct-wave  energy  flux  density. 


Therefore,  the  pressure  pulse  in  a  passing  wave  is  equal  tc  the 
pressure  pulse  of  the  direct  wave.*  Pulse  maintenance  occurs  with 
some  drop  in  amplitude  due  to  the  increase  in  activity  duration. 
Energy  flux  density  behind  the  plate  is  proportional  to  the  coef¬ 
ficient  8,  i.e.,  the  shorter  the  wave  is,  the  less  energy  flux  dens¬ 
ity  is.  Where  8  >  5,  the  decrease  in  wave  energy  behind  the  obstacle 
is  not  in  excess  of  10%  of  the  initial  energy. 


The  maximum  travel  of  the  obstacle,  according  to  (22.26)  where 


t  ■+  00  attains  the  value 


w  Pnfi 

n',x  * 


(22.41) 


which  is  equal  to  the  displacement  of  fluid  particles  after  the  direct 
wave  has  passed. 


Let  us  now  consider  the  second  case  (8-^  =  8,  83  =  0)**,  whose 
primary  features  were  described  by  Cowle  [10] .  These  data  are  quite 
important  from  the  practical  standpoint,  since  they  describe  the 
initial  phase  of  interaction  of  an  underwater  shock  wave  with  pliant 

*As  Slepy an  showed,  this  conclusion  is  valid  under  considerably  more 
general  assumptions . 

**Because  the  acoustic  resistance  of  air  is  almost  3500  Mmes  less  than 
the  acoustic  resistance  of  water: 8, /8-,  -  0.3  •  1/10 3 ,  we  can  assume 

that  8,  =  0.  1 


\ 


u'W 


Fig.  92.  Net  Pressure  in  Front  of  a  Plate  Which  is 
Completely  Submexgad  in  Water#  for  Various  Values  of 

3  =  0a0  as  a  function  of  Time  During  the  Incidence  on 

m 

Said  Plate  of  an  Exponential-shaped  Underwater  Shock  Wave. 


( 


h 
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Fig.  93.  Pressure  on  a  Passing  Wave 

Behind  a  Plate  which  is  Completely  Submerged  in  Water, 
for  Various  Values  of  3  as  a  function  of  Time  During 
the  Incidence  onto  Said  Plate  of  an  Exponential-Shaped 
Underwater  Shock  Wave. 
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Fig.  94.  Net  Pressure  in  front  of  Plate 
Separating  Two  Media  (Water  and  Air)  as  a 
Function  of  Time  during  Incidence  onto  said 
plate  of  exponential-shaped  underwater  shock 
wave. 


structures.  Employing  previously  derived  results,  we  get  the 
following  relations: 


plate  travel 


(22.42) 


rate  of  plate  motion 


^<0  = 


h°a  S-I 


(22.43) 


pressure  on  the  reflected  wave 


s 

Potp  (0“/V 


3 


E*l. 

3-1 


it 

4  -(I  +  »* 


(22.44) 


net  pressure 


P|  (0  Pm  "t  Potp 


(22.45) 
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Fig.  94.  shows  net  pressure  on  a  plate  plotted  against  time  for 
various  values  of  the  coefficient  6.  The  magnitude  8  =  0  is  satisfied 
by  an  inf initely-large  mass  (the  plate  is  immobile).  In  this  case, 
pressure  remains  positive.  For  all  other  values  of  the  coefficient  $, 
there  is  a  rapid  drop  in  ^essure  as  negative  stresses  are  formed  in 
the  fluid. 


The  effect-time  of  the  positive  phase  of  excess  net  pressure, 
according  to  (22.32),  is 


/  -.0  !-•- 
"  p-l 


(22.46) 


We  can  use  relation  (22.19)  to  define  the  pulse  of  the  positive 
pressure  phase.  We  get 


2 Pnfl  „  » 


*  P,a,  ^  e 


(22. 47) 


Because  the  total  pulse  of  net  pressure  is 


(22.48) 


the  absolute  value  of  the  pulse  of  the  negative  pressure  phase  is 
equal  to  J+. 

The  net  pressure  curves  have  a  minimum  whose  position  is  defined 
from  the  equation 


—  i--e  -(•  e  --  0. 


(22.49) 


The  occurrence  time  of  the  minimum  is 


-  0  =  2  l. 


(22.50) 


After  substituting  (22.50)  into  (22.45),  the  quantity  of  minimum 
net  pressure  will  be  derived  in  the  form 
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For  the  most  frequently  encountered  interval  of  values  £  >  5, 
the  absolute  quantity  p  .  does  not  exceed  0.18p  .  At  some  distance 
from  the  obstacle,  however,  net  pressure  in  the  fluid  may  attain 
substantially  greater  negative  amplitudes,  because  at  these  points 
the  expansion  phase  of  the  reflected  wave  is  superimposed  on  the 
tail  section  of  the  direct  wave.  According  to  (22.7)  and  (22.44), 
for  an  arbitrary  point  in  a  medium  in  front  of  an  obstacle 


z 

/  — 

_ n,t 

Pf'M.  I)  Pm  e  *  + 

K'+i)  _H± 

,2^  *  -(*  +  ?>«  "  '<>(*  +  •  (22.52) 

Calculations  according  to  (22.52)  are  shown  in  Fig.  95,  which  is 
taken  from  Cowle  [10] .  We  can  see  from  the  figure  that  zero  net  pres¬ 
sure  is  formed  to  begin  with  on  the  plate.  Negative  stresses  of  a 
given  amplitude  are  formed  earlier  at  the  corresponding  points  in  the 
fluid.  These  stresses  propagate  in  the  medium,  which  is  disturbed  by 
the  passage  of  the  direct  wave  of  diminishing  amplitude.  Consequent¬ 
ly,  in  an  absolute  system  of  coordinates  their  rate  of  travel  is 
slightly  greater  than  the  speed  of  sound.  In  a  fixed  range  of  quan¬ 
tities  pm  and  B,  net  negative  pressure  can  be  greater  than  the  sum  of 
hydrostatic  pressure  and  the  yield  stress  of  the  fluid.  Cavitation 
occurs* . 

The  primary  qualitative  results  during  interaction  of  a  plate 
with  a  plane  wave  of  other  shape  remain  the  same  as  in  this  case.  Thus 
for  a  direct  wave  of  parabolic  and  triangular  profile,  we  are  restrict 
ed  only  by  the  writing  of  the  appropriate  theoretical  relations. 


*  On  the  interaction  of  a  shock-wave  with  a  plate,  allowing  for 
cavitation,  see  §32-34. 
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Fig.  95.  Net  Pressure  in  Front  of  a  Plate  in  z  and  t  Axes. 

3.  Pressure  on  a  direct  shock  wave  is  a  linear  function  of  time: 

Pnp(0*  KW-M'-MJ-  (22.53) 

The  solution  of  differential  equation  (22.14)  will  be 

W(t)~  — 22a i — — h  f  I  H-  -~i — )x 

I  ( 

TjjK «>-=('-'  i|  i- 

•  ;  l±  + ! _ I  1 1  ,  I  ■  , 

?|G|  i’  f.i <*3  \  f  ?i  \  S|-t  Ji  /A 

r  -IWJT-  I  r  j .  (22.54) 


j+x-[ 

0»  rflj)*  L 

J  1 

(17  J-\ 

1= ^ —  I  !  -  e  1(1  + ) —  '/ 

-  pa  \  '\  9,  ft.  /  t+  A 

r  .  .  ; 

<M>-M'-Mi+  -*  *(!+-— -)h 

(4 --1)] 


(22.55) 


where 


?|==  Vili_, 

rl  m  '  •*  m 


(22.56) 


With  the  aid  of  (22.7),  (22.11),  and  (22.55),  we  can  easily 
find  pressure  both  at  an  arbitrary  point  in  the  fluid  and  on  the  plate. 

In  the  interval  t  >  t+,  the  rate  of  plate  motion  steadily  de¬ 
creases.  Its  greatest  value  lies  in  the  interval  0  <  t  <  tA 

T 

and  can  be  defined  by  the  transcendental  equation 

Or?,  -!  %)e  -1-0, 


whence 


/  ==/ 

"  i  -  >, 


✓ 

( 


(22.57) 


According  to  (22.17)  and  (22.57),  maximum  pressure  behind  the 
obstacle  is 


_ _ _ _  / 1 _  *n  \  _ 

-  ?,«,"•  Oja.  t,  ) 

2p ,o,  _  I. _ InJIJ  J,  )- hi)] 

h5’i  w*  Pm  l  .*•,  -I-  h  J’ 


(22.58) 


In  the  event  that  wave  is  found  in  front  of  and  behind  the  ob¬ 
stacle  (^=  3  =  o;al=a3=  a0^ '  Pressure  on  the  frontal  surface 

is 


PiU)  =  2p„,(l  -  ^-)  1 3„(0  -  o0  (/  -  r,') |  -  Pi  (/), 


(22.59) 


pressure  on  the  lee  surface  is 
Pt(()~Pn 
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(22.60) 


Fig.  96.  Relationship  of  ^3max  as  a  Function  of  3. 

Pn, 

I  -  along  the  lower  scale  of  the  abscissa  axis; 
II  -  along  the  upper  scale  of  the  abscissa  axis. 


where 

B  = 

r  m 


According  to  (22.57),  the  quantity  t  is 

H 


'„=“lnO+23). 


(22.61) 


Pressure  behind  the  obstacle  which  corresponds  to  this  quantity 


„  _  „  fi  in  (i  -»•  2» 

ri  mix  1=5  Pm  I  *  - - - 


(22.62) 


The  results  of  calculating  P3max/Pm'  describing  the  degree  of 
"transparency"  of  the  plate  for  the  direct  wave,  are  shown  in  Fig.  96. 


The  total  pressure  pulse  on  a  wave  behind  the  obstacle  is  equal 
to  the  pressure  pulse  on  a  direct  wave 


(i-«  ''  )(*  +  -5-)— TT  dl  ' 

«  4  L 

[j  -(1 , 


4  ' 


(22.63) 
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If  the  plate  divides  water  and  air  (p^  =  Pq,  -  0;  0 
then  in  the  interval*  t  <  t+  the  plate  travels 


r  <o- 


the  rate  of  motion  is 


m«  at,  [ 


-£r[(,  +  -r)('  ~r 1 


pressure  on  the  reflected  wave  is 


Poip  U  ) 


-o„  '  +  7—  *('  +  T)('-e  V)  ■ 


p0a0  t  ) 
m 


(22.64) 


(22.65) 


(22.66) 


net  pressure  on  the  plate  is 


/»P«(0«2pm  i -(l  + -Lj(|  __e  )  t 


(22.67) 


the  effect-time  of  the  positive  phase  of  net  pressure  is 


1  +  ft 


the  positive  phase  pulse  of  net  pressure  is 


(22.68) 


(22.69) 


A  graph  of  net  pressure  at  different  values  of  0  is  shown  in  Fig. 
97.  Their  qualitative  correspondence  can  be  seen  by  comparing  Figs. 

94  and  97. 
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Fig.  97.  Relation  of 


?! 


■m 


as  a  function  of  t  for 


Various  Values  of  0  *  P0aQt+  During  Incidence  of 


m 


A  Direct  Wave  of  Triangular  Profile. 


4.  Pressure  on  the  direct  shock  wave  changes  according  to  a 
parabolic  law: 

P,.,w -P.p-  (17)"  ]  M'>-  ’„{< 


(22.70) 


The  solution  of  differential  equation  (22.14)  for  an  arbitrary 
value  of  the  exponent  n  in  finite  form  cannot  be  derived.  For  whole 
n's,  these  relations  may  be  written;  the  greater  n  is,  the  more  un¬ 
wieldy  the  theoretical  relationships  become. 

These  circumstances  make  us  seek  from  the  very  start  an  approx¬ 
imate  solution  of  the  problem.  The  simplest  method  is  the  approxim¬ 
ation  of  the  parabola  with  a  linear  relation,  which  permits  us  to  sub¬ 
sequently  utilize  results  which  were  derived  earlier.  An  equality  of 
pressures  on  the  front  and  an  equality  of  pulses  in  the  positive  phase 
can  serve  as  the  natural  conditions  of  approximation. 
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Fig.  98.  Net  Pressure  in  Front  of  a 
Plate  Dividing  Two  Media:  water  and  Air, 
During  Interaction  with  Said  Plate  and 
Parabolic-shaped  Shock  Wave  (n  =  2, 
t  =  600  ps) 

- precise  solution, 

-  approximate  solution. 


Because  for  a  parabola 


and  for  a  triangular-shaped  wave 


J  -  2PJ\. 


the  association  between  the  true  effect-time  t+  and  the  conditional 


t*  can  be  expressed  by  the  relation 


r  =  -?i-  t 

+  it  -4- 1  + 


(22.71) 


A  parabolic-shaped  shock  wave  car  be  approximated  by  the  relation 


P  (0  “  Pm  |  i  -  j  |«0(/)  -  30  (i  -  /;  ))• 


(22.72) 


The  use  of  this  approximation,  which  is  completely  admissible  for 
considering  the  overall  interaction  picture,  leads,  however,  to  con¬ 
siderable  error  in  the  initial  and  most  important  time  period  [0,  t  ]. 


Consequently,  for  the  interval  [0,  t  ]  we  should  use  the  indic¬ 
ated  method  to  approximate  only  the  initial  section  of  the  parabola. 
Based  on  this  condition,  ve  get 


r 


H  h* 


(22.73) 


where 


X  Ini  1  + 


(22.74) 


8.  * 

8  m 


We  can  judge  the  error  of  approximation  by  considering  Fig.  98, 
which  gives  the  theoretical  results  for  a  parabolic-shaped  direct 
wave  (n  =  2)  according  to  precise  and  approximate  relations. 

Let  us  note  that  for  n  =  2,  the  solution  of  the  differential 
equation  (22.14)  has  the  form 


W(t). 


Jr 

’  ni  + 

Mi  •• 


l_J_ 

r,  2  if, 

U- 

r  o.-i  'i.i*  v 

-  +  -  1 

—  (—-V  -  — 

Oi  1 

/  * 


-  I 


(22.75) 


(22.76) 
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§23.  Integro-Differential  Equation  of  Piston  Motion  Under 
the  Influence  of  an  Underwater  Shocx  Wave 


Simple  solutions  of  problems  involving  the  interaction  of  an 
underwater  shock  wave  with  pliant  obstacles  (similar  to  those  con¬ 
sidered  in  the  preceding  section)  can  be  derived  for  infinite  obstac¬ 
les. 


For  bodies  of  finite  dimensions,  the  effects  of  diffraction  lead  % 

to  rather  complex  relationships  of  the  generalized  hydrodynamic  force  ; 

of  the  second  category  as  a  function  of  parameters  of  motion.  Let  us  , 

illustrate  the  basic  aspects  of  this  problem,  using  as  our  example  s 

l 

progressive  motion  of  a  piston  with  the  incidence  onto  said  piston  of  * 

a  plane  shock  wave.  ; 

£ 

"f 

As  was  shown  earlier,  in  the  motion  of  a  piston  according  to  the  j 

unit  function  law,  the  magnitude  of  hydrodynamic  lead  can  be  defined 
by  the  relation  [cf.  (14.49),  (14.47)]; 


F,  =  -  F0-l(t), 

=  \'oao^< 


(23.1) 


where  <Mt) 

S 


-  the  function  describing  the  diffraction  field,  changing 
from  one  to  zero; 

-  the  area  of  the  piston. 


For  an  arbitrary  law  of  motion,  drag  can  be  calculated  with  the 
aid  of  the  Duham-'".  integral 

t 

Ft  =-•  -  F#  (t)  &  (0)  -  Ft  j  W(t-v)  *  (t)dx.  (23.2) 

6 


t 

( 

i 


! 

| 


& 


< 


or  with  zero  initial  data  [W(0)  =  W(0)  =  0] 

I 

Ft~  —  Ft§W(t  —  *)ty{*)dx.  (23.3) 

tl 

Integrating  by  parts  twice,  equation  (23.3)  can  be  rewritten  as 


4 
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« 

Ft  ~-FtW(t)  -  F,Y0)V(t)~  F,  j  V(/-*){F(t)*. 


(23.4) 


To  calculate  the  force  F2,  we  must  know  the  parameters  of  motion 
which  are  formed  as  a  result  of  this  force  and  the  first  category 
hydrodynamic  force  acting  on  this  piston.  Because  the  considered 
system  has  one  degree  of  freedom , 


MW  ~F,(t)  +  Ft(t). 


(23.5) 


where  M  -  the  mass  of  the  piston,  or  substituting  (23.3)  or  (23.4), 


MW  +  f0j — t)j»(?)dt  *F,(/). 

« 

I 

MW  i  Fa\V(t)  +  Ftf(0)W(t)  i  F^W(l~x)f^)dz=,F,{t) 


(23.6) 


(23.7) 


Therefore,  the  interaction  of  a  shock  wave  with  the  piston  can 
be  described  by  an  integro-differential  equation  of  the  type  (23.6) 

(  or  (23.7).  To  avoid  complicating  analysis  of  these  equations  with 
secondary  details,  let  us  select  the  simplest  form  of  function  F^(t) 
The  simplest  functional  relationship  of  F1 (t)  occurs  in  the  study  of 
generalised  forces  formed  on  a  plane  piston  having  absolutely-rigid 
walls  along  its  edges  [of.  §14]*.  In  this  case, 


/•’,  =  2Spnt/(/). 


(23.8) 


where  S  -  the  area  of  the  piston;  pmf (t)  -  pressure  change  on  the 
direct  wave. 


To  solve  the  integro-differential  equations  (23.6)  and  (23.7), 
we  must  know  the  function  <Mt) .  We  became  familiarized  with  the  meth¬ 
ods  of  defining  this  function  in  §13-14.  A  typical  feature  of  the 
function  ij?(t)  is  that  it  is  distinct  from  zero  in  the  initial  period 
of  motion  [0,  t^J.  The  duration  of  this  period  can  be  defined  by 


*We  ought  not  thinkthat  this  schematization  of  the  p  oblem  to  ally 
/  '’eprives  it  of  meaning.  In  addition  to  scientific  and  methodological 
nterest  in  the  applied  respect  ,  it  has  value  for  planning  and  analyz¬ 
ing  the  measurements  of  an  entire  series  of  instruments  and  data  units 
(membrane  indicators,  hydrostatic  gauges,  stress  measurers,  etc). 
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the  disturbance  propagation-time  in  the  fluid  between  two  most  dist¬ 
ant  points  on  the  surface  of  the  piston.  Moreover,  as  was  shown  in 
§10-20,  the  integral  of  this  function  between  0  to  tg  is  proportional 
to  the  quantity  of  apparent  mass 


(23.9) 


Consequently,  if  in  the  interval  [t,  t  -  tg]  there  is  little 
change  in  acceleration  W(t),  then  the  drag  for  this  time  interval 
can  be  written  as 


(23.10) 


In  view  of  the  fact  that  \p  (t)  =  0  where  t  >  tg,  the  integro- 
differential  equation  (23.7)  will  be  written  in  the  following  manner: 

where  t  <  tQ 

I 

+  F,V  +  F,y  (0)  W  +  F#  )>  (t-x) (X)<ft  «=  2Spm/(l)\ 

o  (23.11) 


where  t  >  tg 

MW+F'V+F,y'  (0)  W+Ft  jV  (/■  -  t)f  (,)*~2Spm/(/). 

o  (23.12) 

The  complexity  in  precisely  analyzing  an  expression  of  function 
(t) ,  even  for  the  simplest  geometric  shapes,  causes  considerable 
problems  in  solving  equations  (23.11)  and  (23.12).  We  therefore 
usually  employ  different  approximate  concepts.  The  simplest  and  most 
popular  of  these  is  the  previously  mentioned  "hypothesis  of  plane 
reflection".  According  to  this  hypothesis,  the  association  between 
the  normal  component  of  fluid  particle  velocity  and  pressure  on  the 
surface  of  a  body,  for  the  entire  period  of  motion,  is  assumed  to  be 
the  same  as  for  a  plane  acoustic  wave.  This  also  assumes  that  if<(t)  = 
s  1.  Then,  according  to  (23.3) 
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However,  we  only  have  to  glance  at  Fig.  65  to  be  convinced  that 
a  similar  type  assumption  is  far  from  the  truth.  For  this  reason, 
the  hypothesis  of  "plane  reflection"  has  a  limited  field  of  applicat¬ 
ion  and  does  not  preclude  the  possibility  of  serious  errors. 

It  is  considerably  more  tempting  to  select  an  approximation  of 
the  function  i|>(t)  which  on  one  hand  rather  well  describes  the  features 
of  a  real  function  and  on  the  other  hand,  permits  us  to  reduce  the 
integro-differential  equation  to  an  ordinary  differential  equation. 

Let  us  show  how  this  can  be  done.  For  this  purpose,  let  us  integrate 
(23.6)  with  respect  to  t  twice.  Allowing  for  zero  intial  data,  we 
find  that 


Air  (/)  =  j‘  J’  Fxdidx  _  F9  j  W  (t  ~  x)  -j,  (:)dx. 

on  S 


(23.14) 


Integration  by  parts  of  (23.14)  yields 


mw  (t)  s®  j  Ftd-.  -  f.r  </>  -  F0  j  r  (/  - 1)  y  (x)  dx. 

U  0 

I 

mw (t) —Fi~  f, u  (O-f«no)r(o~f0 j 


(23.15) 


(23.16) 


If  we  multiply  (23.14)  by  an  arbitrary  constant  C2  and  expression 
(23.15)  by  and  combine  it  with  (23.16),  we  find  that: 

MW  (t)  +  (C,M  -I-  Ft)  W  (/)  +  |C,M  f  C,F#  +  Ftf  (0)|  W  (/) » 


•  i  * 

=  F>  (/)  +  C,  j  Ft  (x)dx  +  Ct  J’  j  Fy  (5)d;dx  - 

0  li  ii 


(23.17) 


The  integro-differential  equation  (23.17)  goes  over  to  a  differ¬ 
ential  if  the  function  <j>  (t)  will  permit  us  to  select  values  of  C.  f- 


C2  where  the  following  identity  will  take  place: 


if',)  _  n 

--  x  C,  — -  +  ss  0. 


(23.18) 


Because  where  t  >  tQ  4>(t)  =  0,  the  nontrivial  solution  of  (23.18) 
will  only  be  valid  for  t  <  tg.  For  t  >  tg ,  we  similarly  find  that 


MW  <0  +  (C,M  -h  F#)  W  (/)  +  | CtM  +  C,F,  +  F0'/  (0)|  tf'  (/)  - 

i 

-  Ftf  ( I .)  V  (t  - 19)  -  F,  (0  +  C,  f  F,  (T)rft  > 

2 

i  f  k 

+  ct  W(t-x){JL  +  C,-±-  + 

(23.1  ) 


Equation  (23.19)  differs  from  (23.17)  by  only  one  term  - 
Fgip' (tg)W(t  -  tg) .  Because  W(t)  =  0  where  t  <  0,  these  equations  co¬ 
incide.  in  the  interval  0  <  t  <  tg. 

Therefore,  when  satisfying  (23.18),  the  problem  of  integrating 
the  integro-differential  equation  describing  the  motion  of  a  piston 
under  the  influence  of  a  shock  wave  can  be  reduced  to  the  analysis  of 
an  ordinary  second -order  differential  equation  havii>*r  constant  co¬ 
efficients  and  a  delayed  argument 


MW  (/)  -t  (C,M  +  F.)  W  V)  +  | C,M  f  C,F,  +  F„y  (0)|  W  (f)  - 

i 

- F# iU) Wit- M -  F, </>  +  C,  J’ F, W dx  t 

it 

$  * 


(23.20) 


Efficient  methods  for  solving  similar  equations  have  now  been 
developed.  We  will  not  discuss  these,  however,  because  in  the  con¬ 
sidered  particular  problem  there  still  exist  further  possible  simpli¬ 
fications. 


Let  us  return  to  condition  (23.18).  It  will  be  satisfied  if  the 
function  ip(t)  can  be  approximated  by  one  of  the  following  simple 
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The  values  of  the  derivatives  of  (t)  at  points  0  and  tg  are 


f(0)' 

fW 


(23.23) 


If  we  approximate  the  function  \p  (t)  with  a  linear  relation 

♦.<*>- (l-  r)  M°- (23.24) 

where  the  quantity  t*  is  found  from  the  condition  of  equality  of  areas 
delimited  by  the  curves  of  ${t)  and  (t)  and  the  coordinate  axes 


0 


(23.25) 


then  according  to  the  data  of  Table  5,  we  should  assume  that  ~  c2  - 
=  0.  The  values  of  the  derivatives  are  equal  to 


f(0) 


(23.26) 


Differential  equation  (23.20)  takes  on  the  form: 


where  t  <  t* 

MWW+  F.#V)-JLw(t)=F,(t).  (23.27) 


where  t  >  t* 


MW  (t)  +  F0W  {()• 


2  M 


F°  V(0  + 


f7 

r0 


np 


2  M 


"P 


(23.28) 


Ordinary  differential  equation  (23.27)  is  solved  by  parts.  There 
is  also  no  difficulty  in  integrating  equation  (23.28)  with  the  delayed 
argument.  Some  remarks  apropos  of  this  will  be  given  later  on  (§24). 
Let  us  now  indicate  yet  another  method  of  approximate  solution  of  the 
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initial  integro-dif ferential  equation  f 26 J . 


The  essence  of  this  solution  consists  in  expanding  the  function 
W(t  -  x)  in  the  neighborhood  t  into  a  Taylor  series: 


ir  (/  - 1)  »  ft"  (0  -  JL  w  (/)  f  W  (/)  -  i  W  (/)  + 


#1-0 


(23.29) 


According  to  (23.3)  and  (23.29)  for  a  generalized  second  category 
hydrodynamic  force  F2,  we  find  that: 
where  t  <  tp 


Ft  =  -F0  l*o (0  W'  (0  +  *,  (0  *  (0  +  M0  *  </)  -r  . .  .|  - 


f.YM) 

usi 


d'V 
dt « 


(23.30) 


where 


*«(/)  =  6' (/). 

Mo-wo-oao. 


i 

*.(0=  y*'(0-/M0+f  *(*)*. 

o 


(23.31) 


where  t  >  tg 


F> 


— fof*;«T(0+*;r(/)+ 


(23.32) 


where 


*>  J=J£-[ 

•  («  -  2)'  J 


*(0*. 


(23.33) 
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Specifically,  for  the  motion  of  a  round  piston,  in  view  of 
(15. 16),  we  can  easily  derive 

*.«>—*•  4 

*,(0=1-4-  atcsin  4  +  ^4  . 


(23.34) 


M0  =  (4P(-1,-^j^r 

u 

v  )-'/  n«  2"-1  r  K*  'dx 

•  <*)  (  ’  =»!  JFTzn’ 


where  a  -  the  piston  radius;  aQ  -  the  speed  of  sound  in  water. 

The  use  of  a  finite  number  of  expansion  terms  of  (23.30)  or 
v 23 . 32)  permits  us  to  use  an  ordinary  differential  equation  instead 
of  an  integro-differential  equation.  In  most  cases  it  suffices  to 
restrict  ourselves  to  three  series  terms.  In  this  case,  piston 
motion  will  be  defined  by  the  second-order  differential  equations: 


where  t  <  t, 


+  FjttMWV)  -r  F„M0 &(t)  +  FM)  -  f,(/|. 


(23.35) 


where  t  >  t. 


(M  +  FM)Wu)  =  Ft. 


(23.36) 


Graphs  of  the  coefficients  kQ (t) ,  k^(t)  and  (t)  for  a  round 
and  a  rectangular  piston  are  shown  in  Figs.  99  and  100.  (The  ratio  of 
sides  of  the  rectangular  piston  b/a  =  4) .  We  can  see  from  the  figures 
that  at  the  initial  period  of  motion,  the  coefficients  kg(t)  and 
k1(t),  which  define  the  relationship  of  generalized  hydrodynamic 
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Fig.  99.  Relation  of  Coefficients  k 
for  a  Round  Piston. 


force  as  a  function  of  travel  and  velocity  of  the  piston,  are  of 
primary  importance.  Around  time  t  =  tg,  these  coefficients  vanish. 
The  coefficient  k2 (t)  reaches  its  maximum  value  and  becomes  a  con¬ 
stant  proportional  to  apparent  mass.  The  piston  begins  moving  as  in 
a  noncompressible  fluid. 


fa'* 


Fig.  100.  The  Relation  of  Coefficients  k 
for  a  Rectangular  Piston. 


The  second-order  ordinary  differential  equation  (23.35)  in  fin¬ 
ite  form  is  not  integrated,  because  the  variable  coefficients  enter¬ 
ing  into  it  have  a  rather  complex  lattice.  The  use  of  constant  co¬ 
efficients  in  this  equation  is  equivalent  to  approximation  of  the 
function  4/(t)  with  linear  relation  (23.24). 


Considering  (23.24)  and  (23.31)  together,  we  find  for  t  <  t* 

that 


(23.37) 


On  the  basis  of  (23.24)  and  (23.33)  for  t  >  t* 


*« 


Mnii 

f." 


(23.38) 


Therefore,  for  the  first  period  of  motion  (t  <  t  ) ,  we  get  an 
equation  which  is  identically  coincident  with  (23.27).  For  the  sec¬ 
ond  period  (t  >  t*) ,  we  get  an  equation  of  piston  motion  in  an  non- 
compressible  fluid 


(A1  r  Mnft)W  (/)=  F t  (/). 


(23.29) 


Evaluative  precision  may  be  somewhat  raised  if  we  adopt  the 
wave  run  time  as  our  initial  period  of  motion,  not  in  terms  of 
the  greatest  but  in  terms  of  the  shortest  distance  between  two  oppo¬ 
site  points  on  the  piston  (for  a  rectangular  piston,  along  its 
smaller  side).  Then,  instead  of  (23.27),  we  get 

MW(t)  t  F0W(()-~1 >  W(()-Fl(t),  (23.40) 

where  T  -  duration  of  the  positive  phase  of  the  linear  function 
approximating  'i'(t)  '•  n  the  interval  0  <  t  <  t  . 

The  quantity  T  calculated  by  Zamyshlyayev  and  Mironov  for  a 
round  piston, 
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T  =0,85 


'2a 


(23.41) 


for  a  rectangular  piston 


r- 


—  — _ 

2(3  -  2 n)  0,1  ' 


(23.42) 


where  n  -  the  ratio  of  sides  of  the  piston  (n  =  a/b) . 

In  this  case,  (23.39)  is  considered  valid  for  t  >  t  . 

H 


Fig.  101.  Rate  of  Motion  of  a  Round  Piston  Having  Rigid  Walls 
Under  the  Influence  of  an  Exponential-shaped  Shock  Wave 

(<5/2a  =  0.02,  (2ap0)/m  =  6.4):  (a  -  F  =  3;  b  -  ^  =  0.3 

-  precise  solution; 

-  approximate  solution; 

-----  calculated  acc.  to  hypothesis  of  incompress¬ 
ible  fluid; 

calculated  acc.  to  hypothesis  of  plane  re¬ 
reflection. 


We  can  adjudge  the  degree  of  precision  of  the  evolved  approx¬ 
imate  method  from  Fig.  101,  which  shows  the  calculated  findings  for 
motion  of  a  round  piston  according  to  diverse  notions  under  the  in¬ 
fluence  of  an  exponential-shaped  shock  wave.  We  can  see  that  the 
precise  and  approximate  solutions  almost  coincide.  The  hypothesis 
of  plane  reflection  is  only  suited  for  the  very  initial  interval 
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and  produces  an  unacceptable  divergence  in  evaluating  a  finite  rate 
of  speed.  As  time  passes,  the  rate  of  speed  of  the  piston  obtained 
according  to  the  precise  solution  approaches  the  quantity  calculated 
according  to  the  notion  of  a  noncompress ible  fluid.  The  qualitative 
nature  of  these  conclusions  is  also  retained  for  plane  pistons  of 
arbitrary  contour. 

The  possible  evaluation  of  a  finite  value  for  the  rate  of  speed 
according  to  the  notion  of  a  noncompressible  fluid  can  be  rigorously 
proven.  Indeed,  because  we  are  considering  the  motion  of  a  body  in 
an  ideal  medium,  then  where  t  approaches  infinity, 


W(t)  -iA  t  Di. 


(23.43) 


On  the  other  hand,  integration  of  (23.6)  yields 


•  •  i, 

MV  V)=  j  j  Fx  (Ddlch  -  F ,  j  -  ■) } 

0  «*  u 


(23.44) 


For  an  exponential-shaped  wave  Fn  (t)  =  2Sp  e  and  consequent- 

j.  m 


iy» 


\  J  F ,  (;)  d-rfr  =  2 Spm  [0/  +  &»  (e  *  -1 ) J. 

0  c 


Therefore , 


MW  </)L  .  -  -  2 Spnl0»  +  2 SpmQt  -  f,  (w(t  - 1 )*(,)*. 


(23.45) 


Comparing  (23.43)  and  (23.45)  for  the  coefficient  B,  we  find 


B 


(23.46) 


whence 


B  = 


2Sp,rt0 


M  ■ 


JSpJ >_  _  2SJ 

M  -i  Alnp  A1  -  A1„p 


(23.47) 
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The  last  expression  is  something  other  than  the  velocity  cal¬ 
culated  according  to  the  notion  of  fluid  noncompressibility,  which 
also  goes  to  prove  the  validity  of  the  earlier  formulated  assertion. 
If  a  precise  value  of  the  function  i/>(t)  was  a  priori  unknown,  the 
approximation  in  the  interval  10,  t^]  becomes  impossible.  In  this 
case,  we  can  employ  equations  (23.27)  and  (23.39)  with  a  slightly 
greater  error:  For  formulate  these  equations,  it  suffices  to  know 
the  quantity  of  apparent  mass  (cf.  Tables  3  and  4). 

The  solutions  of  these  equations  with  zero  intial  data  for  a 
shock  wave  of  exponential  shape  are: 

where  t  <  t* 


( 


2£mS 

M 


2 PmS 


M 


I 

T# 


+ 


Cr  — <4e~ 


(t  (t  -  y  ~  “) 

.  (7  ; 


(23.48) 


(23.49) 


where 


where  t  >  t. 


'  2'  —  •  ii»j  =  v5  f  _ 2 _ • 

'  M  ’  '  '2A!A!np  * 


M  f-  M 


np 
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(23.50) 


■y&m"""'-*"- 


-2s.  {  -!=2i\ 

TTrOr6  %  V 1  —  ^  )• 


A!  -  Alnp 


(23.51) 


where  W*  and  W*  -  travel  and  velocity  of  the  piston  at  time  t  =  t*. 
For  a. shock  wave  of  triangular  profile,  when  t  >  t*, 


where  t  <  t 


Wtt)=  ( _ - — f - - 1 - — ]  — 

'  '  Ml  »t-i*  l  (»>’  —  7*)  ^  +  <+  J 

<  ■  (1  -  "■)  -  1  (!-*■»  /  +  *  +  (T  *■  M)  T  1  g..  tT  +  .u)  (1 

2<u 1 1  (i  —  •■•)*  2<i»/ (y  •(*  «»)*  | 


(23.52) 


rm.^sf _ » _ +  ii!LZ± 

V)  M  [  («*  — y'M.  2,./t(y- 


1  •  1  e-<T— 

2w< .  (y  —  »•) 


VCLtlii  *-  m  '  • 

2“< » (7  •»•  *) 


(23.53) 


where  t  >  t,. 


ni  *•  M  np 


(23.54) 


(23.55) 
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§24.  The  Motion  of  a  Plate  of  Finite  Dimensions  Under  the 
Influence  of  a  Shock  Wave 

The  evaluation  of  generalized  forces  formed  on  a  free  plate 
under  the  influence  of  an  underwater  shock  wave  is  somewhat  more 
complicated  than  in  the  earlier  considered  case  of  piston  motion. 
Additional  difficulties  arise  in  view  of  the  necessity  of  taking 
diffraction  effects  into  account  when  calculating  first  category 
hydrodynamic  force.  Without  the  knowledge  of  this  force,  it  is 
impossible  to  define  second  category  force.  However,  there  exists 
a  close  association  between  the  diffraction  of  a  wave  on  an  immob¬ 
ile  obstacle  and  the  pressure  field  formed  in  a  fluid  with  the  mot¬ 
ion  of  a  body  (cf.  Chapter  II).  Specifically,  under  the  normal  in¬ 
cidence  of  a  unit  wave  onto  a  plate,  the  hydrodynamic  force  F(t) 


can  be  characterized  by  the  same  function  of  time  (t)  which  plays 
an  important  role  in  evaluating  second  category  hydrodynamic  forces, 
This  fact  lets  us  point  out  a  rather  simple  method  for  solving  the 
problem. 

Let  us  consider  the  case  of  the  normal  incidence  of  a  unit 
shock  wave  onto  a  free  plate. 

The  equation  of  motion  will  be 


MW(t)=Ft  +  Ft 


(24.1) 


According  to  the  results  obtained  in  §20,  the  magnitude  of 
first  category  hydrodynamic  force  is 


(24.2) 


where 


F„  -  2< wS. 


According  to  (23.3),  second  category  hydrodynamic  force  can  be 
defined  by  the  expression 
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f*=-Mr<,-t)  *<*>*• 

o 


(24.3) 


Therefore,  the  equation  of  motion  of  a  free  plate  will  be  the 
integro-dif ferential  equation 


MW  (/)  =  p*  * <'> -  j>«  -  0 •>(*)*• 


(24.4) 


Equation  (24.4)  will  take  on  its  simplest  form  if  function 
ty(t)  is  possible  to  approximate  with  a  linear  relation.  Moreover, 
in  §19  we  showed  that  this  approximation  is  possible  with  a  rather 
high  degree  of  precision.  Allowing  for  findings  derived  in  the  pre¬ 
ceding  section,  these  facts  permit  us  to  reduce  the  solution  of  the 
integro-dif ferential  equation  (24.4)  to  the  solution  of  an  ordinary 
differential  equation  having  a  delayed  argument: 


where  t  <  t* 


**«>  +  £  *'<'>  -  -t) * 


(24.5) 


where  t  >  t* 

M  to (0  +  F0W  (/)■ -  W  (/)  +  w (t  -  /  J  «  0, 

4Alnp 


(24.6) 


where 


With  zero  initial  data  [W(0)  =  W(0)  =  0],  the  solution  of  equat¬ 
ion  (24.5)  has  the  form 
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(24.8) 


»v( 


Having  a  solution  of  (24.6)  for  the  time  interval  1  <  t  <  2, 
we  can  derive  a  solution  of  this  equation  for  the  interval  2  <  t  <  3, 
etc.  With  such  successive  solution  methods,  the  limiting  values  of 
the  functions  are  of  interest  where  t  approaches  infinity.  Inte¬ 
grating  (24.5)  and  (24.6)  for  a  sufficiently  large  t,  we  find  that: 

I 

MWV)  +  F'W-£.  j  XFdt  (24.13) 

t-t. 


Where  t  approaches  infinity,  W(t)  -*•  W  -*•  A  +  W^t. 

uently 


i 


Conseq- 


(24.14) 


From  a  comparison  of  (24.13)  and  (24.14)  it  is  clear  that  the 
limiting  value  of  the  rate  of  speed  of  a  free  plate  under  the  in¬ 
fluence  of  a  unit  wave  is 


Pm F  ii  ' 

PvMi  2  M  +  Alnp 


(24.15) 


However,  is  something  other  than  the  total  pulse 

of  first  category  hydrodynamic  force  F^.  Consequently,  the  limiting 
velocity  of  a  free  plate  is  as  if  it  were  moving  in  a  noncompress ible 
fluid  under  the  effect  of  F^. 


This  quantity  differs  from  the  rate  of  speed  of  particles  behind 
the  wave  front  by  a  coefficient  of 


j>»i_ 

Mo 


I 


H 


A1 

Mnp 


I  + 


J _ 

M 


(24.16) 


Therefore,  even  when  t  approaches  infinity,  a  plate  of  finite  dimen¬ 
sions  does  not  acquire  the  rate  of  speed  equal  to  the  velocity  of 
particles  which  occurred  during  the  motion  of  an  infinite  plate  under 
the  influence  of  a  unit  wave.  The  less  the  width  of  the  plate  (a^t*) 
and  the  greater  its  mass,  the  greater  the  difference  in  velocities. 


Despite  the  possibility  of  writing  a  precise  solution  of  (24.6) 
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Fig.  102.  Change  in  the  Rate  of  Speed 
of  a  Free  Plate  of  Finite  Dimensions 
Under  the  Influence  of  a  Unit  Shock 
Wave. 

-  precise  solution; 

-  simplified  solution. 


as  stated  above,  the  successive  calculation  of  the  parameters  of 
motion  in  proportion  to  an  increase  in  time  is  rather  tiring.  The 
derived  expression  for  the  limiting  value  of  velocity  indirectly 
indicates  that  where  t  >  t* ,  the  hypothesis  of  a  noncompressible 
fluid  should  not  produce  serious  error.  Therefore,  for  approximate 
evaluations  where  t  >  t*,  instead  of  (24.6)  we  can  write 

(Af  I-  M1„,)tf/(/)=0.  (24.17) 


Then,  where  t  >  t. 


(24.18) 


W  =  W’,, 


(24.19) 


where  W*  and  W*  -  travel  and  rate  of  speed  of  the  plate  at  time 
t  =  t*,  as  defined  by  formulas  (24.7)  and  (24.8) 


Fig.  102  shows  the  calculated  results  of  the  rate  of  speed  of 
a  free  plate  according  to  formulas  (24.8)  and  (24.19),  affirming  | 

the  feasibility  of  using  the  simplified  arrangement.  J 
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Fig.  103.  Change  in  Net  Force  Acting 
on  a  Free  Rigid  Plate  of  Finite  Dimensions 
During  Incidence  into  Said  Plate  of  a  Unit 
Shook  Wave  (y  =  Mnp  . 

m  -p^r- 

-  total  net  force; 

-  generalized  first  category  force 

for  immobile  plate. 


The  nature  of  change  in  the  net  generalized  load  is  shown  in 
Fig.  103.  We  can  see  from  the  figure  the  extent  that  the  motion  of 
the  plate  affects  the  net  load.  This  effect  is  in  proportion  to  the 
size  of  the  plate,  and  is  in  inverse  proportion  to  its  mass. 


To  determine  generalized  forces  during  the  incidence  of  a  wave 
of  arbitrary  profile  onto  a  free  plate,  we  can  employ  the  Duhamel 
integral  or  the  solution  of  differential  equations  (24.5),  (24.6), 
or  (24.17)  where  F^  corresponds  to  a  given  wave  profile.  In  this 
last  case,  the  approximation  of  the  function  i|>(t)  by  a  linear  re¬ 
lationship  and  the  use  of  the  Duhamel  integral  and  (24.2)  yields 


f,(0-=  2S|pm/(/)  -D(t)  +  £(/-/.)!.  (24.20) 


where 


t 

D(t)=pf 

*  n 


(24.21) 
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For  some  of  the  forms  of  shock  waves  most  frequently  encountered 
in  practice,  we  established  a  relationship  of  D(t)  in  §20.  Employ¬ 
ing  these  relations,  we  can  obtain  final  expressions  for  F^(t).  For 
an  exponential-shape  shock-wave,  the  change  in  pressure  is 


Ft(t)  =  2SPn 


--  /  -  —\ 

•  _  •  /  where  t  <  t* , 


,  n  _ _  t-i. 

+  6  —~~e‘  •  where  t  >  t 


(24.22) 


If  we  know  the  function  F^(t),  we  can  easily  integrate  (24.5). 
For  t  <  t* 


W  (/)  =  p-m" 


*) 

Vtu  (1  j  Uj  6) 


+  —a_  U  *)  1 = , + -afflf.'i  - <T  *  - 


- f!_V'  + - : V' 

2«»  (  I  -t  «i®)  2w(l  -r  «|0) 


(24.23) 


W  n\  —  Sj?-  j  — _ -l' !) — e  * 

i  1  —  2t«(1  +  0) 


2- (If  «,$) 


1  V‘  + 


A _ e* 


2m  ( I  i  BjO) 


]• 


(24.24) 


-  1  r  « 
where  *  ~  t,’  1  "  t.  * 


If  we  employ  the  simplified  expression  for  F2  where  t  >  t*, 
we  must  solve  the  following  differential  equation  to  define  the  para¬ 
meters  of  motion: 


(M 


*  AillP)^  =  2/>mSl  I -l-  ±-±e* 


t*  t , 


(24.25) 


with  the  initial  data:  at  time  t  =  t* ,  W  =  W*  and  ft  =  ft*. 
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Fig.  104.  Travel  of  Free  Plate  During 
Normal  Incidence  onto  Said  Plate  of  Underwater 
Shock-Wave  of  Exponential  Profile:  (a)  where 

W  =  1;  (b)  where  F  =  10. 

— -  precise  solution; 

_  approximate  solution. 


, » *-  >  • '  •$/>  ,<•  tvr(  •vsrv 


Integration  yields 

r  =  r.4  lu? 


w  =  w,~- 


(24.26) 


*  -11.1  17)  /.  J' 

If  follows  from  (24.27)  that  where  t  approaches  infinity 


(24.27) 


This  result  does  not  correspond  to  the  physical  picture  of  the 
effect  and  is  the  result  of  error  in  the  approximate  calculation 
system  used.  Indeed,  where  t  approaches  infinity,  -*•  0.  This  can 
be  shown  both  by  using  the  solution  of  a  precise  equation  having  a 
delayed  argument,  as  well  as  by  employing  integral  evaluations.  We 
established  earlier  [cf.  (24.15) Jthat  the  limiting  value  of  velocity 
is  proportional  to  the  pulse  of  first  category  hydrodynamic  force  F-^. 
But  according  to  (24.20)  for  any  wave  having  a  finite  magnitude  of 
pressure,  the  first  category  pulse  of  hydrodynamic  force  is  equal 
to  zero  (cf.  §17).  We  must  correct  the  solutions  of  (24.26)  and 

(24.27).  Apparently,  the  simplest  way  is  to  assume  that 


(24.28) 


Then,  the  corrected  solution  which  should  be  employed  instead 
of  (24.26)  and  (24.27)  takes  the  form 


_  2pfn66 

*  _  '• 

1  -L  _!L  )  g  ‘ 

0 

*M»  •  7)[1 

th— 

•  « 

~  t. 

(24.29) 


U?  =  W'.-OlFje  »  -1 
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(24.30) 


Figs.  104-105  show  the  compared  calculated  findings  of  travel 
and  rate  of  speed  of  a  free  plate  according  to  precise  and  approx¬ 
imate  solutions*.  We  can  see  that  the  convergence  of  data  is  sat¬ 
isfactory  for  practical  applications. 

If  we  reiterate  the  arguments  given  in  the  derivation  of  (24.15), 
we  can  easily  show  that  under  the  effect  of  a  wave  of  limited  durat¬ 
ion,  the  coefficient  of  (24.16)  will  not  longer  describe  the  ratio 
of  velocities,  but  the  ratio  of  travels  of  the  free  plate  and  part¬ 
icles  of  the  medium  during  passage  of  the  direct  wave 

_ _ \_ 

U''n"  1 4  (24.31) 

Mop 


§25.  Evaluation  of  Generalized  Forces  During  Incidence  of  a 

Shock-Wave  onto  an  Absolutely  Rigid  Body  of  Arbitrary  Shape 

For  the  sake  of  simplicity,  let  us  restrict  ourselves  to  a 
discussion  or  the  motion  of  bodies  whose  form  is  symmetric  with  re¬ 
spect  to  two  mutually-perpendicular  planes,  during  the  incidence  of 
a  plane  wave  in  the  direction  of  the  main  axis  of  symmetry. 


The  position  of  the  system,  in  this  case,  will  be  character¬ 
ized  by  one  coordinate.  The  differential  equation  of  motion  will 
have  the  form: 


M'! 


ur 


'■ F,  I  F.. 


(25.1) 


The  hydrodynamic  force  of  the  first  category,  as  was  shown  in  §20, 
will  be  expressed  using  the  functions  f  (t)  and  i|>(t)  [cf.  (20.4), 
(20.23),  (20.16)3: 


Fi  -  Fnp  +  F„, 


(25.2) 


*Computed  by  N.  I.  Mordvinova. 


329 
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F  np  -  —Pm  |  |  f[t  —  —  j  COS  rtVdS, 


S,(Z4.a.H 


Q  (/>  -  Pm  f  f  /(/  - -J)  cos1  natf . 

S.  (*•-«.  0 


(25.3) 


(25.4) 


(25.5) 


where  S1  -  the  portion  of  the  body  surface  enveloped  by  the  wave 
(situated  in  area  z  <  a^t) . 

The  second  category  hydrodynamic  force  according  to  (23.3)  is 

h  =  ~F<,\  W(t-‘)H-)d-.  (25.6) 


Therefore,  the  solution  of  the  problem,  as  before,  is  reduced 
to  studying  the  integro-dif ferential  equation 


MW  =  Fw  (i )  +  Q  (0  +  j  Q  U  - *)  ¥  (*)  dx  - 


-F0  J  W(t-x)  H')^, 
0 


(25.7) 


F0  -  Pofl0 1  i  cos *nzdz. 


(25.8) 


This  equation  will  be  in  its  simplest  form  if  i|>(t)  is  approx¬ 
imated  by  a  linear  relation  (cf.  §19). 

Reiterating  the  arguments  of  the  preceding  section,  the  integro- 
dif  ferential  equation  (25.7)  easily  yields  an  ordinary  differential 
equation  of  the  second  order  having  constant  coefficients  and  a  de¬ 
layed  argument.  For  the  time  interval  t  <  t* 


W  /•„  W  -  -j-i  «"  =  Ft. 


(25.9) 
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Where  t  >  t*,  we  will  get 


Air  ,  j-uw  -  f  ir  -  r  «  -  mi  - 


(25.10) 


where  t*  = 


/"'j 


When  we  seek  an  approximate  solution,  we  may  replace  equation 
(25.10)  by  the  relation 


(/Vi  h  Ai„P)tf  =  /Y 


(25.11) 


The  problem  of  motion  of  an  arbitrarily-shaped  body,  therefore, 
under  the  influence  of  a  shock  wave  differs  from  the  previously  con¬ 
sidered  problem  only  by  a  more  complex  form  of  function  F^(t). 


( 


In  view  of  the  fact  that  i»Cc)  =  (l “ "p)  — 3o(/  —  **>l« 


according  to  (25.2)  -  (25.4)  ,  the  function  F-^l't)  can  be  written  in 
the  form 


=/„„(')+  Q(0~ 


6 

~  J  Qi-)d- 

*•  tit. 


where  t  <  t* 


where  t  >  t* 


(25.12) 


The  expanded  expressions  for  F^(t)  during  incidence  of  a  unit 
wave  onto  a  sphere,  round  cylinder,  parallelepiped,  and  ellipsoid  of 
revolution  were  given  in  §20.  We  can  adjust  these  for  a  wave  of 
arbitrary  shape  with  the  aid  of  the  Duhamel  integral. 


Lot  us  briefly  touch  upon  the  study  of  the  motion  of  the  simp¬ 
lest  geometric  bodies.  Let  us  begin  with  a  rigid  parallelepiped. 

^  Because  this  problem  differs  from  the  previously  considered  problem 
on  the  motion  of  a  free  plate  only  in  the  added  consideration  of  the 
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£33= 


s*i» 


size  of  the  parallelepiped  in  the  direction  of  wave  run  6  =  2c, 
there  is  oo  need  to  write  the  solution  of  equations  (25. 9) - (25. 12) : 
we  can  limit  ourselves  to  evaluating  the  limiting  characteristics 
of  motion. 


As  we  showed  in  §20,  in  the  event  of  incidence  onto  the  facial 
side  of  a  parallelepiped  by  a  plane  unit  wave,  the  first  category 
generalized  force  can  be  defined  by  the  equation  [cf.  (20.58) , (20.59) ] 

M0»P*S|2-pr(/)  —  pT(/-/,)J,  (25.13) 


where 


( 


p ■  <0  =  fMO  -  ’At  -  /*)!  +  oox.  -  /  j  » 


2c 


(25.14) 


6  -  the  size  of  the  parallelepiped  in  the  direction  of  wave  run 
(the  thickness  of  the  plate) . 


Because  the  pulse  of  this  force  is  [cf.  (20.46)] 
J\  --  P*S(/*.+ 1,)  =  Pmst,  (l  +  =  Pmst,  (l  +  -0~) 


(25.15) 


and  exceeds  the  pulse  for  a  thin  plate  by  (1  +  - — r — )  times,  then  the 
rate  of  speed  of  the  parallelepiped,  where  t  approaches  infinity, 
will  be  higher  than  the  rate  of  speed  of  the  plate  by  the  same  number 
of  times.  In  other  words,  according  to  (25.15)  and  (24.16) 


51r 

?o°c 


M  t  4f„p 


(25.16) 


however , 
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while  S6  =  V,  where  V  -  the  volume  of  the  parallelepiped. 
Therefore,  we  can  rewrite  (25.16)  in  the  form 

^7|»  _  Mnp  -|-  Vpp 

t'np  ~  Afno  H  M  ' 


(25.17) 


Equation  (25.17)  shows  that  if  the  density  of  the  parallelepip¬ 
ed  material  is  less  than  the  density  of  water,  the  limiting  value  of 
velocity  which  it  acquires  is  greater  than  the  rate  of  speed  of  par¬ 
ticles  in  the  direct  wave.  If  we  change  the  relationship  of  densities 
the  relationship  of  velocities  also  changes.  In  the  event  of  ''zero 
buoyancy" ,  the  rate  of  speed  is  the  same  as  the  velocity  of  particles 
behind  the  wave  front.  This  deduction  may  be  expanded  to  bodies  of 
arbitrary  shape.* 

If  the  magnitude  of  the  total  pressure  pulse  in  the  direct  wave 
is  limited,  the  first  category  hydrodynamic  force  reduces  to  the 
following  form  with  the  aid  of  the  Duhamel  integral  [cf.  (20.77) 


where 


Because 


/•',  =  S\2PJ(t)  -  D(i)  +D(t  + 

+  £>(/  —  /*  —  /,)). 


M. 


2pm  (d-  =  2  jjnpWdx  =  2/,  f />(<)*, 

bo  o  o 


(25.18) 


(25.19) 


while  where  t  approaches  infinity 


*  This,  of  course,  is  valid  within  the  framework  of  the  primary 
problem  hypotheses  and  does  not  take  into  account  the  effect  of  vis¬ 
cosity  of  the  fluid,  the  velocity  head,  etc. 
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then  where  t  approaches  infinity 


||rit  |D(;)d;  j 

R'i  t  :  1 

dtjD(E)<«-  j  dt  jD(E)d5j-H- 


(25.20) 


Substituting  the  derived  expressions  into  (25.13)  and  integrat¬ 
ing,  we  find  that  where  t  approaches  infinity 


f,-0. 


I  t 


Bedause  the  last  quantity  exceeds  its  analogous  quantity  for  a 

thin  plate  by  (1  +  times,  then  considering  (24.31)  and  (25.16) 

t* 

for  the  limiting  travel  of  a  parallelepiped,  we  get  the  relation 


-  Mo  M„  '  I  At 


(25.23) 
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In  other  words,  under  the  influence  of  a  wave  having  a  limited 
pressure  pulse,  the  limiting  values  of  displacement  are  in  the  same 
relationship  as  the  limiting  relations  of  velocity  during  the  in¬ 
cidence  of  a  unit  wave. 

Using  (25.12)  and  reiterating  arguments  analogous  to  those 
given,  we  can  show  that  this  conclusion  is  valid  for  bodies  of  any 
shape . 

The  problem  of  travel  of  an  absolutely  solid  body  under  the 
influence  of  an  acoustic  wave  was  first  considered  under  general 
assumptions  by  Novozhilov  [13].  He  derived  relation  (25.23)  as  a 
result  of  a  limiting  process  in  an  integro-dif ferential  equation  of 
motion.  Slepyan  succeeded  in  showing  that  the  fixed  expression  for 
final  motion  is  not  just  valid  for  absolutely  rigid  bodies,  but  also 
for  elastically-deformable  bodies  [17].  This  conclusion  was  made  by 
Slepyan  not  on  the  basis  of  studying  the  corresponding  boundary  value 
problems  of  the  wave  equation,  but  from  purely  physical  concepts 
which  were  based  on  his  suggested  model  of  a  "virtual  body". 

Equation  (25.23)  shows  that  under  the  influence  of  a  limited 
pressure  pulse,  a  body  having  negative  buoyancy  travels  in  a  fluid 
at  a  rate  which  is  less  than  the  rate  of  displacement  of  media  part¬ 
icles;  a  body  having  positive  buoyancy  travels  at  a  greater  rate  and 
ultimately,  a  body  having  "zero  buoyancy"  travels  the  same  distance 
as  do  media  particles. 

Let  us  now  consider  the  problem  of  motion  of  a  rigid  sphere. 

It  is  of  interest  with  respect  to  methodology,  because  we  can  derive 
a  precise  solution,  permitting  the  evaluation  of  error  in  the  approx¬ 
imate  methods  developed. 

We  previously  had  [cf.  (17.58)] 

cos^.  (25.24) 


335 


This  function  satisfies  condition  (23.18)  for  the  coefficients 
and  C2/  which  are  equal  to  (cf.  (23.22)] 


/>  _ 

r 

Ci"  • 


(25.25) 


On  substituting  these  coefficients#  the  integro-dif ferential 
equation  of  motion  (23.20)  takes  on  the  form 

Air  (/)  +  (-J-  M  +  Fa)  W (/)  +  M  +  F0)  r  (/)  = 

-  / , (f>  ?  4-  j j  F,(i)didx. 


(25.26) 


Because  the  quantity  Fq  for  a  sphere#  according  to  (17.58)  is 


«'Vo  "  -7-  V’Oo. 


(25.27) 


# 


1 


8 


and  its  apparent  mass  is 


M..p  = 


the  ratio  a/aQ  can  be  designated  using  t* (t*  =  2Mnp/F0)  with  good 
basis.  Moreover,  it  is  convenient  to  introduce  the  dimensionless 
parameter 


’■  M 


(25.28) 


In  its  new  designations,  equation  (25.26)  is  written  so: 


M  J  r  (0  +  4  (2  +  /)  r  (/)  i-  -L  (2  y.)  W  (/) 


t. 


t  t  *. 

=  FtV)  -L  ~ )  £  (•><*•  +  4.f  J  Fiftdld-.. 

*•6  \  0  « 


(25.29) 


Let  us  first  consider  the  case  where  a  unit  shock  wave  having  the 
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amplitude  p^  acting  on  a  sphere.  A  precise  expression  for  the  first 
category  generalized  hydrodynamic  force  for  this  case  is  derived  in 
the  form  [cf.  (17.69)] 


f,  (/)  •  -l-a-pme  sin 


(25.30) 


Because 


±  j  r  sln  SL  *  =  I  _  |sin  ■&-  +  cos-!A) , 


/  t 

o  C  C  _2i  •  f£ 

-~jje  •  sin-^-4/;dt  =  r  « 


Oj  i  apt  _  i 

COS  a  *  a  ’ 


the  right  side  of  equation  (25.29)  will  be  considerably  simplified 
and  will  be  equal  to 

^ 4™5Pm • 


Consequently,  instead  of  (25.29)  we  can  write 
W  (0  +  -!  (2  f  /)  W  (/)  I-  (2  +  /)»'  (0  -  . 

*•  t1  P ,o11/i 


(25,31) 


The  solution  of  this  equation  with  zero  initial  data  and  where 
X  <  2  is 

“?,')  =  S5r-,[e"'"(^;sl"*‘'  +  '*C0S">')  +  '-'*]-  (25.32) 

I ~siiW  4  cos»,(jJ.  (25.33) 


where 


2  ±t 

U).  = - - 

‘  2/, 

/~2-y 

U*  2/.  K  2  +  x  ’ 
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Fig.  107.  Rate  of  Speed  of  Rigid  Sphere  of  Zero 
Buoyancy  under  the  Influence  of  Unit  Shock  Wave 
(designations  same  as  in  Fig.  106). 


rx 

na*pm 


Fig.  106.  Net  Load  on  a  Rigid  Sphere  of  Zero  Buoyancy 
Under  the  Influence  of  a  Unit  Shock  Wave. 

-  precise  solution, 

-  approximate  solution, 

hypothesis  of  plane  reflection, 
------  notion  of  fluid  noncompressibility. 


O  ^ 


Where  t  approaches  infinity /  (25.33)  goes  over  into  the  prev¬ 
iously  established  relation  (25.17) ,  common  to  all  bodies 


__  Pm  3y  _  ^np  4-  p»V 

np  Mnp  +  .M 


W(t)\.  = _ i_  =  y, 

Mo  2-  y 


(25.34) 


Considering  that  the  net  load  acting  on  the  sphere  is 

Ft=Ft  +  F}  =  MW, 

after  differentiating  (25.33),  we  find  that 

Ft  =  4  it a'pm  -7 -2--  e~ sin  V 
V  4  —  y  * 


(25.35) 


and  according  to  (25.30), 

(25  36) 

In  this  case,  approximate  methods  have  no  advantages  over  the 
precise  method  and  therefore,  they  are  not  cited.  Findings  calcul¬ 
ated  by  these  methods  are  given  in  Figs.  106  and  107.  We  car  easily 
see  that  there  is  a  good  convergence  of  data.  However,  this  con¬ 
vergence  for  findings  calculated  according  to  the  hypothesis  of 
plane  reflection  is  rather  random,  as  shown  by  Fig)  108,  where  the 
quantities  of  hydrodynamic  forces  of  first  and  second  category  are 
shown  separately.  As  we  can  see,  the  "hypothesis  of  plane  reflect¬ 
ion"  produces  considerable  errors  in  signs,  which  in  summation  leads 
to  a  result  which  is  close  to  the  true  result. 


There  are  no  theoretical  difficulties  associated  with  the  use  of 
a  wave  of  arbitrary  profile  in  place  of  a  unit  wave  in  the  precise 
solution  derived.  Specifically,  if  we  employ  the  Duhamel  integral 
for  an  exponential-shape  shock  wave,  we  find  that 


-V*.  2  ,  7  ■.*-(2  -  -/Ml  -  >)  \ 


+  /)<i- 0- 


—  (/  *i  2)  c  *  —  e~ |  j/  (>i  -  y.)  sin  V  + 


-  —  2  —  z)coswt/|), 


(25.37) 
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Fig.  108.  Generalized  Force  Components  Acting 
on  a  Rigid  Sphere  of  Zero  Buoyancy  during  Incidence 
on  Said  Sphere  of  a  Unit  Shock  Wave. 

-  precise  solution, 

theoretical  solution  according  to 
hypothesis  of  plane  reflection. 


0 


Fig.  109.  Travel  of  Rigid  Fig.  110.  Rate  of  Speed  of  Rigid 

Sphere  of  Zero  Buoyancy  Sphere  of  Zero  Buoyancy  Under  In- 

Under  Influence  of  Under-  fluence  of  Underwater  Shock  Wave 

water  Shock  Wave  of  Ex-  of  Exponential  Shape,  n  =  a/a09. 

poenntial  Profile. 
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(25.38) 


W'J) 


_  Pm  '  3/. 


! 


Mo  2  4-y  »*  —  (2  /.)(n—  I) 


<X+2)*“ 


—  <_“1'  j/  (2  +  /  —  2„)si„  u»2/  +  (x  +  2)  cos  jo,/  j  j , 


where  n  =  a/ag0. 

Where  t  <*>,  (25.37)  goes  over  into  relation  (25.23),  which  is 
valid  for  bodies  of  arbitrary  shape 


U' 

* 


Mnp  *  l'p$ 
At|,p  ;  A| 


(25.39) 


The  nature  of  variation  in  velocity  and  travel  of  the  sphere  of 
"zero  buoyancy"  under  the  influence  of  an  exponential-shape  shock 
wave  is  shown  in  Figs.  109,  110. 


The  magnitude  of  net  load  is 


/C 


X 


V  '3  (2  r( 


)sin-~-^--j-r,COS 


2  «  Jl* 


(25.40) 


In  conclusion,  let  us  note  that  the  problem  of  motion  of  a 
sphere  under  the  influence  of  a  shock  wave  was  solved  by  Lefonova 
by  solving  integro-dif ferential  equation  (25.7)  using  the  operation 
method. 


For  bodies  of  other  geometric  form,  the  derivation  of  precise 
solutions  in  finite  form  is  scarcely  possible.  At  this  point  there 
is  considerable  value  in  the  approximate  methods  developed  above * 
Even  they,  however,  are  not  always  suitable  due  to  the  awkwardness 
of  expressions  for  F^(t)  [cf.  §20].  In  such  cases,  a  preliminary 
approximation  of  F^(t)  by  simple  functions  is  always  useful. 
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For  well-streamlined  bodies,  in  addition  to  the  recommended  sol¬ 
ution,  we  can  utilized  the  simplest  solution  based  on  the  "hypothesis 
of  plane  reflection"  with  precision  sufficient  for  practical  appli¬ 
cations.  This  conclusion  follows  from  both  the  considered  problem 
of  the  sphere  (Fig.  106,  107)  and  from  analysis  of  motion  of  an 
infinitely-long  round  cylinder  under  the  influence  of  a  shock  wave 
(Fig.  Ill) . 

A  precise  solution  of  this  problem  for  a  unit  wave  was  numeric¬ 
ally  dervied  by  Goryainov  and  Yu.  A.  Fedorovich.  For  the  net  load, 
Fedorovi  ch  suggested  the  following  simple  approximation  of  results 
for  the  appropriate  calculations: 

f,  sop,. 0,57 —  )].  (25.41) 


where  t  =  aQt/a. 


Because 


ft 

1 


(25.42) 


expression  (25.41)  permits  us,  using  a 
the  values  W(t)  and  W(t)  for  a  wave  of 
aid  of  the  Duhamel  integral  for  a  wave 


simple  integration,  to  derive 
unit  amplitude;  and  with  the 
of  arbitrary  profile. 


The  approximate  evaluation  of  motion  of  streamlined  bodies  can 
also  be  made  on  the  basis  of  the  hypothesis  of  fluid  noncompressib¬ 
ility.  The  effect  of  second  category  hydrodynamic  forces  is  taken 
into  account  through  apparent  mass.  The  equation  of  motion  takes 
a  particularly  simple  form 

- hi'L . 

M  a,"p  '  (25.43) 


If  we  are  considering  the  case  of  wave  incidence  in  the  direct¬ 
ion  of  the  axis  of  symmetry  of  a  body  having  a  great  relative  length, 
the  role  of  diffraction  processes  becomes  negligibly  small  and  the 


342 


F 


Fig.  111.  Net  Load  on  an  Infinitely-Long 
Round  Cylinder  of  Zero  Buoyancy  During  Action 
on  Said  Cylinder  of  Unit  Shock  Wave. 

-  precise  solution; 

.-calculated,  hypothesis  of  plane  re¬ 
flection; 

-  calculated,  notion  of  fluid  non¬ 
compressibility  . 


equation  of  motion  becomes  even  more  simplified: 


Mr  =  fnp(0. 


(25.44) 


Specifically,  this  solution  produces  good  results  for  prolate 
ellipsoids  of  revolution  where  b/a  >  5. 

Earlier,  for  a  round  ellipsoid  of  revolution  during  incidence 
of  a  unit  wave  we  had  [cf.  (20.34)]: 


{'•■■■-] H2-?) 


where 


where 


1M> 


(25.45) 


The  solution  of  equation  (25.44)  with  the  right  side  of  (25.45) 


is : 


W  =  -£2- 
2  r* 
Wo 


1  7. where 
—  /  <  2 


t  —  l 


where 


t  >  2, 


(25.46) 


W 


fc.jT^l'-T5)  WhSre  <  -2 

1  where  <>2, 


(25.47) 
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Fig.  112.  Net  Load  and  Rate  of  Speed  of  Frolate 
Ellipsoid  of  Revolution  of  Zero  Buoyancy  During 
Action  on  Said  Ellipsoid  of  Unit  Shock  Wave  in 
Direction  of  Axis. 

- precision  solution,  function  t|> 

linearized; 

-  approximation  solution. 


where 


7 


M 


At 


In  the  case  of  an  exponential-shape  shock  wave,  employing  the 
Duhamel  integral,  we  find  that 


where  j  2 
where  t  >  2, 


(25.48) 


Vff  _  £m*  _3_ 

P*ao  '■  2 


0* (1  +5) \\-e  * 

-9(1  +0)7  +  (1  +  e")7*  —  — 

6 


where 


/  <2. 


i-* 


(1  + 

where 


■>_  _  7_ 

0)  H-  (l  —  0)e  ’  \e~  * 


t>2, 


(25.49) 


t 


» 

i 


3 

4 
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(1  -f  ®)/  — y  +  ®(i 


where  * < 2 


v 

•1(1 +f) +  (!-«)/•' 


where 


t>2. 


(25.50) 


where 


h- 


Ou1! 

~b 


Results  calculated  according  to  formulas  (25.48)- (25.50)  and 
the  formulas  of  precise  solution  for  the  linearized  function  ^ (t)  in 
the  event  of  a  unit  wave  falling  onto  an  ellipsoid  of  revolution  hav¬ 
ing  b/a  =  5  are  shown  in  Fig.  112.* 


§26.  Interaction  of  a  Shock  Wave  with  an  Elastic  Plate  of 

Finite  Thickness 


The  problems  of  shock  waves  interacting  with  a  pliable  obstacle 
which  were  earlier  considered  did  not  take  into  account  the  wave  nat¬ 
ure  of  disturbance  propagation  in  the  material  of  the  obstacle  itself, 
which  are  induced  by  its  elastic  properties.  Let  us  illustrate  the 
effect  of  this  circumstance,  using  the  normal  incidence  of  a  plane 
wave  onto  an  ideally  elastic  plate  of  finite  thickness  as  our  example. 
As  before,  let  us  use  a  linear  formulation  of  the  problem.  The  z 
axis  will  be  directed  at  right  angles  to  the  plane  of  the  plate,  to 
the  side  of  wave  propagation.  The  origin  of  the  coordinates  will  be 
situated  on  the  front  surface  of  the  plate.  Time  is  counted  when 
the  direct  wave  encounters  the  front  surface.  The  parameters  of  the 
medium  will  be  assigned  indexes:  1  -  in  front  of  the  plate;  2  -  the 
plate;  3  -  behind  the  plate  (Fig.  113).  The,  pressure  and  the  velo¬ 
city  of  particles  in  the  i-th  medium  will  be  associated  with  the 

*The  parameters  of  motion  according  to  formulas  of  the  precise  sol¬ 
ution  were  computed  on  the  "Minsk-1"  computer  by  N.  Mordvinova. 
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direction  of 
propagation 


areas 


Fig.  113.  Diagram  of  Reflection  and  Refraction 
of  Shock  Wave  during  Normal  Incidence  onto  Obstacle 
of  Finite  Thickness. 


I 

i 


potential  function  by  the  expressions 


I)  =  -h~—. 


=*!| -JL 


The  velocity  potentials  are  found  from  wave  equations 

&<rl  (».  0  _  I  d*<f,  (t,  /) 

*•  “a?  #•  * 

The  boundary  and  initial  conditions  are: 
in  area  1 


(26.1) 

(26.2) 


(26.3) 


0)  =  />„„(*.  0).  | 

v'  (z,  0)  =■  vnp  (z,  0),  / 


(26.4) 


where  pnp(z,  0),  vnp(z,  0)  -  pressure  and  rate  of  speed  of  particles 

in  the  direct  wave  at  initial  time; 

6  -  thickness  of  the  plate. 

G.  Lindh  solved  the  problem  in  its  present  formulation  using 
the  operations  method  [37],  However,  the  final  results  are  consid¬ 
erably  easier  to  derive  if  we  immediately  employ  the  known  values  of 
the  coefficients  of  reflection  (from  acoustics)  and  refraction  on 
an  interfp.ee  of  two  media  [4J.  Because  we  are  considering  the 
incidence  of  a  wave  along  the  normal  to  the  surface  of  the  plate, 
no  transverse  wave  is  formed  in  the  obstacle  material.  The  wave 
processes  can  be  characterized  by  the  propagation  of  reflected  and 
refracted  longitudinal  waves.  The  amplitudes  of  these  waves  at  the 
interface  of  media  1-2  can  be  defined  by  the  equations 

P'>ip  __  S-n,~  (26.7) 

"  Mt  .  m> 

P"l»a  _  __ 

p  Mi i Mi  *  (26.8) 

Similar  relationships  occur  at  the  interface  of  media  2  and  3. 

Let  us  designate  that:  k^  -  the  coefficient  of  reflection  from 
the  second  to  the  first  medium,  k^2  -  the  coefficient  of  refraction 
from  the  first  to  the  second  medium.  Then,  instead  of  (26.7)  and 
(26.8),  we  can  write 


(26.9) 

’lipwi  “  ^tlP- 

(26.10) 

Until  the  elastic  wave  reaches  the  lee  surface  of  the  plate, 
reflection  and  refraction  of  waves  will  occur  just  as  in  the  inter¬ 
action  of  a  wave  with  the  interface  of  two  infinite  media. 

At  the  moment  the  refracted  wave  propagating  in  medium  2  toward 
interface  of  media  2-3  converges,  a  new  reflected  and  refracted  wave 
is  formed  (Fig.  113). 
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The  amplitude  of  these  waves  is 


C--3  —  b  n  Ml—hOj  _  .  .  „ 

Pot"  t  ftat  -k"kXP‘ 

Piipi’.i  ^12? 

;*«j  l  pjUj  " 


(26.11) 


(26.12) 


where  k22  -the  coefficient  of  reflection  of  the  wave  into  the  sec¬ 
ond  medium  from  the  third; 

k22  -  the  coefficient  of  wave  refraction  from  the  second  med¬ 
ium  into  the  third. 


The  wave  reflected  on  the  interace  of  the  second  and  third  med¬ 
ia,  after  reaching  the  interface  of  the  second  and  first  media,  in 
turn  creates  a  refracted  wave;  this  wave  propagates  in  the  first  med¬ 
ium  and  its  reflected  wave  propagates  in  the  second  medium. 


Pressure  on  these  waves  will  be 


(26.13) 


p2-i  =  W'-t+K-  -  kl3k„ k„p, 

''OTP  P(0|  +  Pl0l  ij  a  a 


(26.14) 


where  k2l  ”  t^le  refracti°R  coefficient  from  the  second  medium  into 
the  first; 

k22  ~  t^le  reflecti°n  coefficient  into  the  second  medium  from 
the  first. 

Subsequent  development  of  the  wave  process  occurs  by  analogy 
to  what  has  already  been  considered.  Pressure  on  surfaces  of  the 
plate  will  change  abruptly  over  time  intervals  equalling  the  durat¬ 
ion  of  wave  run-time  of  a  plate  twice  as  thick. 


The  wave  fields  in  each  of  the  media  will  be  characterized  by 
the  equations 
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*h*m*si  Vj  ‘r"'~,P  (*  —  2m/,  +  -j— )  s0  f/  —  2 fit,  -}-  ~ \ , 

n  I  " 


(26.15) 


«» 

Pt  <2.  o = *,,  yV’V*  -  in~ 1  j^»  -  •—)  x 

IF i  '  0t  i 

X  ».  (/  -  In  -  1 1 a,  -  JL j  +  4, Al  Y  I"- V  -  2*.  ■*-  £)  X 

rt»T  * 

/M*.  0  =  *,,*«  2  t""V (/  - 12/1  - 1  { /,  -  ~ij  x 

n  I  ' 

X  ®o  ( /  |2n  —  1 1  /t  —  --™- ) , 


(26.16) 


(26.17) 


where  =  S/a2  -  the  wave  run-time  of  a  plate  whose  thickness  is 

I  ~~  ^2*^2:, 

*"”  \ 

The  geometric  interpretation  of  the  solution  of  (25. 15) -(25. 17) 
is  given  in  the  form  of  a  wave  grid  in  Fig.  114. 


The  magnitudes  of  pressure  on  the  front  and  lee  surface  of  the 
plate  may  be  obtained  from  (26.15)  and  (26.17)  if  we  assume  that 
z  =  0  and  z  -  6  =  0,  respectively.  For  a  given  shape  of  the  direct 
wave  contour,  as  a  rule,  we  can  derive  expressions  in  finite  form 
after  summation  of  the  corresponding  series. 

Because  p  =  pme  •  cr^  (t)  in  the  case  of  an  exponential 

shape  wave,  pressure  on  the  front  surface  of  the  plate  can  be  found 
from  the  equation 

Px(t)~Pm{\  +  JrllU“t*30(T)  -r 

-r  Pm*  — .  -30(t  ~ 

:«•  *  ~  * 


349 


(26.18) 


■‘M’' 

M' 


Shape  of  contour 
in  front  of  obstacle 

areas 


Shape  of  contour 
of  passing  wave 


Fig.  114.  Wave  Grid  for  Reflection  and  Refraction  of  a 
Unit  Shock  Wave  during  Normal  Incidence  onto  Obstacle  of 

Finite  Thickness. 


( 


where  n  -  an  integer  satisfying  the  inequality 

2/»',  +  2)?„ 

a  =*  kyjt  <lk-u,  I 


f 


(26.19) 


(26.20) 


Pressure  on  the  lee  surface  of  the  plate  is 


.  T,  ‘  | 

p3(t)  =  pnflr  (X  - 1,), 

It*'  - 1 


(26.21) 


where  n  can  be  defined  from  the  inequality 


(2n-  1) x,  .x  '(2n  +  1)t„ 


0  — 


(26.22) 

(26.23) 


In  the  case  of  direct  wave  incidence  having  a  linear  contour 
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Reproduced  from 
best  available  copy, 


►  -.-m  ?•' 'f  v*  s— 


p(t)  =  p  (l  -  (t/t+)[a0(t  -  t+)J,  similar  expressions  have  the 
form:* 


PAD 


P», 0  (/)-’«(/-/  )!■:■ 


I  -  ,  !)•,» 


X 


L— ^i>-— ■  ■l>’!*j  —  ), 


,)  + 


(r-I)1 


(26.24) 


where  n  and  k  can  be  defined  from  the  inequalities 


2/i/,  .+  <(2/i  +  2)/„ 

2 */,-!/  C  t  <  (2k  2) /,  -!-/,, 


(26.25) 

(26.26) 


PAD  =-•  Pm* 

*  I  _ /Oi 


Jj 

l . 

)  7-1 

.  _  iL  L_£n -JLl"  J  -  J1.L-:  JlI  ;„(/  -  /,) 

t  Cl  -  «)*  j 

-  j _ 

i 


+  Pm* 


ii.  1  1  (2*  -D  <*  :  Dt 

/_  "  (t  —  0s 


IulJ 


■oU  ~t,-t  ). 


(26.27) 


where  n  and  k  can  be  found  from  the  inequalities 


(2/i- !)/,  </  (2/i  +  D/,. 

(2A  —  1)/,  +  / ,  s*/ <(»  +  !)/,+/. 


(26.28) 

(26.29) 


*Formulas  {26. 18) -  (2  6. 29)  were  first  derived  in  this  form  by  Zamysh- 
lyayev  and  Lopukhov. 
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The  first  term  in  (26.18)  and  (26.24)  expresses  the  total  pres¬ 
sure  of  the  direct  and  reflected  waves.  Wherever  the  acoustic  re¬ 
sistance  of  the  plate  material  is  greater  than  the  acoustic  resist¬ 
ances  of  the  first  and  third  media  (P2a2  >  piai'  P2a2  >  p3a3^'  the 
second  terms  of  (26.18)  and  (26.24)  can  describe  the  pressure  of 
the  expansion  waves  successively  passing  from  the  second  to  the 
first  area.* 

According  to  the  solution  derived,  pressure  both  in  front  of 
and  behind  the  obstacle  can  be  described  by  a  broken  line  consisting 
of  "steps''  which  satisfy  the  emergence  toward  the  surface  of  a  re¬ 
current  refracted  wave.  This  broken  line  is  conveniently  replaced 
by  a  smooth  curve.  We  can  either  consider  the  curve  passing  through 
the  crest  of  the  "steps"  (the  curve  of  "peak"  pressures)  or  through 
the  middle  of  the  steps  (the  curve  of  "mean"  pressures). 

From  (26.21)  for  these  curves,  we  can  easily  derive 


P  -z 

m 


2-> 


7  *  '•  e 


\r  '~  I 


3.,(‘  —  ’i). 


Pup  -  ^  +  •  *"  ]  -  <»>' 


(26.30) 

(26.31) 


Similar  formulas  can  be  established  for  a  triangular  -shape 

wave. 


For  practical  purposes ,  it  is  important  to  establish  *-he  need 
for  considering  wave  disturbances  in  the  obstacle  material.  Let 
us  compare  the  final  relations  cited  in  this  section  with  those 
established  in  §22  which  only  consider  the  material's  inertial 


*The  coefficient  a  has  the  sign  of 
if  P3a3  <  P2a2*  T^e  coefficient  y 

(p3a3  p2a2 )  (p^a^  p2a2)  • 


k22;  a  >  0  if  p3a3  >  p2a2,  a  0 
has  the  sign  of  the  derivation 
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Fig.  115.  The  Relationship  of  Degree  of 
Attenuation  of  Maximum  Pressure  Behind  An 
Obstacle  Having  Different  Acoustic  Resistance. 

characteristics.  For  the  sake  of  simplicity,  we  will  limit  ourselves 
to  the  question  of  waves  of  exponential  shape.  (Conclusions  derived 
will  be  of  a  rather  general  nature) . 

Let  us  compare  two  important  cases,  where  the  first  and  third 
medium  is  water-  (evaluation  of  protective  characteristics  of  an  ob¬ 
stacle)  and  where  the  first  medium  is  water  and  the  third  is  air 
(dynamic  load  on  plate  which  is  part  of  a  ship).  In  the  first  case, 
we  are  interested  in  pressure  behind  the  obstacle)  in  the  second  case 
in  front  of  the  obstacle. 


Assuming  that  =  P^a3  =  PoaO'  ^or  t^ie  coef ficients  a  and 

Y  entering  into  (26.21)  we  get 


_ _  Vpt/k  _ 

f «<3t  T  Pd°0  T  pta,  (Po0„  •  pjO-,)*  ’ 

v  —  /  ?«° 0  ~  W*  )3 
'  ~  tWi/’ 


(26.32) 

(26.33) 


consequently, 


(26.34) 


The  magnitude  of  the  pulse  of  the  n-th  part  of  the  pressure  con¬ 
tour  behind  the  obstacle,  according  to  (26.21),  is 


es**  •"«  ’ 


l  (2*  +  l)t, 

*  <2»-I|t, 

•  ;"?-T  -  n  )«->-). 


(26.35) 


f 

I 


The  total  pulse  may  be  derived  by  summation  of  expressions  in 
(26.35)  from  n  =  1  to  n  =  ” 


J  =  2J-  =  -Jrrr  («*  -  »  v  = 

«-l  it  | 

_  PmO«  f„2t,  _ ,  \  T  oT  *-Jt*  1 

-  l)[rqr“rrF^j’ 


(26.36) 


or,  by  abbreviating  and  bearing  in  mind  that  a  =  1  -  y, 


J  =  Pj. 


(26.37) 


This  is  the  same  result  which  was  established  in  examining  the 
protective  characteristics  of  absolutely  rigid  plates  [cf.  (22.39)]. 

Therefore,  any  obstacle  does  not  change  the  magnitude  of  the 
total  direct  shock-wave  pulse.  If  we  consider  the  wave  character¬ 
istics  of  the  obstacle  material,  we  must  replace  the  smooth  pressure 
increment  curve  with  a  stepped  curve.  The  difference  in  amplitudes, 
however,  of  pressure  may  be  very  considerable.  Thus  from  the  "wave" 
equation  (26.21)  it  follows  that  the  lowest  maximum  pressure  behind 
the  obstacle  is 


“  Pm 3  “  Pm 


_iL__ 
0  ,  >)*' 


(26.38) 


where 


v  =  (L*£l 


(26.39) 


The  relationship  a  =  o  (x)  is  given  in  Fig.  115. 


Because  the  quantity  y  is  positive  for  any  Xi  the  minimum  thick¬ 
ness  of  the  obstacle  6  .  at  which  pressure  behind  it  reaches  mini- 

min 

mum  magnitude  can  be  defined  from  the  condition  of  equality  of  pres¬ 
sures  behind  the  obstacle  when  the  first  and  second  waves  emerge. 

From  (26.21),  performing  simple  transformations,  we  find  that 


5  -  in  (l  +  '>* 

''min - r  : - 

1 


(26.40) 


For  a  shock-wave  having  a  triangular  contour,  the  quantity  is 


(26.41) 


No  such  conclusions  follow  from  the  "inertial"  solution,  because 

where  6  ■*  00 ,  p3  +  0.  Consequently,  the  approximate  solution  for 
max  ~ 

a  very  thick  obstacle  may  produce  considerable  error  in  evaluating 
pressure  amplitudes. 


Let  us  find  the  boundaries  of  feasible  use  of  the  approximate 
solution.  For  this  purpose,  let  us  illustrate  the  increment  time  of 
the  mean  pressure  (x  =  tH/0  )  defined  by  the  "wave"  solution.  It 
can  be  found  from  the  equation 


d •. 


-0. 


(26.42) 


Differentiating  (26.31)  after  transformations,  we  find  that 

'  'n[-^ch(T,nv  |--)]- 


I  —  In  i 

.  2-, 


(26.43) 


According  to  (22.37),  the  time  for  this  "inertial"  solution  is 


m  2^ 

In  2)  ■« 


"  2)  —  1  2  .W|_  _  , 

m 


(26.44) 


Results  calculated  according  to  formulas  (26.43)  and  (26.44)  are 
shown  in  Fig.  116,  where  the  quantities  th  are  plotted  as  a  function 


of 


i  = 


'•L.U./'  I 


;  ■! 


355 


Fig.  116.  Relationship  of  Pressure  Increment 
Time  up  to  Maximum  Behind  an  Obstacle  as  a  Function 
of  8  and  ti 

-------  inertial  solution; 

— -  wave  equation. 

We  can  see  from  the  figure  that  in  the  area  x  >  1  and  in  some 
neighborhood  x  =  the  curves  are  similar.  The  approximate  solution 
is  feasible  in  this  range. 

Because  the  values  of  pressure  behind  the  obstacle  are  of  prime 
interest  from  the  standpoint  of  practical  application,  let  us  give 
a  more  precise  evaluation  for  the  utilization  limits  of  the  "inertia" 
notion.  Let  us  assume  that  the  divergence  between  the  maximum  and 
"mean"  values  of  pressure  with  respect  to  a  "wave"  scheme  must  not 
exceed  20%,  and  the  difference  in  amplitudes  of  pressure  at  point  x 

H 

according  to  the  "wave"  and  "inertia"  schemes  must  not  be  more  than 
10%.  Then,  direct  calculation  according  to  formulas  (26.30),  (26.31), 
(26.43),  and  (26.44)  yields  the  structure  shown  in  Fig.  117.  The 
nature  of  variation  of  pressure  for  different  ranges  of  the  parameter 
X  =  (p2a2^/^p0a0^  illustrated  in  Fig*  118. 

In  practice,  we  most  often  must  deal  with  steel  plates.  The  theo¬ 
retical  findings  for  these  plates  clearly  show  the  effect  of  thickness 
6  on  pressure  change  behind  the  obstacle (shown  in  Fig.  119). 

Let  us  now  define  the  limits  of  applicability  of  the  "inertial" 
solution  for  evaluating  net  pressure  on  a  plate  which  divides  aid  and 
water.  Let  us  employ  the  formulas  of  the  "wave"  solution  (26.18), 
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(b) 


Fig.  117.  Field  of  Application  (Dashed  Line) 
of  Inertial  Solution  for  Pressure  Behind  an 
Obstacle 

-  limiting  curve  of  the  field  where  the 

maximum  mean  pressure  is  less  than  the 
maximum  peak  by  no  more  than  20%; 

-  limiting  curve  of  area  whree  inertial 

soluiton  yields  maximum  pressure  behind 
obstacle  which  differs  by  no  more  than  10% 
from  max  mean  pressure  from  wave  solution; 

•  -  the  point  for  which  pres  sure-*  time  curves  are 
calculated  acc.  to  the  wave  and  inertial 
equations . 


r-r, 

Fig.  118.  Change  in  Pressure 
Behind  an  Obstacle  where  Ti  =  0.1: 

(a)  for  point  1  (Fig.  117)  where 
X  =  0.04;  (b)  for  point  2,  where 
X  =  1.5;  (c)  for  point  3,  where 
X  =  4.0. 

-  precise  wave  solution; 

curve  of  mean  pressure  acc. 
to  wave  solution; 
inertial  solution. 
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Fig.  119.  Pressure  Behind  a  Steel  Obstacle  Where 
X  =  26.3; (a)  where  =  0.1;  (b)  where  =  1.0. 

(Designations  the  same  as  in  Fig.  118) . 

(26.24)  and  the  formulas  of  the  "inertial"  solution  (22.35),  (22.59) 
where  P-j^  =  Pgag?  p3a3  ~  0»  In  this  case 

"  "mi'  I 


v-  y-1  _ u 

l-— 7 -*«• 


(y  r  !)«• 


(26.45) 


Let  us  calculate  the  effect  time  T  +  and  the  pulse  J+  of  the  pos¬ 
itive  phase  of  net  pressure.  For  an  exponential-shape  wave,  employ¬ 
ing  (26.18),  we  find  that 


' 1  n  (2/1 1  -f  2j  ij , 


(26.46) 


where 


m  [y(»  -y>  (l  -****•)] 


-  In  'i 


E  is  the  so-called  "entier"  function  (the  function  denoting  the 
integral  part  of  a  number) . 
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Fig.  120.  Effect-Time  of  Positive  Net 
Pressure  on  an  Obstacle  Dividing 
Air  and  Water. 

-  wave  solution; 

-  inertial  solution. 
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Fig.  121.  Net  Pressure  on  a  Steel  Obstacle  (x  =  26.3)  Dividing 
Water  and  Air  During  Incidence  onto  said  Obstacle  of  Exponential 
Shape  Shock  Wave:  (a)  -  x1  =  0.05;  (b)  -  x^  =  0.1. 

-  wave  solution; 

-  inertial  solution; 

-  curve  of  net  pressure  on  absolutely  rigid 

obstacle. 


The  pulse  is 


J>  +  *n)  0  + 


l  £<£Lzi)  _  ±^1]\ 

'  *„-l  l  ~«2,‘  J) 
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(26.47* 


PnaQ® 

Shown  in  Fig.  120  are  the  curves  of  t+  =  t+(8),  where  3  =  — — —  = 
As  we  can  see  from  the  figure,  when  evaluating  the  effect- time 

of  the  positive  phase  and  consequently,  the  pulse  I+,  we  can  utilize 

the  approximate  solution  for  <  0.1.  In  the  range  of  small  values 

of  X/  a  considerable  divergence  between  the  magnitudes  of  pressure  may 

2 

take  place.  If  we  assume  a  possible  error  within  20%  —  <  1.2), 

1  *11 

then  x  must  be  greater  than  5.  The  corresponding  theoretical  findings 
according  to  the  precise  and  approximate  solutions  for  a  steel  plate 
are  shown  in  Fig.  121. 

The  wide  range  of  variation  in  the  parameters  x  and  t  permits  us, 
in  most  cases  involving  practical  application,  to  utilize  a  simpler 
"inertial"  calculation  scheme  which  does  not  take  into  account  the 
wave  nature  of  disturbance  propagation  in  the  obstacle  material. 


General  Concepts  on  the  Interaction  of  a  Shock  Wave 
with  an  Elastic  Plate  Attached  by  Its  Edges 


In  all  the  previously  considered  problems,  we  examined  the  motion 
of  a  system  having  one  degree  of  freedom.  This  assumption  no  longer 
corresponds  to  reality  when  analyzing  the  interaction  of  a  shock  wave 
with  an  elastic  plate  attached  by  its  edges.  In  this  case,  we  must 
consider  a  system  having  an  infinite  number  of  degrees  of  freedom.* 


Problems  of  this  type  are  usually  solved  by  writing  travel  in  the 
form  of  a  series  in  terms  of  the  main  (normal)  forms  of 


*  In  this  and  subsequent  sections ,  the  wave  nature  of  disturbance  pro¬ 
pagation  in  the  obstacle  material  is  not  taken  into  consideration.  We 
assume  that  the  considered  system  satisfies  the  conditions  formulated 
in  the  preceding  section,  which  permit  the  use  of  the  approximate  "in¬ 
ertial"  scheme.  This  all  the  more  justifies  that  dynamic  calculations 
belong  to  the  number  of  problems  which  have  been  quite  "coarsely"  work¬ 
ed  out  (too  many  factors  remain  unaccounted  for) . 
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(27. L) 


U'(x,  ii,  2,  0=  V  u»„(a:,  2)  ^(0. 


where  wn(x,  Yi  z)  **  are  functions  defining  the  main  forms  of  vibr¬ 
ation; 

W  (t)  -  the  main  coordinates, 
n 

The  chief  advantage  of  this  presentation  is  the  randomness  of 
one  of  the  main  forms  of  vibration  from  all  the  others.  Thus,  if 
the  main  forms  of  vibration  have  been  defined,  motion  in  terms  of 
any  of  them  can  be  considered  as  motion  having  one  degree  of  freedom. 

The  difficulties  associated  with  the  dynamic  calculation  of  elas¬ 
tic  systems  include  the  search  for  normal  functions,  and  especially 
the  complexity  of  defining  the  chief  coordinates.  The  latter  task  is 
usually  solved  with  the  aid  of  Lagrange  equations  of  the  second  type. 
For  this  purpose,  we  must  define  the  kinetic  and  potential  energy  of 
the  system. 

If  we  take  into  consideration  only  the  normal  displacement  of 
the  plate  surface,  the  kinetic  energy  of  its  elastic  vibrations  can  bo 
calculated  according  to  the  formula 


r=‘Tff"'U?’JS  =  T.0'mf  i 

4  S  *  S  \it  0  / 

t/W  £•**'.+*£  i  •v.tf'XW 

4  jr  \fl-o  t-o  »■!),  / 


(27.2) 


Due  to  the  orthogonality  of  the  functions  of  (on,  however, 


JJ  =  0  tip«  k  -A  n. 


(27.3) 


We  finally  find  that: 


n  •  t»  .V 


7  r  m.k 

i>0 


(27.4) 
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where  m  -  mass  per  unit  of  surface; 


Afn  = .  jj  nu»ldS  -  reduced  mass  of  the  elastic  system,  corresponding 

A  to  the  chief  coordinate  W  . 

n 


By  definition,  the  quantity  of  reduced  mass  is  equal  to  the  sum 

of  the  products  of  the  mass  of  all  points  on  the  body  multiplied  by 

the  square  of  travel  completed  during  motion  according  to  the  n-th 

main  form  of  vibration  with  unit  displacement  of  the  main  coordinate 

(W  *  1) . 
n 


The  potential  energy  of  deformation  in  the  elastic  range,  as  we 
know,  is  a  quadratic  form  of  travel  along  the  main  coordinates* 


V 


2 


v 

n  .« 


(27.5) 


where  Kn  -  the  so-called  reduced  rigidity  factor,  corresponding  to 
deformation  according  to  the  n-th  chief  form  of  vibration. 


It  appears  that  the  reduced  rigidity  factor  is  equal  to  twice 
the  magnitude  of  potential  energy  during  motion  in  the  n-th  form  of 
vibration,  which  satisfies  the  displacement  of  the  main  coordinate 

Wn  =  1- 

According  to  (27.4)  and  (27.5),  Lagrange  equations  of  the  second 
type  may  be  written  in  the  form  of  an  infinite  system: 


*  K.*.-rv 
M,  x  *,r,  =  Fv 


Mn-'rr  +  KJVm~Fi 

,u  *  *  »  «• 


(27.6) 


*  In  the  'ela'stTc-plastic  range  this  is  no  longer  so.  However,  add¬ 
itional  problems  which  are  associated  with  the  study  of  plastic  de¬ 
formations  introduce  no  theoretical  changes  in  the  physical  substance 
of  interaction  problems. 
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where  Fj.  -  generalized  force  corresponding  to  the  main  coordinate 


In  order  tc  define  F^.  we  must  write  an  expression  for  the  work 
of  external  forces  during11  travel  of  the  n-th  main  coordinate  by  the 
quantity  SWn.  Because  the  migration  of  points  of  the  obstacle  sur¬ 
face  in  this  case  is  equal  to  w  6W  ,  the  work  of  the  net  forces  of 

n  n 


pressure  p^.  can  be  found  according  to  the  formula 

A  =  jTp.(*.  ii,  z,  /)«„(*,  y,  z)Wn(t)dS  =  lWn  '\jp,mndS. 

The  magnitude 


(27.7) 


F=\\p,«ndS 

"  j 


(27.8) 


as  called  the  generalized  force. 

The  net  pressure  p^.  can  be  found  by  using  the  function  of  the 
wave  equation  potential  which  satisfies  the  boundary  condition 


(27.9) 


Practical  evaluations  are  convenient  to  conduct  separately  for 
hydrodynamic  forces  of  the  first  and  second  category* 


F*m  =  F'm  +  FU' 


(27.10) 


where 


v-*JJ$** 


(27.11) 


_  A  (27.12) 

*In  this  case,  hydrodynamic  forces  of  the  first  category  are  defined 
allowing  for  certain  types  of  buckling;  however,  as  before,  they  do 
not  depend  on  the  results  of  obstacle  motion  and  can  be  calculated 
independently  of  the  parameters  of  motion  and  deformation  of  the  ob¬ 
stacle. 
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The  velocity  potential  <j>  can  be  found  under  the  assumption  of 
obstacle  immobility  with  the  boundary  condition  on  the  surface 


hi  j.  o 

dn  on  dtt 


(27.13) 


where  <J>np  and  <j>^  -  components  of  the  potential  function  induced  by 

the  direct  and  diffraction  waves. 


The  potential  <j>2  on  the  plate  surface  is  subject  to  the  condit¬ 


ion 


hi 

On 


(27.14) 


but 


r  =  Vu*X 


n  0 


(27.15) 


and  consequently,  the  potential  of  the  radiated  field  <t>2  is  a  funct¬ 
ion  of  the  parameters  of  motion  in  all  main  forms  of  vibration.  The 
latter  fact  indicates  the  advisability  of  finding  function  4>2  in  the 
form  of  a  series 


?2  = 

n  0 


(27.16) 


where  A^  on  the  obstacle  surface  is  a  function  only  of  time  t. 
n  ■* 

If  this  can  be  achieved  in  terms  of  the  problem's  conditions, 
then  a  comparison  of  (27. 14) - (27.16)  yields 

*"“*•*■  (27.17) 


which  is  a  function  only  of  one  main  coordinate  W  . 

u  n 

Employing  (27.8),  (27.10),  (27.12),  (27.16),  and  (27.17)  and 
the  feature  of  orthogonality  of  the  functions  of  u )  ,  we  get 


# 

t 


4 
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.  “  -  ■ fo  f  f  SV  ^*1  u,«rfs  =:  -  *  Y*  j  j  ^ds = 

v'  L'fff  J  -s 


(27.18) 


In  this  case,  the  n-th  component  of  the  second  category  hyd¬ 
rodynamic  forces  is  a  function  only  of  the  n-th  main  coordinate. 


The  result  obtained  permits  us  to  form  conclusions  on  the 
feasibility  of  defining  any  main  coordinate  from  a  total  of  two 
differential  equations 


•V„  i-  KnW„  [j*  ^>ndS  +  Ftn, 


(27.19) 


gX  ,  *fn,  ■ 

<J*‘  ^  dy*  ^  dz*  a*  dt*  \ 


(27.20) 


The  limiting  condition  for  (27.20)  is 


(27.21) 


According  to  (27.16),  the  net  potential  of  the  wave  radiation 


field  is 


n -0  «»0 


(27.22) 


Strictly  speaking,  we  can  only  write  (27.16)  for  the  simplest 
cases  of  shock-wave  interaction  with  an  elastic  obstacle  (problem  of 
plane  wave  interaction  with  spherical  and  round  cylindrical  envelopes) ; 
consequently,  in  general,  any  component  of  second  category  hydro- 
dynamic  forces  F^  becomes  a  function  of  all  the  main  coordinates  and 
must  solve  an  infinite  system  of  mutually-related  differential  equat¬ 
ions.  However,  as  D.  A.  Aleksandrin  first  showed,  using  the  study 
of  the  motion  of  an  infinite  plate  resting  on  rigid  immobile  equi- 
distai£  unilateral  supports,  for  most  cases  of  practical  application 
we  can  ignore  all  terms  in  expressing  F£n  where  k  ^  n.  Consequently, 
we  can  roughly  define  any  main  coordinate  from  a  total  of  two  dif¬ 
ferential  equations  (27.19)  and  (27.20),  which  are  primarily  used  to 
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tssssxs s»w 


precisely  define  Wn* 


Later  on  we  will  show  that  the  n-th  component  of  second  cate¬ 
gory  hydrodynamic  force  may  be  written  in  the  form 


1  in  ■ 


i  . 


01  "  li ' 

0 


where  t  <  hn 

(27.23) 

where  t  >  t0n, 

(27.24) 

where  Fgn  -  a  constant,  equal  to  the  second  category  hydrodynamic 
force  component  at  time  t  =  0  for  the  motion  of  the  main  coordinate 
according  to  the  unit  function  law  Wn  =  (t) ; 


t^n  -  some  typical  time  for  which  iKt)  =0  where  t  >  tgn? 

(t)  -  the  kernel,  depending  on  both  the  shape  of  the  ob¬ 
stacle  and  its  type  of  deformation  (where  t  =  0, 

^n(0)  =  1). 

Therefore,  the  problem  of  a  shock-wave  interacting  with  an 
elastic  obstacle  reduces  to  a  study  of  integro-differential  equations 
of  the  type  already  considered:  where  t  <  tQn 

MnWn  +  KnWn~Fln-F0n  !  MP,  (/-•)•>,  <•)«/-.  (27.25) 

0 

where  t  >  tg 


Un 

■K«W.  =  Fu-F*,  f 


w„{t  <1-. 


(27.26) 


The  primary  difficulties  are  first  of  all  associated  with  defin¬ 
ing  4>n(t)  from  the  corresponding  boundary  value  problem  of  the  wave 
potential  and  secondly,  with  deriving  a  precise  solution  of  integro- 
differential  equations  (27.25)  and  (27.26)  themselves.  These  equat¬ 
ion  may  be  reduced  to  ordinai  y  differential  equations  for  several 
forms  of  the  function  i^(t). 
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To  prove  this  assertion,  let  us  employ  the  method  developed  in 
§23.  Integrating  (27.25)  twice  with  respect  to  t  and  dropping  out 
the  index  n  (for  the  sake  of  simplicity) ,  allowing  for  zero  initial 
data  we  find  that 


A!  W'  (/)  +  K  J'  ]'  W  (*) d-  d’  -!-  F0  j  W  (( _  -)  *  {-) d-. . . 

=  J|f,  ($)**. 


(27.27) 


Integration  by  parts  and  differentiation  from  (27.27)  easily 
yields 


I  i 

M  W  (/)  +  K  j  r  (t  )d-  +  F„  W(t) + F0  J  W(t-  ,)  4  *  (,)d,  = 


-J 

0 


Altf(/)  +  Fetf(0 


(27.28) 


« 

+  [*  4-  F0'l  (0)|  (/)  H-  F0  i‘  r  (/  -  *.)  4  •>(*)<(*  -  F,  (/). 

»'  at* 


(27.29) 


Multiplying  (27.27)  by  C2  and  (27.28)  C^,  and  combining  these 
with  (27.29),  we  find  that 


MW(t)  +  {F.  +  ClM)tyyt)  + 

+  |/c  +  f,ho) + c,f,  +  c,m|  r  (o  +  c,#c  j  nr  w*  + 

4-  C./C j J  W  (5)  did’  =  F,  (0  +  C,  J  Ft  (t)  dt  +  Cs  j  J  - 

oo  o  oo 

i 

-  F#  JV  (/  -  O  (”  +  C,  4  +  t  <0 rft- 


(27.30) 
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It  follows  from  (27.30)  that  if 


—  +  C,  ^  +  Q»  =  0, 

dt*  1  dt  *T  * 


(27.31) 


then  the  initial  integro-dif ferential  equation  goes  over  into  an 
ordinary  differential  equation.  Forms  of  the  functions  ^(t)  which 
satisfy  condition  (27.31)  were  produced  earlier  (cf.  Table  5). 


} 

i 

v 


i 


In  contrast  to  an  analogous  problem  of  motion  of  an  undeformable 
obstacle,  because  of  the  term  condaining  the  reduced  rigidity  factor, 
in  this  case  we  get  an  equation  of  the  fourth  order  having  constant 
coefficients,  and  not  a  second-order  equation 


M  tX.  -|-  (f.  C,M)  q-  +  \K  -f  r,i (0)  +  C,F.  +  C,M|  SX  + 


dt* 


dt * 


■C>K%  +C.W  =  f,(0  +  C,f1(0  +  C,f1«). 


dt 


(27.32) 


Integration  of  (27.32)  should  be  performed  with  the  following 
initial  data: 

r<o)==ir«))  =  o.  I 


W(o)^M±' 

m 

v^>  (0)  =  —  /r  ftJO) 

'  M  0  M 


(27.33) 


The  differential  equation  (27.32)  is  valid  where  t  <  tQ.  Where 
'  t  >  tg,  analogous  transformations  of  (27.26)  lead  to  an  ordinary 
differential  equation  of  the  fourth  order  having  constant  coefficients 
and  a  delayed  argument 


V 


t'/o  i  c, M)a~\ 

ai * 

t  „  .  <r-w  (/-  tu) 


\F,H0)  ,-C\/0  t  CjAlJ 
-!  C.K*--  .  C.A'tt"  - 

1  i* 


d’U 

u'/! 


—  Ft  (t)  -i  C,F,  (/)  l-CF,(0 
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(27.34) 


x>  .. 


■ 


When  approximating  the  function  iJ’Ct)  by  a  linear  relation 


*  (/)  =  ( l  —  -fj|30(/)-3o </-/.)!. 

*  • 


(27.35) 


as  we  indicated  in  §23,  the  coefficients  and  C2  must  be  assumed 
to  be  equal  to  zero.  In  this  case,  we  derive  a  second-order  ordin¬ 
ary  differential  equation  from  (27.29) 

MW  -f  FUW  j  K  -  yu )  W  -  l\  where  *  "  **'  (27.36) 

>  ** 


For  t  >  t* ,  motion  is  described  by  an  equation  having  a  delayed 
argument 


Air  +  f0r  .| 


(27.37) 


These  last  equations  and  their  methods  of  solution  are  practic¬ 
ally  the  same  as  those  examined  in  §§23-25.  The  difference  consists 
in  considering  not  just  one,  but  n  equations  of  the  type  (27.36), 


(27.37) . 


As  we  mentioned,  the  primary  difficulty  of  the  problem  lies  in 
defining  the  functions  ^n(t)  from  the  corresponding  boundary  value 
problem  of  the  wave  potential.  The  following  section  is  devoted  to 
illustrating  possible  means  of  finding  these  functions. 


§28.  The  Pressure  Field  and  Generalized  Hydrodynamic  Force  of 
the  Second  Category  Induced  by  Deformation  of  an  Elastic 
Plate  Attached  by  Its  Edges  to  a  Rigid  Infinite  Wall 

Let  us  now  consider  the  motion  of  an  elastic  plate  attached  by 
its  edges  to  a  rigid  infinite  wall,  under  the  influence  of  a  plane 
shock-wave.  For  the  sake  of  determinacy,  let  us  assume  that  the 
plate  divides  water  and  air. 

The  presence  of  a  rigid  infinite  wall  greatly  simplifies  the 
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evaluation  of  2nd  category  generalized  hydrodynamic  force:  it  will 
be  twice  the  magnitude  of  pressure  of  a  direct  wave. 


According  to  (27.8), 


l\M)~{\2p(t)»>ndS~2pV)alnS. 

s 


(28.1) 


where 


(28.2) 


Let  us  evaluate  the  possibility  of  two  methods  to  define  second 
category  hydrodynamic  force:  utilizing  the  radiation  integral  (§11, 
14,  15)  and  solving  the  boundary  value  problem  of  the  wave  equation. 


With  the  aid  of  the  radiation  integral  for  points  situated  on 
the  surface  of  a  round  plate,  according  to  (11.19)  and  (27.1),  we 
find  that 


;  {[  . 


(28.3) 


where  r  -  the  radius-vector  of  the  point  of  observation;  r^  -  the 
variable  radius-vector. 


Pressure  cn  any  point  r  on  the  plate  induced  by  its  motion  in 
the  form  oin(r)  at  a  velocity  Wn, 


Pt Jr,  /)  = 


(28.4) 


We  can  calculate  the  integral  (28.4)  for  the  center  of  a  plate 
r  =  0  rather  sim?  .y.  In  this  case 


Pt„(0,  () 
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where  a  -  the  radius  of  the  plate. 


Because  an[t  -  ~ }  h  0  where  r.  >  ant,  then  for  t  <  we  get 

O'  ao'  10'  aft  3 


(0,  I)  *  -  ?,  -  {;)«'„(',)  dr, • 


(28.5) 


By  replacing  the  variables  t  =  t  -  (r^)/(aQ)  and  integrating  by 
parts,  we  can  easily  derive 


P:„  (0,  t )  -  j  n  ( t)  u>n  (aj  —  a0 t)  dx  m 
~  <'K (0)  -  (/),,„  (0)  -f- 

+  Wl  J‘  WnM •"„(«, /-«„')  dt. 

(28.6) 

If  we  consider,  as  if  often  done,  the  motion  cf  a  round  plate 
with  its  edges  freely  supported  as  a  form  of  buckling 


w  =  i  — 


(28.7) 


then  oj(0)  =1;  w( 0)  =0;  co(r)  =  - 


Substituting  these  expressions  into  (28.6),  we  find  that 


Pi  (0.  /) «  —  Fo (0  +  -JT  J  Wc  ( •> 


(28.8) 


where  W  -  migration  of  the  central  point  on  the  plate  (main  coord- 

C  / 

inate) ; 

t  =  —  -  -  wave-run  time  of  the  elate  radius. 

A  aQ 

Formula  (28.8)  was  first  derived  by  Kirkwood  [10] .  Its  first 
term  conforms  to  the  solution  based  on  the  hypothesis  of  "plane  re¬ 
flection"  ,  the  second  considering  the  effect  of  diffraction  waves 
where  t  <  t 
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L.  V.  Fremke  derived  a  similar  relationship  for  radiation  pres¬ 
sure  at  the  center  of  an  infinitely- long  plate  being  deformed  into  a 

2  2 

cylindrical  surface  w  =  1  -  (x  )/(a  ) 

p-t  t)  =  —  (0  f  ■  j  Wt  (-)  d:.  (28.9) 

*.i  » 

It  differs  from  (28.8)  by  only  the  coefficient  in  the  second 
term,  indicating  the  effect  of  diffraction  waves  for  a  round  plate 
is  twice  as  great  as  for  a  plate  buckling  into  a  cylindrical  surface. 
However,  for  other  points  on  the  plate,  we  cannot  derive  such  simple 
results.  Consequently,  the  definition  of  the  second  category  gen¬ 
eralized  hydrodynamic  force,  with  the  aid  of  the  integral  of  radiat¬ 
ion,  becomes  very  difficult.  It  is  simpler  to  consider  the  appro¬ 
priate  boundary  value  problem  of  the  wave  equation. 

At  this  point  we  will  limit  ourselves  to  the  study  of  motion  of 
round  and  rectangular  plates. 

For  a  round  plate  with  the  radius  a,  attached  to  a  rigid  infin¬ 
ite  wall  and  buckling  in  the  shape  w  (r) ,  the  problem  of  defining 
the  radiation  field  reduces  to  defining  the  potential  function  <j>n 
which  satisfies  the  wave  equation  in  cylindrical  coordinates  (hence- 
forht  we  will  cease  using  the  index  n) : 

<l\  I  ,  tfaf  _  I  iJ'if 

<)/■*  r  dr  di‘  Og  <)/•  (28.10) 


with  zero  initial  data 


9 


==0 

1-0 


(28.11) 


and  boundary  conditions 


i  -o 


0 


where 

where 


r  >  a 
r<a 


(28.12) 


r  -  »• 
z  * 
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(28.13) 


TiMS?  ' 


We  will  assume  the  origin  of  the  coordinates  to  be  at  the  cent¬ 
er  of  the  plate.  The  z  axis  is  directed  toward  the  interior  of  the 
fluid.  The  positive  direction  of  motion  of  the  plate  opposes  the 
direction  of  the  z  axis  [hence  the  minus  sign  in  the  boundary  con¬ 
dition  (28.12)]. 


To  solve  the  wave  equation,  let  us  employ  the  Laplace  transform*. 
Then,  instead  of  (28.10)- (28.13) ,  we  get 


,  _L  ii  +  ~ 

dr-  r  dr  dz *  aj 


(28.14) 


£#  _  0_  where  r  >  a 

01  i-o  where  '<a 


(28.15) 


i/.« 


(28.16) 


where 

$(*)«=  |  dt, 

mm  *• 

?  *»  f 

o 

v  -  a  complex  parameter  having  a  positive  real  p  .rt. 

As  before,  the  solution  of  (28.14)  will  be  sought  by  the  Fourier 
method.  Let  us  assume  that 


(28.17) 

(28.18) 


?  =  »)•  (28.19) 


Then,  substituting  (28.19)  into  (28.14),  we  find  that: 

X"  j£)  ,  JL  ,  KJj v*  __  n 

A  (r)  +  r  X  (r>  +  V  (*.  v)“  “  ’  (28.20) 

*This  method  was  first  used  to  solve  the  problem  by  Zamyshlyayev  and 
Mironov  for  the  motion  of  a  rigid  plate  in  terms  of  the  first  type 
of  vibration. 
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whence 


X"(r)  +  7-X'<r)-f  >.‘X(r)  =  9. 


'"(*.  v)~  ^  +  ■—  j  Y  {2,  V) «  0. 


(28.21) 

(28.22) 


Considering  conditions  of  infinity  and  integrating  (28.22),  we 
find  that 


Y(z,  *)  =  C,(>,  v)« 


\/*7 

—  i  1/  “u 


(28.23) 


The  solution  of  equation  (28.21),  if  we  bear  (28.16)  in  mind, 
will  be 


X  (f  \  —  Cay0(Xr). 


(28.24) 


where  JQ(Xr)  -  a  Bessel  function  of  the  zero  order. 

According  to  (28.19),  (28.23),  and  (28.24),  the  general  form 
of  function  <jT  is 


•o 

J 


y0(Ar)C()-v)e  * 


(28.25) 


To  define  C(X,  v) ,  let  us  employ  the  boundary  condition  (28.15), 
which  we  will  write  in  the  form  of  a  Fourier-Bessel  integral  expan¬ 
sion 

“  -J  )  Jo  (>•/■)?  p«(p)^(v)y0(|ii)  d'.dr. 

0  «■»  (28.26) 

however,  according  to  (28.25) 


***  *-o 


(>OC(X. 


(28.27) 
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whence 


X"(r)  +  -i-X'(r)  +  >*X(r)  =  0. 


Y"(2,  v). 


,  V)  =  0. 


(28.21) 

(28.22) 


Considering  conditions  of  infinity  and  integrating  (28.22),  we 
find  that 


Y(z,  v)  =  <:,(>.,  v)< 


-i 


A? 

/  "tl 


(28.23) 


The  solution  of  equation  (28.21),  if  we  bear  (28.16)  in  mind, 
will  be 


X(r\  ~  CtJ0(kr), 


(28.24) 


where  JQ(Ar)  -  a  Bessel  function  of  the  zero  order. 

According  to  (28.19),  (28.23),  and  (28.24),  the  general  form 
of  function  ^  is 


d>..  (28.25) 


-  f  -V^ 

?  =  J  J0('w)C{U)e  v 


To  define  C(A,  v) ,  let  us  employ  the  boundary  condition  (28.15), 
which  we  will  write  in  the  form  of  a  Fourier-Bessel  integral  expan¬ 
sion 

~  ~  .1  o  M  |  P»(il)  $  (v) 

f-°  o  «*  (28.26) 

however,  according  to  (28.25) 


di 


f 

1 


Oif 


Vr)C(l, 


(28.27) 
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consequently , 


co,  >) - 7^=r  f  •“•w  '•<!*>*• 


V* 


-  s 

as 


(28.28) 


Therefore , 


?  -  I  >••/«('/) 


*VQ) 


(28.29) 


To  use  the  original  instead  of  the  transform,  let  us  employ 
the  Mellin  integral 


<P  -  j  W,  (>/)  -MM  X 


lA7^ 

"dv 


or  on  the  basis  of  the  generalized  Borel  theorem 


(28.30) 


<P  “  |  (?)  J »(?>)  X 


X  s 


/*■ 1  -* 


= —  dv  I  dt  j  d)-dp. 


(28.31) 
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Because 


2 rj 


to  =  atJ6 


(28.32) 


we  will  get* 


(28.33) 


where 


0 


(28.34) 


Using  pressure  according  to  (28.33)  instead  of  the  potential 
function,  we  will  find  that 


f  **  __ 

p.,(r,  2,  t)  -  —  (,,/Jo  j*  W(t~  t)J>.y#(>.r)w(/)y0|i«c|//  p-jd/dx. 
/.'a.  0 


(28.35) 


Assuming  that  z  =  0  in  (28.35),  let  us  derive  an  expression  fcr 
pressure  at  points  on  the  plate  surface.  To  define  second  category 
hydrodynamic  force,  we  must  integrate  this  pressure  with  respect  to 
plate  surface,  multiplied  by  the  form  of  buckling, 

2*  o  '* 

F.~  =  |  ]  Pi(r,  t),»(r)rdrdi  =  2*  \>p.t(r,  t)<»(r)r:tr  (28.36) 

*The  same  result  was  obtained  by  Aleksandrin  with  the  aid  of  a  double 
integral  transform  (the  Laplace  transform  with  respect  to  t  and  the 
Hankel  transform  with  respect  to  r) . 
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We  should  bear  in  mind  that  (28.35)  characterizes  only  the  com¬ 
ponent  of  pressure  forces  conforming  to  the  n-th  main  coordinate. 

Net  pressure  is 


- 

n  0 


(28.37) 


The  second  category  hydrodynamic  force  for  the  k-th  form,  in 
turn,  is  defined  by  integrating  series  (28.37),  multiplied  by  the 
main  type  of  vibration 

*  a 

F-"  =  2k  JS  J  P^rdr.  (28.38) 


However,  we  can  disregard  all  the  terms  of  the  series  where  n  ? 
?  k.  Consequently,  combining  (28.35)-(28.38)  we  find  that 


/  .* 


—  2nouou  J'  Wk  (t--)  f  )~»l  (/.)  J0  ( >a0 -)  d>dx 


(28.39) 


It  is  convenient  to  write  expression  (28.39)  in  a  somewhat  dif¬ 
fer  nt  form 


Fn  -  —  Fm  V  —  *) h (*)<k. 
6 


(28.40) 


where 


F0k  =  Vo271!  r^h(r)dr  =  wJkS, 


(28.41) 


’,=sT$°'ldS' 

<4  (*)  =  ~  f  '•%  W  M 

b 

(>)  =  )nuk(r)Jo0s)dr. 


(28.42) 

(28.43) 


2a 

We  can  show  that  where  t  >  — ,  i|j(t)  =  0  and  consequently,  i{/(t) 

?a  ao 

chang<  s  during  time  [0,  —  ]  from  one  to  zero  during  the  motion  of 

a0  2a 

a  plate  in  any  type  of  vibration.  Therefore  where  t  >  — 

a0 
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-'•i 


(28.44 


With  the  aid  of  (28.42)  and  (28.41),  we  can  easily  calculate 
the  quantity  of  apparent  mass  of  the  fluid  during  vibration  of  the 
plate  in  a  given  form 


.il 


7a 


^,  (>*,*) 

u  u 


(28.45) 


Calculation  by  this  formula  often  leads  to  the  goal  more  rar id¬ 
ly  and  in  a  simpler  fashion  than  the  classic-  scheme. 

Let  us  now  examine  motion  of  a  rectangular  plate. 


For  a  rectangular  plate  fastened  to  a  rigid  wall  and  deforming 
in  a  given  main  form  of  vibration,  the  problem  of  defining  second 
category  hydrodynamic  force  is  reduced  to  finding  the  potential 
function  <J>  which  satisfies  the  wave  equation 


with  zero  initial  data 


*5L  4.  .  **t  I  *9 

***  **  *i*  (X* 


(28.4) 


(28.47 ) 


and  boundary  conditions 


dt 


,-o 


0 

— y ) 


where  |x|  >  a  or  |  y\>b 
where  —«<*<«  and  —b<ZyKb, 


(28.48) 


k-  y^F7 


-0. 


(28.49) 


A  system  of  coordinates  is  selected  as  in  the  preceding  section? 
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the  origin  of  the  coordinates  is  at  the  center  of  the  plate. 
After 

V  " 

’  0yl  ‘  0: 


applying  the  Laplace  integral  transform,  we  will  find  that 

„?;?  ,  ..  7 

dt*  tin*  '  it*'  a'  ' '  (28.50) 


jh 

dz 


0 


—  W  (*)o>(x,  y) 


where 


l*i>a 

\y\ >b 


where  a '  x  '  ® 
-b<y  -'b 


(28.51) 


where 


<p  =  ("  oe  >f dt , 


li^  (v)  =  [  W(!)e-'‘dt. 


(28.52) 


(28.53) 


(  form 


Employing  the  Fourier  method,  we  will  find  the  solution  in  the 


(x)Y(y)Z(z,  v). 


(28.54) 


Then,  after  substituting  (28.54)  into  (28.50)  we  will  find  that 


A"  ,  Y"  ,  2" 

~  +  X  T  v 


“5 


Equation  (28.55)  is  equivalent  to  the  system 


A"  -!-  m* X  0, 
Y"  -f  n*Y  •-=  0. 


7"  _  ^OT*  +  -j  -~jz  =  0. 


Allowing  for  the  boundary  conditions 

X  =  C/~, 
v C./'”' . 
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Z  =  C;,C 


(28.55) 


(28.56) 


(28.57) 


■*sm 


The  solution  of  the  wave  equation  in  transforms  is  written 
in  the  following  manner 

j  f  C(,n.  n.  *)e,imx+"'e" 

—  *  — f 

To  define  the  arbitrary  function  C(m,  n,  v) ,  let  us 
employ  the  boundary  condition  (28.48),  after  first  putting  in  the 
form  of  a  Fourier  integral 


where 


m  * 

iL  =_F{v)  f  t  enmx*Hy)*(m,  n)dmdn,  (28.59) 

&  ,  J  J 


>■  "l  =  7;r  j  »**■  ,28.60) 


Differentiating  both  parts  of  (28.58)  with  respect  to  z  and 
assuming  that  z  =  0,  we  will  find  that 


«•  «• 

|L|  =-  j  j  C(m,  n,  v)|/ m*  +  n*  + 


(28.61) 


A  comparison  of  (28.61)  and  (28.59)  yields 

(28.62) 

Therefore,  the  solution  of  the  initial  wave  equation  in 
transforms  appears  as 


C(m,  n,  v). 


tt'  (•<)  u  (m,  n ) 
/  m*  •  «•'  j  - 


(28.63) 
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Using  the  original  instead  of  the  transform,  and  employing 
the  Mellin  integral,  we  find  that 


j  J  «'  n)X 


X 


*'(•>  1  7  - g- 

|  /  m*  j-  n*  -a-  — - 

V  < 


dv  dmdn. 


Because 


/«*<-■*+ -3- 


(28.64) 


(28.65) 


then  on  the  basis  of  the  generalized  Borel  theorem  we  will  find 


*  -  V -  H  =(«..  -.)  f  -  T,  X 

-  *  —  , 

X  J.  |o„  lr m*  -h  n*  X*-  j  dxdmiln. 


(28.66) 


Using  pressure  instead  of  the  potential  function,  we  get* 


)>«-:)  J  j  n)X 

•T 

X  Jo  («•  //n*  +  n*  j/* — jr)  dmdnd-- 


(28.67) 


Assuming  that  z  =  0  in  (28.67),  we  derive  an  expression  for 
pressure  at  points  on  the  plate  surface. 


*A  solution  of  the  problem  in  this  form  was  first  derived  by 
Zamyshlyayev  and  Mironov  and  Novoselov. 
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The  appropriate  component  of  second  category  generalized  hydro- 
dynamic  force  will  be 

a  b 

F.  =  j  jp.(x.  y.  2  =  0,  <)«>(*.  y)dxdy.  (28.68) 

— u  —6 

The  result  of  (28.67)  relates  only  to  the  component  of  pressure 
forces  satisfying  the  n-th  main  coordinate.  By  reiterating  arguments 
from  the  first  part  of  this  section,  which  were  developed  for  a  round 
plate  for  the  k-th  main  coordinate,  we  can  write 

I 

=  -  Fu  j  Wk(t  -  t)  i*(-)dt.  (28.69) 

where 

a  h 

F„  =  w 0Sia  «=  Wo  j  j  4  (.v,  y)dxdy, 

HI  -I 

•*  * 

% (*)  =  16^— ~j’  j  (in,  n)  JQ{a0i  V  m*  +  /»* ) drudn, 

»,<m.  „)=_L  |  y)dxJy. 

As  before,  where  t  >  tQ  =  ~  j/  j  +  ,  ^k(t) 

sequently,  for  t  >  tg  ® 

I* 

f«=-FM)>*(/-t)y*(t)dt. 

II 

The  expression  derived  for  the  function  4*(t)  permits  us  to 
rather  simply  define  the  quantity  of  apparent  mass  of  a  fluid  for 
a  rectangular  plate  attached  to  a  rigid  wall  with  its  motion  in  a 
given  form  of  buckling 


(28.70) 

(28.71) 

(28.72) 

5  0 .  Con- 

(28.73) 


I,  {.  v  * 

Mnp  -  F0  \  •>(*)<i-.  --  16r2o(1c0 1  </*  j  \  w*(m,  rt)  X 

o  b  o  6 

X  h  (<V  l '  n-)dntdn.  (28.74) 


As  with  round  plates,  calculations  according  to  this  formula  are 
simpler  than  those  using  the  customary  method. 
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§29.  The  Practical  Evaluation  of  the  Parameters  of  Motion  of  an 
STas tic  Plate  Having  Edges  Attached~to  a  Rigid  Wall  Under 
the  Influence  of  an  Underwater  Shock-Wav® 


The  methods  of  defining  second  category  hydrodynamic  forces 
which  were  developed  in  the  preceding  sections  for  a  given  main  form 
of  vibration,  in  conjunction  with  the  approximate  method  for  solving 
the  integro-differential  equation  of  motion,  permit  us  to  indicate 
a  rather  simple  means  for  the  dynamic  calculation  of  a  plate  being 
deformed  under  the  influence  of  an  underwater  shock-wave.  This  cal¬ 
culation  is  based  on  two  assumptions : 

1.  the  main  forms  of  vibration  are  considered  to  be  known  a  pri¬ 
ori;  as  a  rule,  we  are  given  a  total  of  one  form  of  vibration  which 
roughly  corresponds  to  the  lower  tone  (reduction  method) . 

2.  the  second  category  generalized  hydrodynamic  force  is  approx¬ 
imated  by  a  linear  relation;  for  this  purpose  we  preliminarily  cal¬ 
culate  the  apparent  mass  which  corresponds  to  the  assumed  vibration 
type. 


Upon  fulfillment  of  these  premises,  the  problem  of  motion  of  an 
elastic  plate  under  the  influence  of  an  underwater  shock-wave  is  re¬ 
duced  to  the  integration  of  an  ordinary  differential  equation  of  the 
second  order  having  constant  coefficients.  Let  us  consider  a  number 
of  concrete  examples. 

A  Round  Plate  Rigidly  Fastened  by  its  Edges 

The  type  of  buckling  in  this  case  may  be  roughly  assumed  as 

0,(0  j*J\  (29. i) 

According  to  (28.2)  and  (28.41),  the  values  of  the  coefficients 
and  are 
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We  will  then  find  that 


0  0  .  .  2a  . 

where  "  —  s*n  * 

«  • 

r=  y  (29 

loiT  J  ^a* sm* *  ~  ** cos* ****  vher e  *  <  ~  sin  x. 

Substituting  the  values  of  the  coefficients  [f{3  + 
r  (2  +  1)  =  2]  and  performing  transformations ,  we  get 


(29.7) 


_  32  16 

2 

l* 

3  s 

J 

t  oM 

ircMn  — — 
7a 

Hr(? 

+  t)>/ 

15s 

5  r  3 

2560 

160  [  8 

arcsin  ?  -f  J-  t  \f  \ -V  r 
2  r 


)]  —  2>* 

(i': 

5n 

_L.(. 

256 

48  [ 

+  y;Kl— ?  t~-xV'13r*(l_2x*)])  + 

+  lir  ~  T T  ,/(1"’T,)5  - T  [t  arcsin + 
+  ~  1 1 '  i”:; -1  r  o  -  2^)]  J } , 


(29.8) 


where 


The  function  ^(t)  may  be  approximated  with  sufficient  precision 
by  the  relation 


and  with  a  somewhat  greater  error  by  the  formula 


(29.9) 


9  (')  -*  *~iu'  cos 
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(29.10) 


nv&r' 


The  quality  of  approximations  is  shown  in  Fig.  122.  Knowing 
the  function  tK-F) ,  we  can  easily  find  the  quantity  of  apparent  mass. 
According  to  (28.45)  and  (28.41),  we  get 


2i. 

~n~ 

r-  |  '1  (T) =  pjfl#atS-0,34  •—  = 
o 


—  p^i  •  0,2*  0,34  •2*a*  =  0,43?oO*. 


(29.11) 


A  Round  Plate  Freely  Resting  On  its  Edges 

The  type  of  buckling  may  be  assumed  to  be  [25] 

•W-1— t(t)’+t(t)‘-  (29.12) 


( 


Fig.  122.  The  Function  for  a 
Round  Plate  Rigidly  Fastened  by  its 
Edges  to  a  Rigid  Wall. 

-  precise  solution; 

- -  approximation, 

t  )  zz  —2  2t  —  - 

e  *cos  (u/2)t;  x  approximation  of  ijf  CO  : 
=  (1  ~t2)6. 


This  form  corresponds  to  =  0.47;  a2  =  0.30. 

Substituting  (29.12)  into  (28.42)  and  performing  calculations, 
C  we  find:* _ 

*For  a  freely  resting  plate  being  deformed  by  buckling  type  (29.12)  , 
the  problem  was  solved  by  Mironov  and  Novoselov. 
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„.M* OS* 


•’(')  —  J%  +  2  J 


t  •< 


i-  J,. 


(29.13) 


where 


Oat  ' 
2j~  ‘ 


1260-4  f  /  .  ,  -iv  .  . 
— V  (ssn1  x  —  t*)  cos1  xdx 

•  KUS  » 

0 


where  0  <  t  <  I 
where 


(29.14) 


i  -  arcalo  (I—  ift> 

n  f  |cos*  x  —  4t*|  sin  x  cos*  xdx  4- 

b 


J*  = 


eo 

75* 


|  J(cos* 


€0S*X  , 

x— 4t*)arccos  — rs - + 

4t  MO  * 


attain  0— Jt) 


+*«"'Y'-{-^)‘Ynx'oi>idx 


where 


0  <t 


f  [ 


(cos®  x  —  4x*)  arccos 


4t*  —  cos*  x 
4t  s'n  x 


arcain  (21—11 

f  4tsinx 


/,-(%frT]sinxcos‘x'" 


(29.15) 


where 


-TT  <  *  <  *• 


t>  1; 


j  „  (  — -  —  1'  (sin*  x~t*)*  cos®  xdx  where  0  <  t  <  1 , 

•  j  75 •  3r  J  _ 

Jfc  sin  t  . 

0  where  v  >  I. 


(29.16) 


In  spite  of  the  fact  that  all  three  integrals  are  written  in  fin¬ 
ite  form,  it  is  simpler  to  employ  integral  representations  directiy 
in  calculations. 
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r  =  i£ 

2  3 

Fig.  123.  Function  ip  for  a 
Round  Plate  Freely  Resting  on 
its  Edges  on  a  Rigid  Wall. 

-  precise  solution; 

-  approximation 

'P  -  e  *COS  — r~T . 


for  the  function  ^(t)  we  will  find  that 


i!r.»  P  (*  (*  sl«*«aco*m/  tin*  na  a*  n 


-dmdiuD.  i 


■j'  UA. 


(29.23) 


where 


sin*  mo  cot  ml 


1  ("•-£)’ 


-dm. 


(29.24) 


/„«=  dn 

f; 


After  performing  the  transformation 


(29.25) 


sin*  mo cosm/  =  -1-  sin  mo|sin  (o  -  /) m  -f-  sin  (o  +  /) m), 
sin*  nbcoinL  =  ~sinn6|sin(6  — L)n  +  sin«>  +  L)n\, 
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the  integrals  (29.24),  (29.25)  will  be  written  in  the  form 


/_  = 


2  2  2J  -(---*•/ 


+  T 


M 

Jsin  ma  sin  (M  a)  < 

-(—■ s-y 


dm, 


J  -(--v) 


(29.26) 


Integration  yields 


+  ■ 


n*  ( n*  — 

.J2.y 

V 

**  / 

dn. 


(29.27) 


•  ,  a%bs 


(29.28) 


where 


/(•«  <■)  - 


[.l 

-t)(2  |-c“4-)]x 

>14sii,JrT 

l*-T)(,+—7-)] 

where 

0  <' )  <  2a 
0<L<  2b, 

0 

l 

where 

l  >  2a 
L>2b. 

(29.29) 


Let  us  examine  the  restrictions  imposed  by  the  inequalities 

2a  , 

0  <  1  <  2a  and  0  <  L  <  2b  in  the  time  interval  0  <  t  <  7  v2 

2a  0 

(k  =  b/a,  b  >  a) .  Let  0  <  t  <  — .  Then,  for  any  X  from  the  interval 

0 

0  <  X  <  4,  both  inequalities  are  fulfilled  at  the  same  time.  The 

m  2ci  2k)  2  a 

first  inequality  produces  0  <  X  <  arcsin  — r— .  If  —  <  t  <  —  v 

V  a0  a0  x 


x 


/l  +  v2  =  (2  /_2  +  2)/an,  then  it  follows  that  0  <  X  <  arcsin 


from  the  first  inequality  (as  before)  ,  and  arccos  <  X  <  ^ 


2b 

7 
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from  the  second  inequality. 


2b 

Therefore,  where  — <  t  < 

a0 


2>^a2  +  b2 


,  we  get 


arccos  —=<*.<  arcsin 

"ft  a,t 


Accordingly,  and  based  on  (29.23),  (29.28)  for  the  function 
\p(r)  we  will  find  that: 


*<•)« 


i  /('.  I.)d>. 
0 

.  2  a 

I  /(^. 
0 

where 

°<’<v 

o 

i)d* 

where 

9z 

?n 

«7 

2b  .  ^  2K0*  ;-6* 

flit  ^ 

i  y<-. 

,,ctu'  «T 

i)dt. 

where 

0 

where 

(29.30) 


Similar  findings  can  be  derived  for  a  rectangular  plate 
freely  supported  by  its  edges.*  In  this  case, 

‘«(*.  y)  —  cos  cos  ~~ , 

2a  2b 


(29.31) 


H*)  = 


1 

2r. 


j  /(".  >)dt.  where 

«tciin 

t  QJ 

f  /('.  >)d>.  where 

) 

Irtil 

QJ 

% 

J  /('.  >■) di.  where 


) rctirt 


»rcco* 


IL 

QJ 


where 


0,‘  ^ 

•  <»» 


2u  .  2b 

- a  t  -■  - 

°»  °ii 


2b  _  .  _2  |_<is  b: 

On 


*  ^ 


2)  <t»  .  b '■ 

on 
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(29.33) 


r  2  . 

r.l 

t  1 

•  \  r.l 

r.l 

=  —sin 

— - - 1  COS - 

-r  COS - 

l  * 

2a 

\  a 

!  2 a 

2a 

A  f~  Sin  ^7 - (  -7 - J  )  COS  -L-  ~  COS  ] 

l  r-  2b  \b  J  2b  2b  I 


With  the  aid  of  the  functions  iMt)  ,  there  are  no  theoretical 
problems  in  evaluating  quantities  of  apparent  mass  corresponding  to 
given  types  of  buckling.  As  before,  we  get 


Af  =  f  — ./ 

»P  '0  „ 


(29.34) 


where 


F 0  —  ('oau'S,l> 


(29.35) 


a  = 
2 


4  for  a  freely  supported  plate  moving  in  type 
(29.31) ; 
g 

-gj  for  a  rigidly  fastened  plate  moving  in  type 
(29.19); 


The  values  of  the  coefficients  y  ;.s  a  function  of  the  ratio 
of  the  sides  k  -  b/a  are  given  in  Fig.  124.  It  shows  the  findings 
calculated  by  N.  V.  Mattes*  according  to  the  approximate  method. 

Our  attention  is  drawn  to  the  common  nature  of  relationships 
of  y  =  y(k)  both  for  plates  and  for  a  rectangular  piston  (upper  curve), 
which  may  be  attributed  to  the'  similar  physical  picture  of  the  effect's 
development  in  both  cases.  This  is  also  illustrated  by  the  nature  of 
variation  of  the  function  ip  (t )  shown  in  Fig.  125  for  plates  having 
a  ratio  of  sides  k  =  b/a  =  3. 

Thus,  the  rough  method  of  approximation  which  we  earlier  de¬ 
scribed  earlier,  using  the  linear  relation  iMt)  may  be  expanded  to 
elastic  plates  with  sufficient  grounds.  The  best  convergence  of  data 

*N.  V.  Mattes,  The  Effect  of  General  Buckling  on  Local  Strength  and 
Vibration  of  River  Vessels,  Izd.  MRF  SSSR,  1950. 
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Fig.  124.  Coefficient  of  Apparent  Mass  for  Motion 
of  Rectangular  Plates  Fastened  Along  Edges  to  Rigid 
Infinite  Wall. 

I  -  freely  resting  plate;  II  -  rigidly  fastened  plate. 

-  precise  solution; 

-  calculated  with  Mattes*  data; 

curve  for  rectangular  rigid-walled  piston 


Fig.  125.  The  Function  iM?)  for  a  Rectangular  Plate 
Resting  Freely  on  Its  Edges  Against  a  Rigid  Wall. 

-  precise  solution; 

-  approximation  =  e  Mos  > 

where  5  =  (aQT)/  2  /^2  +  fa2. 


of  thre  approximate  and  precise  solutions  will  be  achieved  if  we 

approximate  the  initial  portion  of  the  function  t|t(x)  in  the  interval 
2a 

0  <  x  <  — .  In  this  connection,  second  category  generalized  force,. 

a0 

as  before,  can  be  expressed  by  the  relation 


MO- 


-  FoW  + 
-MnrW 


where 


where 


2 a 

t< 


«>v 


(29.36) 
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Fig.  126.  The  Function  <KT)  for  the  Motion 
of  a  Piston  and  Plates  Fastened  Along  Edges 
to  Rigid  Infinite  Wall 

(k  =  b/a  =  8) 

- - -  for  piston; 

for  freely  resting  plate; 

_ _ _ _ for  rigidly-attached  plate. 

The  quantity  is  the  tangent  to  the  slope  of  the  direct  line 
approximating  the  initial  portion  of  the  curve  of  it  can  be 

defined  from  the  equality  of  corresponding  areas  (Fig.  126). and  the 
area  of  its  initial  portion.  Therefore,,  for  practical  evaluations 
we  can  recommend  the  relation 

T’nop  Tnop  (29.37) 

Tn„  Tim 

Hence  it  follows  that  equations  of  motion  of  elastic  plates  under 
the  influence  of  an  underwater  shock-wave  are  easy  to  write  if  we 
know  the  solution  of  the  problem  of  pistons  and  we  have  calculated 
the  apparent  mass  of  the  plate  for  a  given  type  of  vibration. 

Equation  (29.36)  may  be  rewritten  as 

—  F0$  -r  -  —  UP  where  t<~~ 

mo-  Ta-’  ;  <29-38! 

—  Mnj.W'’  where  <  >  17** 
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where 


F, 

**=tj <yds- 


•r  ~  T  ISJ 
'  n*~  1  n°P  1nop  • 


Mnn  =-■  Fn 


2a 

o.. 


C29.39) 

(29.40) 

(29.41) 

(29.42) 


Specifically,  for  round  plates 

S  =  1M*‘. 


(0,3 

l  0.2 


T'n.i  — 


0.8 


2a 


A*n„  = 


0.76 

0,72^  =  0,38  F0 
O.I.'M'  0,3-J/v 


2o_ 

o. 

2a 

a# 


for  freely-resting 

for  rigidly-fastened  plates, 

for  freely-resting 

for  rigidly-fastened  plates, 

for  freely-fastened 

for  rigidly-fastened  plates, 


For  rectangular  plates 


6'  -  Aab, 


a.  = 


Fn„  } 


(  64 

__l 

2a  3.t 

1,15 

2(3  +  !f) 

f 

2a  3.-: 

MO- 

°u  /  a  , 

t+!t) 

■ 

for  freely-resting 

for  rigidly-fastened  plates; 

for  freely-resting 
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where  y  -  the  coefficient  of  apparent  mass,  whose m agnitude  is 
given  in  Fig.  124. 


opm 


Fig.  127.  Relationship  of  Wmax  as  a  Function  of 
t  for  a  Round  Plate: 

(6/a  =  0.025;-4^r  /(K)/(M  +  14  )  =  0.16) 

“Q"  nP 


The  equations  of  motion  of  elastic  plates  under  the  influence  of 
an  underwater  shock-wave,  allowing  for  what  we  have  stated,  may  be 
written  in  the  following  mariner: 


where 


MW  4-  F,W  +  (K  -  W  -  Ft, 


(29.43) 


where  /  >  — 

a„ 

(M  +  Mn,)W-\-K\V  =  Fv  {29. 44) 

The  solution  of  these  equations,  while  ensuring  the  precision 
required  for  practical  application,  causes  no  difficulties. 

Let  us  note  in  conclusion  that  if  the  time  of  acquisition  of 
maximum  buckling  by  the  plate  t^ax  is  considerably  greater  than  the 
time  of  diffraction  t  =  (2a)/(aQ),  v»e  can  calculate  accurately  using 
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the  concept  of  fluid  noncompressibility* (Fig .  127). 


If  the  effect-time  of  the  positive  pressure  phase  t+  is  consid¬ 
erably  less  than  t  .  the  evaluation  of  the  maximum  buckling  can  be 

max 

made  according  to  the  pulse  method 

o  t  c 

W  ss.  a  ~  •  --  _ 

w  nut  ~  a!  ,  •  -  •  -  • 

\{U  U„P)K  (29.45) 

F 

For  very  rigid  plates,  where  K  >>  ,  the  time  of  acquisition 

™  2a 

of  maximum  buckling  may  be  less  than  the  diffraction  time  t  =  — . 

a0 

In  this  connection,  evaluation  of  maximum  buckling  may  be  close¬ 
ly  approximated  on  the  basis  of  the  hypothesis  of  plane  reflection. 


§30.  Interaction  of  an  Underwater  Shock-Wave  with  a  Rectangular 
Plate  Forming  Part  of  a  Cover 

Let  us  consider  the  indicence  of  a  plane  wave  along  the  normal 
onto  an  infinite  cover,  resting  on  immobile  equidistant  supports  which 
are  mutually  perpendicular.  The  cover  divides  water  and  air.  Due  to 
the  infinite  dimensions  of  the  obstacle,  there  are  basic  difficulties 
involved  in  evaluating  second  category  generalized  force.  As  a  re¬ 
sult  of  symmetry,  we  only  have  to  study  the  motion  of  a  fluid  in  the 
area  limited  by  planes  which  are  perpendicular  to  the  plate  surface 
and  passing  through  its  rigidly-supported  edges.  The  problem  was 
first  studies  in  this  formulation  by  Aleksandrin,  and  later  by  Za- 
myshlyayev,  Mironov,  and  Novoselov  using  other  methods.  In  the  math¬ 
ematical  sense,  this  reduces  to  a  definition  of  the  potential  funct¬ 
ion  <f>  which  satisfies  the  wave  equation 

,  (/*?  _  I 

Ox 1  1  dy*  di*  Og  il*  (30.1) 


with  the  following  boundary  and  initial  conditions 

y)  where  and  (30.2) 


JU 

<U 


*This  condition  can  be  satisfied  by  many  measuring  devices. 


I 


j2lI  _  a? 


r-  =0. 

oy  ly-i* 

(30.3) 

9  L 

-*  0, 

t  if-  •• 

(30.4) 

=  0. 

dt  ||c»o 

(30.5) 

The  system  of  coordinates  is  selected  as  in  §28. 


( 


Applying  the  Laplace  integral  traisform,  we  find  that 


d*<f  d*?  dPf  v*  — 

dx*  dy*  di*  al 


where 


di 


k-o 


—  IP  (v)  u>  (*,  y)  where  _a<*<aand 

—  0, 


dx 


|JT-  ;■  a 


dy 


y-±» 

0, 


<F  =  1  <p  e~''dt, 
b 


(30.6) 

(30.7) 

(30.8) 

(30.9) 


(30.10) 


1*  =  f  We-''dt. 


(30.11) 


We  will  seek  the  solution  of  equation  (30.6)  in  a  form  which 
satssfies  the  boundary  condition  (30.8): 


J'Tn 


(30.12) 


After  substituting  (30.12)  into  (30.6)  for  the  function  ,  we 


find  that 


dz* 


Zt,  -  0. 


(30.13) 
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whence,  considering  (30. 9), 


z„  -  c> 


(30.14) 


The  solution  of  a  wave  equation  in  transforms  is  written  in  the 
following  manner 


Vc,  cos cos 


fro 


-*Ki*N*r*? 


(30.15) 


The  coefficients  may  be  defined  from  the  boundary  condition 
(30.7)  which,  for  this  purpose,  should  be  written  as  a  Fourier  series 

l*n#  jru 

_ _  nnc  J _ ' _ 


dz 


f->0 


W  ^  ^  A<l  C0S  “TT  cos  "T-  • 


(30.16) 


where  ^  -  coefficients  of  the  Fourier  function  w(x,  y) . 


Differentiating  (30.15)  with  respect  to  z  and  assuming  the 
z  =  0,  we  will  find  that 


*.  1  0 


Comparison  of  (30.16)  and  (30.17)  yields 

r  -  a  - _  u’C') 

—  /i/ 


Jii  ~~  nU - 7=’^ - r - ■ 


Therefore 


cos  — ~  cos 

a 


in 

b 


X 


V 

✓  \ 


(30.17) 


(30.18) 


(30.19) 
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Because 


then  based  on  the  generalized  Borel  theorem 


■»■  / 
i7/“0  jt_ 

O. 


(30,20) 


(30.21) 


Using  pressure  instead  of  the  potential  function,  we  find 


Pi  (x,  y,  z,  t)  =  —  4/  cos  cos  X 

I.J-O 


x  J  #*  -  «/.(  /(4/+ (-f  )H ^  -  ■$■)*• 


(30.22) 


Assuming  that  z  =  0,  we  will  derive  an  expression  for  pressure 
at  points  situated  on  the  surface  of  the  plate. 


If  we  are  limited,  as  is  often  done  in  practical  problems,  to 
the  study  of  motion  of  a  plate  in  the  primary  tone  of  vibration,  the 
magnitude  of  second  category  generalized  force  can  be  found  from  the 
relationship* 


<J  b 

F-i (()==■■  J  \  Pi (x.  y,  t)v>(x,  y) duly,  (30.23) 

--  a  —b 

cr  after  substituting  (30.22) 

Consideration  of  other  harmonics  does  not  cause  any  theoretical 
-  problems.  It  is  not  examined  at  this  point  because  it  introduces 

no  new  parameters  into  either  the  mathematical  or  physical  essence  of 
the  problem. 
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a  b 


h  (0  «  -  f'oOo  \  W  V  —  *)  (  \  (X.  y)  V  > 

-a  —ft  m 

~«ft|/  (■'  f\dxdyd 


a  _ ir.x  ir.u 

ft,t  COS - COS 

“a  t, 


o 

X 


Because  where  t  =  0,  JqCO)  =  1,  and 


a  b 


j  |  u>  (jc.  y)  'V  A  (l  cos  cos  dxdy  — 
iTjo 

a  b 

=  |  \»r(x,  y)dxdy*=atS, 


—a  —6 


(30.24) 


(30.25) 


the  expression  for  second  category  generalized  force  can  be  written 
as 

t 

FA‘)  =  -F.$W(t-*)H-)dT, 


(30.26) 


(  where 


F,  = 


(30.27) 


cos  --—cos  -&L  V 

0  *  *' 


♦«-^r  ,f.K 

-u  -*  rr j 

j/’(X|'+(i-'j' jdrdj,. 


(30.28) 


As  our  example,  let  us  consider  the  motion  of  a  plate  in  a  type 
of  vibration  often  employed  for  practical  evaluations. 


Jl(l,cos-^)(l+coS-f-).  (30.29! 


According  to  (30.22)  and  (30.28),  for  the  magnitudes  of  pressure 
4  and  the  function  i^(t)  we  find  that 


r 

PA* .  y.  n  =— -7M0J  ^ (/—■«)  [1  +  cos  70 (-£-  fl0*j  + 
0 

+  COS  J0  I  y  at~j  +  COS  —~COS  ——  X 


(30.30) 


(30.31) 


Where  b  for  an  inf initely-long  plate  we  get 


4  1  + 


T  J*  1  *?“)  |* 


(30,32) 


As  follows  from  (30.31)  and  (30.32),  in  this  case  for  any  t  the 
function  ^  (t )  is  not  zero  and  where  t  00  it  does  not  approach  zero, 
but  to  some  fixed  limit.  Consequently,  the  quantity  of  apparent  mass 
has  no  finite  value.  This  illustrates  that  within  the  framework  of 
the  noncompressibility  hypothesis,  no  motion  occurs. 

The  derived  result  differs  in  quality  from  previous  results  and 
can  be  attributed  to  the  changed  physical  conditions  of  the  problem. 
Indeed,  symmetry  of  motion  is  equivalent  to  the  absence  of  fluid 
flowing  across  the  planning  passing  along  the  edges  of  a  plate. 
Consequently,  we  cannot  avoid  an  extreme  deformation  of  the  fluid 
flow. 

This  case  is  closest  in  nature  to  the  motion  of  an  infinite 
plate  under  the  influence  of  a  plane  wave.  Second  category  hydro- 
dynamic  force  which  satisfies  the  derived  value  of  the  function  <Mt) 
may  be  written  as 
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I 

h't  (t)=-F0  \  W(t-*)  *  (x) dt  -  -  F0-'~  W  (/)  ~ 

U 
t 

(/-•) 
u 


J a 


(30.33) 


The  first  term  in  (30.33)  is  a  function  of  velocity  during  the 
entire  period  of  motion,  reflecting  the  effect  of  fluid  resistance 
to  extension  and  compression.  The  quantity  of  the  second  term  can 
be  defined  by  the  kernel  of  a  subintegral  expression. 


For  small 


and  consequently,  second  category  generalized  force  is 

h.  Fnr.  (30.34) 

For  rather  large  t  the  zero-order  Bessel  functions  decrease  in 
amplitude  and  fluctuate  around  zero.  This  fact  permits  us  to  derive 
another  limiting  idea  of  the  second  category  generalized  hydrodynamic 
force. 

Let  us  employ  linearization  of  the  kernel  of  the  subintegral 
function  suggested  by  Yu.  I.  Kadashevich.  Integrating  (30.33)  by 
parts,  we  find  that: 

I 

F,  -  -  ■  '  -  *-  F„\\ ■  (0) /(/)--  F0  (V  (/ -x)/ (x)  dx.  (30.35) 

j  y  y  • ' 

a 

where 
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( 


Where  a/b  >  0.3  and  t  ■*  00 


AD 


(30.37) 


The  behavior  of  the  function  f (t)  for  a/b  =  0.5  is  given  in  Fig. 
128.  Starting  from  time  t  >  the  curve  of  f(x)  may  be  approx¬ 

imately  replaced  by  a  constant  quantity.  Consequently,  according  to 
(30.35)  and  (JO. 37),  for  second  category  hydrodynamic  force  where 
t  >  and  a  >  we  can  write 


i'AD^-~F0W  - 


(30.38) 


Where 

different. 


<  0.3,  the 
Thus,  where 


limiting  value  of  the  function  f (t)  will  be 
£ 

g  0  &  t  we  can  easily  derive 


(30.39) 
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0.4 

0,2 


?a 


Fig.  128.  The  Function  f  for  a  Rectangular 
Plate  Rigidly  Fastened  Along  its  Edges  (a/b  =  0.5) 


lim  ^  f . 
a0 


'  (  f  t~:  ) 


Second  category  hydrodynamic  force  conforms  to  this  limiting 
value  of  f (t) * 


L/r^ir. 

•J  on 


(30.40) 


Let  us  employ  the  method  stated  in  §23.  Limiting  ourselves  to 
three  expansion  terms  of  the  function  W(t  -  x)  into  a'  Taylor  series 
where  a/b  >0.3,  we  can  easily  derive  the  change  F2 (t)  for  the  entire 


time  interval 


Ft(  0  = 


_  f  j' A  Jjl  w  where  t  s  t* 

9  t* 


yr.-Lw 


where 


«•.  where 

*  a  +  b 
<0* 


t 


y~'- 1 


(30.41) 


(30.42) 


Similar  relationships  for  a/b  0  (they  may  be  used  for  approx¬ 
imation  where  a/b  <  0.3)  appear  as 


*Equation  (30.40)  is  approximately  valid  where  t  > 


2a 

ita. 
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y,  where 

/• 

i<t * 

(30.43) 

-bF*%rw  where 

/><*. 

*  1  2a 

where  r  =  ~~aT" 

(30.44) 

As  we  can  see/  the  second  equations  in  (30.41)  and  (30.43)  co¬ 
incide  with  the  limiting  expressions  (30.38)  and  (30.40)  for  F2 (t) . 

Therefore,  the  considered  problem  amounts  to  the  integration 

of  equations  of  the  same  type  as  were  examined  earlier.  However, 

there  is  one  principal  difference  in  the  results.  This  amounts  to 

* 

a  considerable  reduction  in  the  initial  interval  t  and  the  presence 
in  the  second  period  of  motion  of  a  considerable  velocity  effect  W. 
This  once  again  indicates  the  impossibility  of  interpreting  this 
problem  fr.om  the  viewpoint  of  fluid  noncompressibility. 


Other  types  of  buckling  may  be  considered  by  analogy.  Thus,  if 


tj)  —  cos  cos  , 

<& 

then  from  (30.28)  we  can  easily  derive1: 


(30.45) 


(30.46) 


or  limited  to  only  the  first  series  terms, 

1  The  function  <J>(t)  for  this  type  of  buckling  was  calculated  by 
Mironov  and  Novoselov. 


406 


♦  W- 


(30.47) 


The  structure  of  (30.47)  is  exactly  the  same  as  in  (30.31). 
Consequently,  omitting  the  argument  and  operations  which  are  similar 
to  previous  arguments  and  operations,  let  us  show  only  the  final  re¬ 
sults. 


Second  category  hydrodynamic  force,  in  deformation  of  type  (30.45) 
corresponds  roughly  to  the  primary  tone  of  vibration  of  freely-resting 
plates,  and  can  be  defined  by  the  expressions: 

for  a/b  >  0.3 


F„  ....  where  1  < 


*.<0- 


I 


FUW  +  0,34  W 
-0.66F#tf -0,023/1+  A  + 


n  \ 

WIT 


xf.T-r 


where  1  >  t *, 


where 


f 


o  4-  b 
3,5o0 


for  a/b  <  0.3 


F,(t)  = 


—  F„W  -f-  0,20  —  W  where  t  <  t* 

-  0.80/^  -  0,028 F0  JL  W  ,  >  /• 

ao  where  ^  • 


2 a 


where  **  ~  ro„ 


(30.48) 


(30.49) 


(30.50) 

(30.51) 


Relations  (30.48)- (30. 50)  indicate  an  even  greater  proximity  than 
in  the,  preceding  case  of  the  physical  picture  to  the  hypothesis  of 
plane  reflection.  The  differential  equations  of  motion  of  a  plate 
under  the  influence  of  an  underwater  shock-wave  will  be  : 
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a**’ 


where 


t  <1* 


(30.52) 


where  t  ^  j* 


(M  +  M)V  +  ?F,W'+/CW'=  F,.  (30.53) 


where 


M  =  BjSwi, 


Z7#  —  ®';Sp0Qu, 

=  a,S-2p(/). 


(30.54) 


The  values  of  the  coefficients  and  parameters  entering  into 
formulas  (30.52)-(30.54)  are  given  in  Table  6. 


To  illustrate  the  material  which  we  have  given.  Fig.  129  and  Fig. 
130  show  a  comparison  of  the  findings  of  the  approximate  and  precise 
solutions  for  an  infinitely-long  plate  which  is  part  of  a  cover,  and 
is  being  deformed  under  the  influence  of  an  exponential-shape  shock 
wave.*  There  is  a  completely  satisfactory  convergence  of  data  in 
both  velocities  and  in  plate  travel.  The  hypothesis  of  plane  reflect¬ 
ion  (dashed  and  hatched  curve)  describes  the  quality  of  the  effect; 
but  for  quantitative  evaluations,  it  is  only  suitable  for  the  initial 
period  of  motion.**  Therefore,  the  theoretical  approximate  schemes 
may  be  recommended  for  practical  applications. 


To  complete  the  statement  of  the  problem,  let  us  touch  upon  ano¬ 
ther  problem  which  is  close  in  formulation  to  the  one  we  have  already 
considered.  Let  us  examine  the  hydrodynamic  forces  arising  as  a  re¬ 
sult  of  motion  in  various  directions  of  contiguous  plate  sections 
making  up  a  cover. 


The  first  solution  of  this  problem  for  a  cover  having  unilateral 

supports  was  derived  by  Dimaggio  130] ,  and  slightly  later  by  Aleks;  i- 

drin;  for  a  cover  having  bilateral  supports,  this  problem  was  solved 

*The  calculation  of  plate  motion  and  its  analysis  was  accomplished 
by  D.  A.  Aleksandrin.  **This  is  often  enough,  because  cavitation  oc¬ 
curs  later  and  these  notions  are  no  longer  valid.  See  §32-34  for  cal¬ 
culations.  408 


Fig.  129.  Rate  of  Motion  of  a  Plate  on  an  Infinite 
Cover  (2a/6  =  40,  b/a  =  00  )  Under  the  Influence  on 

Said  Plate  of  Exponential-Shape  Shock-wave. 

-  precise  solution; 

-  -  -  -  approximate  solution; 

calculated  according  to  hypothesis 
of  plane  reflection. 


Fig.  130.  Travel  of  a  Central  Point  on  a  Plate  of 
an  Infinite  Cover  (2a/ 6  =  40,  b/a  =  °°)  Under  the 

Influence  on  Said  Plate  of  an  Exponential  Shock-wave. 

-  precise  solution; 

approximate  solution; 

-  calculated  according  to  hypothesis 

of  plane  reflection. 
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Table  6 


VALUES  OF 
COEFFIC¬ 
IENTS 

PLATE 

VALUES  OF. 
COEFF¬ 
ICIENTS 

PLATE 

freely 

supp¬ 

orted 

rig¬ 

idly 

made 

freely 

sup- 

jorted 

rigid¬ 

ly 

made 

ai 

r* 

T 

n  >  0,3 

t*  1  — 

a  |  -o 

cm 

O) 

a. 

•1- 

"«|a> 

+ 

1 

9 

64 

CM 

- 

-Q  CS 

+ 

>0.3 

P 

0,3* 

5 

2 

9 

CM 

© 

o 

v:w 

0.20 

1 

3 

rt  <  0,3 

0.028 

I 

6r. 

>  0,3 

6 

0,66 

JL 

9 

/• 

n  >  0,3 

a  :  6 

3.5 a„ 

a  H-  b 

-  •  <  o.3  !  d.eo 
_ ! 

o 

T 

n  <  0,3 

la 

2o 

raj 

by  A.  K.  Pertsev  and  Yu.  A.  Kadashevich,  as  well  as  by  Aleksandrin. 
Let  us  state  the  solution  at  this  point,  generalizing  the  arguments 
cited.  We  can  do  this  easily  if  we  consider  the  boundary  conditions 
of  integrating  the  initial  wave  equation.  In  this  case,  they  may  be 
written  in  the  following  manner 


1) 


dz 


~  —  IP  (0 1  u>  (.r,  y)  I 

l -Cl 


wn>o 


and 


2n  <  ~~  <2n  + I 
la 

2m  ~t  < 2m  +  i. 


(30.55) 


mn  >  0  and 


2/j  -  1  <  JL  <  2n 

»  2 o 

2m~\  <JL-  ^  2m, 

lb 


(30.56) 
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mn  <0 


and 


2n  <  -—  <  2n  +  1 
2a 

2m  -  1  <  JL.  <  2m, 


j  <  0  and 


2rt  —  1  <  *-  <2 n 
2«  <C  <  2m  +  1; 


-  U^(/)|u»(x,  £/){  • 


mn  >  0 


and 


2n  <  -  —  <  2n  -f  I 

2a 

2m—  1  <  -iL.  <  2m 

2b  * 


mn>0  and 


2/i  —  1  <  <  2n 

2a 

2m  <  ~~~  <  2m  +  l , 


(30.57) 


(30.58) 


mn  <  0  an<^ 


mn  <  0 


and 


2n  <  -77-  <  2n  4- 1 

2a 

2m  <  <2m+  I, 

It) 

2n  —  1  <  ~~  <  2n 

2a 

2m  —  1  <  <  2m, 

•_>& 


where  |w(x,  y)  |  •*  the  form  of  buckling  of  the  section  of  plate  between 
the  supports. 

The  origin  of  the  coordinates  is  assumed  to  be  at  the  point  of 
intersection  of  the  supports. 

Starting  from  those  boundary  conditions  *  we  can  specify  the 
areas  of  the  cover  can  be  considered,  in  the  hydrodynamic  sense, 
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as  independent  of  one  another.  At  the  same  time,  the  basic  condition 
must  be  the  absence  of  fluid  overflowing  the  boundary  of  these  areas. 

The  boundaries  in  the  assumed  coordinate  axes  will  be 

*  =  (2/i  +  l)a,  | 

y  =  (2m  +  1  )b.  j  (30.59) 

The  boundary  conditions,  therefore,  can  be  written  in  a 
form  which  is  close  to  (30.8),  (30.7): 


*  y>. 

(30.60) 

A|  =£1  =0 

(30.61) 

*=  0, 

(30.62) 

After  performing  the  Laplace  integral  transform. 

we  can  write 

a  transformational  solution  which  satisfies  condition 

(30.61) 

(30.63) 

The  function  Z^(z,  v)  can  be  defined  by  the  equation 

whence,  considering  (30.62), 

"']/  &•)  +  +  ^ 

-  Cite  1 

(30.64) 

Therefore,  for  the  potential  we  get 

•  • 

<1  .  .  -i/i&hfijr-T 

(30.65) 
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The  arbitrary  constants  can  be  defined  from  boundary  con¬ 
dition  (30.60)  by  comparing  the  appropriate  coefficients  in  expand' 
ing  the  function  u>(x,  y)  into  a  Fourier  series 


(30.66) 


where  -  the  Fourier 


Using  the  original 


coefficients  of  the  function  io(x,  y) . 
in  place  of  the  transform,  we  find  that 


(30.67) 


The  magnitude  of  pressure  at  an  arbitrary  point  in  the  fluid  is 


X  j  W(t— *)J9 

t 


[l/Taj  +  (  *)  *  ]^h 


Assuming  that  z  =  0,  we  can  derive  pressure  on  the  plate  surface. 
We  can  accomplish  the  change  to  second  category  hydrodynamic  force 
with  the  aid  of  (30.23):  after  substituting  (30.68)  into  this  relat¬ 
ion,  we  find  that 


F, 


t 


-F0\W  </-■*)*(*>*. 

u 


(30.69) 


where 


*  “  rjc  i  1  “  <*.  y)  2  B« sin  1*  x 

^  1 


Xsin^y, 


(30.70) 
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As  an  illustration,  let  us  consider  the  motion  of  a  plate  in  a 
£  form  of  buckling 


.  r.x  .  r  v 
u>  =  sin  —  s;n  — 
2*  ! lb 


For  this  form,  only  one  of  the  Fourier  coefficients  is  equal  to  zero 
-  =  1.  Consequently,  the  expressions  for  P2  and  (t)  acquire 

a  particularly  simple  form: 


Pt  (*.  !A  0  U  «  ~  Mo  sin  f-sin^X 

2 a  2b 


X 


(30.71) 

(30.72) 


As  we  can  see,  the  nature  of  variation  in  the  function  (x ) 
differs  in  quality  from  that  considered  in  the  preceding  case,  and 
is  similar  to  the  motion  of  plates  of  finite  dimensions.  Here,  the 
^  function  ^(t)  changes  from  one  to  zero.  This  permits  us  to  calculate 
the  quantity  of  apparent  mass  for  such  motion 


or 


(30.73) 


A! 


up 


(30.74) 

(30.75) 


For  approximate  evaluations  of  second  category  hydrodynamic  force, 
the  function  ^(t)  at  the  initial  interval  may  be  approximated  by  a 
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-8*8®- 


*r 


^  linear  relation.  Using  the  previous  scheme,  we  get 

f 

■(:)  (*  — — /^)1,  (30.76) 


where 

/  —  ^np  o.. 

‘  *  r  *  I  n 

F«  a» 


According  to  (30.69)  and  (30.76) 


I  _  Fut  t  —  V 

where 

t • 

(30.78) 

—  F„W  +  —  W  —  —  W  (t  — 1 1) 

where 

or  (where  acceleration  of  plate  motion  in  the  interval  [t,  t  -  tA J 
undergoes  little  change) 


(30.77) 


( 


FAD-' 


-  FtW 

*• 

-  Mjr 


where 

where  t>  t»- 


(30.79) 


The  derived  expressions  differ  from  similar  expressions  for 
plates  fastened  along  their  edges  to  a  rigid  wall  by  only  the  values 
of  apparent  mass  (in  this  case,  for  plates  in  a  rigid  wall  where  a/b 
=  1,  they  are  roughly  1.5  times  less,  while  where  b/a  =  8,  they  are 
2.3  times  less).  Consequently,  the  duration  of  the  initial  phase  of 
unstable  plate  motion  noticeably  diminishes;  in  the  course  of  this 
diminution  fluid  compressibility  is  of  the  greatest  importance. 


§31.  The  Interaction  of  an  Underwater  Shock-Wave  with  an 
Elastic  Tsolated  Plate  of  Finite  Dimensions 


In  the  problems  considered  in  this  chapter,  difficulties  lay 
,  ir.  defining  second  category  hydrodynamic  forces.  The  evaluation  of 
first  category  hydrodynamic  forces  arising  on  an  infinite  obstacle 
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was  reduced  to  Integration  with  respect  to  the  surface  of  the  product 
of  the  type  of  buckling  w(x,  y)  multiplied  by  pressure  on  the  direct 
wave  p(t) . 


The  quantity  (t)  was  defined  by  the  relation 

f,  (/)  *-  2p  U)Sit, 


(31.1) 


where 


•i  ”  -!r  0  «*  (*.  y) 
•’  *v 


(31.2) 


This  simple  method  for  calculating  first  category  hydrodynamic 
force  cannot  be  used  in  studying  the  interaction  of  a  shock-wave  with 
a  plate  of  finite  dimensions. 

Let  us  illustrate  the  basic  aspects  of  this  problem  using  the 
incidence  of  a  wave  along  the  normal  to  the  surface  of  an  isolated 
rectangular  plate,  rigidly  supported  on  lateral  vertical  walls.  Let 
us  assume  that  the  plate  divides  water  and  air.  As  we  mentioned  in 
S15 ,  the  evaluation  of  diffraction  and  radiation  on  the  end-faces  of 
bodies  boundary  by  rigid  vertical  walls  can  be  closely  approximated 
with  the  integral  of  radiation.  The  use  of  the  integral  of  radiation 
is  equivalent  to  the  assumption  of  a  rigid  wall  beyond  the  plate,  whose 
plane  coincides  with  the  plate  surface. 

In  this  formulation,  however,  we  established  in  128  the  relation¬ 
ships  characterizing  generalized  second  category  hydrodynamic  force. 
Accordingly,  here  we  only  have  to  consider  first  category  force.  This 
can  be  done  in  two  ways:  we  can  either  employ  the  results  of  $14,  which 
were  derived  for  motion  of  a  plate  at  a  velocity  which  changes  accord¬ 
ing  to  the  unit  discontinuity  function,  effecting  the  subsequent 
change  to  an  arbitrarily-shaped  wave  using  the  Duhamel  integral;  or  we 
can  consider  the  corresponding  boundary  problem  of  the  wave  equation, 
employing  the  data  in  $28.  Let  us  use  the  second  method,  because  it 
produces  simpler  final  relationships. 


For  the  incidence  of  a  shock-wave  of  arbitrary  profile 


PV)  =  Pj(t)°9(t) 


(31.3) 


the  boundary  conditions  will  be  satisfied  if  we  assume  that  an  addit¬ 
ional  field  of  velocities  of  the  same  magnitude  arises  on  the  plate 
surface  as  on  the  direct  wave,  but  having  the  opposite  sign,  i.e., 


dt  i-o 


0 


where 

where 


—  a  x  <  a 
—b^y^b 

—a>x>a 

—  b>y>b . 


If  we  assume 


W  ('-*)  =  « -*>* (<--). 


W4 


(31.4) 


(31.5) 


w  (x,  y)  ~  1. 


(31.6) 


then  the  given  boundary  conditions  coincide  identically  with  (28.48). 
Consequently,  we  can  immediately  employ  the  result  of  (28.67). 


For  the  diffraction  component  of  pressure  at  an  arbitrary  point 
on  a  plate,  we  find  that 


Pa (*.  y .  0  =  Pm  ]  j  el ,m' " "y,uj (m,  n)  J0{a0t  \rrr  +  «*)  dmdn 
+  P,n  f  f  «  ~  ')  1  ie'{mK+ny'*(m,n)X  ■ 


{au*  1  'm1  «*)  dmdnd-. 


(31.7) 


where 


H>(m.  n) 


!  -In* 


/  [‘ 
—  U  —  ft 


I  («X+  fi|i) 


d)-d\i  = 


-L-L 

r.*  mil 


sin  ma  sin  nb. 


(31.8) 
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If  velocity  changed  according  to  the  unit  discontinuity  function 
law,  then  based  on  (31.7)  vs  would  get 


if 

? 


4  ,  ,  ,  — g-; — 3\  sin  mo  sin  n&  .  . 

pa<V  n  =  ^\  ,1  m+n>~iz — “x 


X  cos  mx  cos  nydnuin. 


(31.9) 


To  defi  .e  the  diffraction  component  of  first  category  hydro- 
dynamic  force,  the  magnitude  of  pressure  must  be  integrated  with  re¬ 
spect  to  the  plate  surface,  considering  the  form  of  its  buckling. 

On  the  basis  of  (31.9),  we  will  find  that 


K  =  7r|J  J.  (V  I'-F+P j  .  *-!=£  x 


0  0 

A  t> 


X  J  .1  «>  (x,  y)  cos  nix  cos  ny  dxdydmdrv. 


(31.10) 


specifically,  for  buckling 


U)(*.  y)  »  cos*  —  COS'1  . 

2 a  2b 


(31.11) 


which  roughly  corresponds  to  the  basic  tone  of  vibration  of  a  rigidly 
made  plate, 


K  -  $j  j  i.w  i  -s-pvi’jisi'iil  x 

0  0  » 


X  cos2  —  cos3  --  dxdydmdn. 

2a  2b  J 


(31.12) 


Let  us  integrate  with  respect  to  x  and  y 


('  .  -•  I  sin  ma 

\  cos  inx  cos-  -  dx  —  —v  -- 


'Jo 


u-  ^ 


j  cos  rtf/ cos* r-*  *  sm  nb 


2b 


b'  2  l  r! 
n 


(£-) 


(31.13) 


(31.14) 
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The  zero-order  Bessel  function  will  be  written  as 
tegral  ! 

»  • 

I  i  ~  - - 1\  2 

JtW  I  "«*  +  «‘)  =  --  j  cos  (anml  m).)cas(a0nt  cos/.) 

6 

2  <■<} 

--  —  |  cos  ml  cos  ni  //)., 
b 


where 


/  =  anl  sin )., 
L  =  ajl  cos).. 


Therefore,  (31.12)  is  written  as 


-■  Sr.  !'  r  C0'»l»in’ma  dmiimfi.. 

J  J  J ••(£—*) 


«i  0  0 


Performing  a  transformation  of  the  type 


sin2  ma  cos  ml  *=  sin  win  |  —  sin  (/  —  a)  m  4-  sin  (/  +  a)  m\ 


we  can  write  (31.16)  in  the  following  manner 


8- 

o»6» 


i.  «,2 


where 


■4-Lrh-lrL  = — - 


2  "i 


fsin  mo  sin  (/  — g)m 


dm  -f 


+ 


y  j*  ~ dm. 


sin  ma  ain  (/  -  a)  m 


V 

(I 


(-  -  -  m* 

\  o*  j 


-t'. 


-  /  ... 

•>  n. 


J*  *innfrsin  (t  —  b)n 

"•(4  — ) 


dn  -f- 


i- 


.  'If-J 

_L  r  s'n  ribvn  (L  b)  n  ^ 


J  «■(£—*) 
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fixed  in- 


(31.15) 


(31.16) 


(31.17) 


(31.18) 


(31.19) 


ii 


(31.20) 


Let  us  use  the  identity  [1] 


v.rsri*"*; 


r  sin  px  su 
.)  **<**- 


sin  ta 


**) 


dx  — 


-~cosWsinvr+~r  where  p>r 

-^sin^cosflr  +  ^p  where  p<r. 


(31.21) 


Assuming  that  p  =  a  r  =  l-  a,q  =  Tr/a,  we  get 


os  .  kI  .  o*  . 

—  st:.  —  +  —  (/  —  o) 

2r*  0  2k 


cr 


where  ^ 
where  2a  <  /, 


(31.22) 


o'  T.l  fl*  . 

.^it,J.+  _“_(/+a) 


if 

ir. 


where 

0>/ 

where  0 


(31.23) 


consequently , 


/«« 


sin  —  — r*  +  2) 
4.  \  r.  a  a  ) 

0 


where 


0  <i<2a 


where  *  >  2a. 


(31.24) 


By  complete  analogy 


»  '-Ut4 

K  t 


i(- 

4k  \ 
0 


T+2) 


where 


where 


0  <L<2b 
L  >  2b. 


(31.25) 


Let  us  designate  that 


(31.26) 


then 


»(/,  >•)=- 


(4-sin4-4-+2)x 

x(v«"t-T+2) 


where 


where 


0  <  /  <  2a 
0  L<.  2b 

l  >  2a 
L>2b. 


(31.27) 
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After  analyzing  the  limitations  imposed  by  the  inequalities 
0<  1  <  2a  and  0  <  L  <  2b  (the  analysis  is  completely  analogous  to 

that  given  in  §29) ,  we  will  find  that* 


Fa  —  a,S'ia  (/)  «=  ab‘is(t). 


(31.28) 


cretin 


X)dX 

0 

mil 

j  *(t,  Vdk 


cretin 


crctoi 


2a 

aj 

it 

ej 


where 


I  «(/.  *)</>. 


where 


By 


2a  -  26 
where  o«  v  ^  a~ 


(31.29) 


£<<<£i /T7E 

"0  o#  y  O* 

where  t  >  fr  j/1  +  • 


The  same  method  can  be  used  to  derive  a  solution  for  the  form 
of  buckling 


«>{*,  0)  =  COS~COS 


(31.30) 


which  roughly  corresponds  to  the  basic  tone  of  vibration  of  a  freely 
resting  plate. 


form 


The  function  $  (t)  can  be  defined  by  an  expression  in  finite 

"  2 
(for  this  type  of  buckling  =  4/tt  )  : 


(31.31) 


*The  primary  findings  of  this  problem  were  derived  by  I.  Novoselov. 


Fig.  131.  The  Function  i{jfl(t)for  the  Diffraction 

Component  of  Generalized  Force  Arising  at  End-Face 
Piston  and  Plates  (a/b  =  0.3)  Under  Influence  of 
Unit  Shock-Wave. 

-  for  a  rectangular  piston; 

for  a  freely-resting  plate; 

-  for  a  rigidly  made  plate. 


Jjl 

PmSa, 


In 


Fig.  132.  First  Component  of  Generalized  Force 
During  Interaction  of  Triangular  Shock  Wave  with 
Rigidly-made  End-Face  Plate 

(t+  =  3;  a/b  =  0.3) 

-  calculated,  allowing  for  type  of 

buckling; 

-  calculated  without  allowance  for  type 

of  buckling; 

calculated  for  a  plate (piston)  in  a 
rigid  infinite  wall. 


We  can  see  from  Fig.  131,  where  the  function  ^  (t)  for  a  freely 
resting,  a  rigid-made  elastic  plate  and  a  rectangular  piston  in  a 
rigid  wall  are  compared,  how  similar  the  three  curves  are.  A  simil¬ 
ar  finding  also  occurs  at  different  wall  ratios.  Therefore,  we  may 
conclude  that  the  form  of  buckling  has  little  effect  on  the  diffract¬ 
ion  component  of  first  category  generalized  hydrodynamic  force. 

The  total  quantity  of  this  force  is 

F,=a,S|l  +  <MOJ-  (31.32) 


The  values  of  F^tt)  during  the  incidence  of  a  triangular  shock 
wave  onto  a  rigidly-made  plate  having  a  ratio  of  sides  a/b  =  0.3  is 
shown  in  Fig.  132.  Also  plotted  there  is  the  curve  of  F^(t)  for  a 
piston.  Comparison  of  Figs.  131  and  132  shows  that  calculation  of 
the  type  of  buckling  of  a  plate  in  evaluating  first  category  hydro- 
dynamic  force  amounts  to  introducing  the  coefficient  into  the 
appropriate  expression  as  a  comultiplier. 


We  can  easily  expand  the  solution  to  a  wave  of  arbitrary  profile 
p^f (t) .  Employing  the  Duhamel  integral,  according  to  (31.28),  we 
get* 


f*jn 


MO  +  f  f(t 

b 


')M-)rfT, 


(31.33) 


or  in  another  form  of  transcription 

^  «  /(0  +  j/  <<  -  *>  M  (31.34) 

The  first  term  in  (313.4)  describes  the  reflected  wave;  the 
second  describes  the  purely-dif fraction  pressure  component. 


Because  the  function  (t)  can  be  adopted  without  considering 
the  form  of  plate  buckling,  it  would  be  most  convenient  to  employ 
the  result  obtained  in  §14  for  a  rectangular  piston.  However,  we 
established  in  §23  that  the  function  i^(t)  can  be  roughly  approximated 

*"fn  (31.33)  and  (31.34),  we  bear  in  mind  that  where  t  »  0,  f(0)  =  1 
and  i|>fl(0)  =  1. 
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by  the  linear  approximation 


0 


where  0  <  t  <  -a 

^  a,. 

.  2a 

where  *  >  u~  • 


where 


Therefore , 


™/(0 — jr  J/(/  —  x)dx 
'  0 


(31.35) 


(31.36) 


(31.37) 


and  consequently,  where  t  <  2a/ag 

•  ^(0-=>,Spm|2/(/)-yj/(-)*|. 


(31.38) 


To  define  F  (t)  where  t  >  2a/aQ,  let  us  expand  function  f  (t  -  t) 
in  the  neighborhood  t  into  a  Taylor  series 


/(/-')  =  /(/)-  V«)  +  V/(0  - 


(31.39) 


Retaining  the  two  first  terms  of  series  (31.39)  and  bearing  in 
mind  that  i|>^(t)  =  0  where  t  >  tj  s  (2a/ag)  /I  +  bVa2  /  substitution 
of  (31.39)  into  (313.4)  yields: 

“/<0  rm\  f'(t)hU’)d-  = 

=  /(/)  +  /  (0  |-i3  (/.)  “  «,  (0)1  -/(Of  X  i  a  (x)  dx. 


Integrating  by  parts  and  bearing  in  mind  that  (tQ)  =  0,  <J^  (0)  = 

iM  v  r-* 

=  1,  where  t  >  tg  we  finally  find  that 


=  /<0 /*,(’)*  =  /(/)  T/„ 


(31.40) 
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where  y  ~  the  coefficient  of  apparent  mass  of  a  fluid  during 

A 

W  progressive  motion  of  an  end-face  piston. 

A  completely  analogous  result  where  t  >  t^  takes  place  for  the 
entire  first  category  generalized  hydrodynamic  force. 


Therefore , 


Where  '<'• 


m +fv)Vi 

T~lx - , 

s(j  ■  2f) 


(31.41) 


where  t  ^  *>• 


(31.36a) 


Formulas  (31.41)  permit  us  to  simply  derive  the  result  for  a 
shock-wave  of  arbitrary  profile.  So,  for  an  exponential  wave 


f(t)  =  e 


»i 2e  *—  ~(l—  e  *) 

MO-  L  .  J 


where  /  •"  /, 


tiSp,„e  •  where  1  ■' U 


and  for  a  triangular  wave 


(31.42) 


(0~30(/-/,)l 


where  t+>  t^ 


+  +  5s;|  where 

f,—T — rj  where 


where 


/  >  /  r, 


(31.43) 


-jt'SST'W ft"*-  '*  "£  * 


where  t  <  t^ 


fy  (0  = 


*1  Spm 

f 2—  (t: + t)  1  +  2S7  ] 

where 

0  <  t  ''  / 

*1  SPnt  oj- 

where 

0 

where 

(31.44) 


In  spite  of  the  fact  that  in  the  expansion  f(t  -  t)  into  a  Tay¬ 
lor  series  a  total  of  two  terms  are  retained,  relations  (31.42)- (31.44) 
rather  well  describe  the  process.  Considerable  error  can  only  take 
place  in  (31.44)  where  t  >  t^.  However,  as  a  rule,  during  this  per¬ 
iod  of  time  cavitation  arises  near  the  place  and  the  developed 
scheme  generally  ceases  being  valid. 

Employing  results  for  first  and  second  category  hydrodynamic 
forces  ,  the  equations  of  motion  of  an  isolated  elastic  plate  under 
the  influence  of  an  underwater  shock  wave  of  arbitrary  profile  p(t)  = 

=  Pmf (t)  cen  be  written  in  the  form: 

where  t  <  t^ 

+  F,w  +  («-£)*-  £{/»*].  (31 . 45) 


where  t  >  t^ 


(M  +  'V.U*  +  S»>.|/(')+/«)W,|.  (31.46) 

The  quantities  and  y  have  been  taken  from  §29  for  a 

plate  in  a  rigid  wall;  the  values  T  and  y  -  according  to 

nop  ’nop  3 

formulas  in  §23  for  a  piston. 

Some  further  specification  of  the  values  of  T  and  y  is  pos- 

n/i  n/i 

sible.  The  essence  of  these  values  lies  in  a  stricter  accounting  of 
diffraction  effects  as  was  accomplished  in  §12.  Omitting  the  argu¬ 
ments  and  operations,  we  will  cite  only  the  final  results  derived  by 
B.  V.  Zamyshlyayev  and  I.  G.  Novoselov.  Fig.  133  shows  the  curves  of 
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Fig.  133.  Coefficient  of  Apparent  Mass  for 
the  Motion  of  end-face  Pistons  and  Plates. 

-  for  the  piston; 

-  for  a  freely  resting  plate; 

-  for  a  rigidly  made  plate. 


the  coefficients  of  apparent  mass  for  end-face  elastic  plates  and 
a  rectangular  piston.  These  data  should  be  employed  for  integrating 
(31.45)  and  (31.46). 


formula 


The  values  of  T  and  T  can  be  defined  according  to  the 
n/i  nop 


T  ^ 

1  n.i 


>>15  0,77  -  0.16  °n 
b 


<  1  • 10  (',77  0.46  -? 

b 

r 

9  nop 


for  a  freely  resting 
plate 

for  a  rigidly  made 
plate 

I _ 2a 

U 


(31.47) 


(31.48) 


0,77  -0,46 


§32.  Formation  and  Development  of  Cavitation  During  Interaction 
of  a  Shock-Wave  with  a  Plate 


In  studying  the  interaction  of  a  shock  wave  with  a  pliable  ob¬ 
stacle,  we  have  more  than  once  focused  attention  on  the  possible 
formation  of  tensile  stresses  in  a  fluid.  If  the  absolute  magnitude 
of  these  stresses  exceeds  hydrostatic  pressure  and  cavitation  pres¬ 
sure,  discontinuities  may  arise  in  the  fluid.  All  the  previously 
stated  theoretical  schemes  become  invalid.  Consequently,  we  must 
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consider  the  formation  and  development  of  cavitation  during  the 
interaction  of  a  shock  wave  with  a  plate  and  perform  an  approximate 
evaluation  of  the  generalized  external  forces  involved  in  this  pro¬ 
cess. 


The  physical  picture  of  this  effect  does  not  differ  greatly 
from  the  earlier  considered  situation  of  shock  wave  reflection  on  a 
free  surface  (cf.§8).  The  approximate  theoretical  scheme  can  be 
most  simply  illustrated  with  the  example  of  motion  of  a  free  plate 
separating  water  and  air.  This  problem  was  stated  in  §22,  without 
consideration  of  cavitation  effects.  Specifically,  we  gave  the  re¬ 
sults  of  calculating  net  pressure  in  a  fluid  during  incidence  onto 
a  plate  of  an  exponential  wave  (Fig.  95).  Employing  this  graph 
and  bearing  in  mind  the  conditions  for  formation  of  a  cavitation 
discontinuity 


Pp*  I  Pnp  H-  Po-tp  =  (/>h  -{-  p0). 


(32.1) 


where  ppe3  -  net  pressure  inducing  fluid  cavitation; 

P0  -  hydrostatic  pressure  at  a  given  depth: 

Po  —  P»  ru  + 

PH  -  cavitation  pressure,* 

we  can  easily  find  the  point  of  origin  of  this  discontinuity  in 
spatio-temporal  coordinates . 

The  formation  and  development  of  cavitation  during  the  inter¬ 
action  of  an  underwater  shock-wave  with  a  plate  was  first  studied 
by  Shauer  [40]  and  Kirkwood  [10].  Shauer's  theory  is  based  on  the 
assumption  that  at  the  moment  that  net  pressure  is  equal  to  the  sum 
of  hydrostatic  pressure  and  cavitation  pressure,  the  plate  tears 
away  from  the  fluid  and  travels  in  the  air  medium.  We  can  easily 


*As  was  shown  by  specially  conducted  tests,  under  real  conditions, 
the  quantity  p^  lies  within  the  range  of  2-3.5  kG/cm2 . 
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'  ~  "asss?*"' 


find  this  moment  in  time  with  the  aid  of  the  relations  established 
^  in  §22. 


For  example,  if  we  make  a  rough  assumption  that  cavitation  occurs 
when  net  pressure  on  the  plate  is  equal  to  zero,  then  according  to 
(22.46) 

/  n  *nA 


/  =0-^-, 
K  ?-1  * 


(32.2) 


where  t  -  the  cavitation  formation-time; 


m 


The  rate  of  speed  of  the  plate  at  time  t 
(22.43)  is 


r  I 

IF  J  =  e  >— *  =  s~  3-i 

Putin  0.0.  “  • 


=  t  ,  according  to 


(32.3) 


The  kinetic  energy  of  a  free  plate  is  canceled  by  the  work  of 
atmospheric  counterpressuie  forces . 

Aleksandrin  developed  Shauer't;  theory  relative  to  problems  of 
interaction  of  an  underwater  shock  wave  with  marine  structures. 

In  contrast  to  Shauer,  Kirkwood  suggested  that  the  maximum 
travel  of  a  plate  can  be  defined  not  only  by  the  quantity  of  kinet¬ 
ic  energy  transmitted  to  it  by  the  shock  wave  when  cavitation  areas 
are  formed,  but  likewise  by  the  energy  of  the  fluid  layer  in  which 
this  cavitation  occurred. 


Kirkwood's  studies  were  continued  by  Zamyshlyayev.  The  picture 
of  development  of  cavitation  processes  during  the  motion  of  a  plate 
under  the  influence  of  a  shock  wave  is  very  close  to  the  one  described 
above  in  §8.  The  difference  lies  in  the  fact  that  when  studying  the 
reflection  of  a  wave  on  a  free  surface,  it  was  possible  to  consider 
that  the  formation  of  a  cavitation  discontinuity  coincides  in  time 
with  the  time  at  which  the  reflected  wave  front  converges.  At  this 
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point,  however,  this  point  in  time  occurs  later  and  more  care  is 
needed  in  studying  the  totality  of  wave  interaction  processes. 


Let  us  consider  the  motion  of  a  plate  and  cavitation  layers  of 
water  for  an  arbitrary  value  of  cavitation  pressure  p  . 

The  time  and  place  of  origin  of  the  first  cavitation  discon¬ 
tinuity  can  be  defined  by  the  equation 

Pv«At.  0  -  -  (/>„  +  Po), 


while  according  to  the  problem  conditions,  the  function  p  e3(t,  z) 
at  this  point  must  have  a  minimum  of 


dPl'tf  (t •  .*)  _  Q 
t); 


(32.4) 


Equations  (32.1)  and  (32.4)  permit  us  to  find  the  unknown  quan¬ 
tities:  t  -  the  moment  of  onset  of  cavitation  and  h  -  the  distance 

K  K 

of  the  first  cavitation  discontinuity  from  the  plate. 


Specifically,  for  an  exponential  wave  we  get  [cf.  (22.52)]: 


1  ft, 


—  !e 


•  _  3  —  I  Pk  »  Pii 


a" 


ft* 

*k  •  — 

o. 


*  -  * 
e  —  e 


2?  pK  >•  P» 
!J  +  I  2  pm 


(32.5) 


(32.6) 


For  a  triangular  wave 


h  =  <  Pk  Pn 

K  2  '  Pm 


t.  = 


,  r  Pk  +  P.. 


+  —  1°  (1  +  P)  • 
? 


(32.7) 

(32.81 


With  high  pressure  on  the  direct  wave,  the  distance  will  be 
small,  and  the  difference  between  the  rates  of  speed  of  water  particles 
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■  ?■  • 


and  the  plate  at  the  moment  of  formation  of  the  cavitation  dis¬ 
continuity  can  be  disregarded: 

nb  |  Pup  —  Poip  K ♦  K)  _  2pnp  (I K.  —  ^k)  i  Pk  1  P* 

I'k  “  Mu  M„  Mu  ’  (32.9) 


As  time  t  approaches,  plate  travel  can  easily  be  found  from 

K 

the  equations  in  §22.  For  an  exponential  wave 


W  (/„)  2£m0 

Mu 


(32.10) 


for  a  triangular  wave 


(32.11) 


The 
into  the 
layers . 
velocity 


further  propagation  of  net  pressure  exceeding  water  strength 
center  of  the  fluid  causes  the  formation  of  new  cavitation 
Each  of  these  layers  will  move  in  a  vacuum*  at  a  constant 
equal  to  the  velocity  at  the  time  of  its  separation 


1 1*',  ^  '•>  ~  .1  Pk  1  p.. 


(32.12) 


The  point  in  time  t^,  when  cavitation  occurs  at  a  given  point 
z  =  -h^  may  be  found  from  the  equation 


P l’«i  ~  2 - h() - (Pk  +  Pu). 


(32.13) 


In  proportion  to  subsequent  motion,  the  layers  will  gradually 
catch  up  to  the  plate.  Let  us  find  the  time  of  collision  of  the 
i-th  layer  with  the  plate  and  its  adjacent  layers.  It  is  apparently 
defined  by  the  equality  in  the  travel  of  the  plate  and  the  i-th  layer. 
Prior  to  the  time  of  separation,  the  surface  of  the  i-th  layer  was 
traveling  at  a  rate  equal  to 

*The  pressure  of  saturated  water  vapor  may  be  disregarded. 
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(32.14) 


U  ,(/)  |  Wpci^* 

a. 


however , 


P np  •  ~  ^i)  —  Porp  (L  —  fjj) 

^  ~  hA. 


(32.15) 


and  consequently, 


V,  V)~  \ 


t 

'  Pnp{<.  —  hi)  ^  . 
Po^o 

"l 

a. 


i 

r  p  utp(t  ~~  fy)  _ 

I  ?n^u 


_L 

0, 


_  Jnp  (l)  —  ^oip  0) 

Po°o 


(32.16) 


where  Jnp(i)  and  JQTp  (i)  -  magnitudes  of  pressure  pulses  in  the 
direct  and  reflected  waves,  counted  from  the  time  of  convergence  of 
these  waves  with  point  z  =  -h^  until  the  time  of  formation  of  the 
cavitation  discontinuity: 


».+ 


o7 


Jnv  («')  =  J  Pnp(t)dt, 


(32.17) 


^OTP  (0  j  P OTP  (0 

0 


(32.18) 


Let  us  note  that  for  an  exponential  shock  wave 


==  Pm0\  1  -e 


(32.19) 


J.,n  (0  - 


(32.20) 
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for  a  shock  wave  of  triangular  profile 


*^np  (0  Prrfl 


J  otp  (0  Pd  + 


2(1  *■» 


1  —  e 


(32.21) 


(32.22) 


As  we  mentioned ,  after  separation  of  the  i-th  layer,  this  layer 
moves  at  a  constant  velocity  ttL(t^).  According  to  (32.12)  and  (32.16), 
therefore,  its  travel  for  t  >  t^  is 


W,  (/)  =  W,  (/,)  +  W,  (/,)  (/  —  /,)  = 

2pnp  (<)  -  Pk  foi  ^ j  ^ 
J'iAi  1 


(32.23) 


where  p  (i)  =  p  (t.  +  hi/aA)  -  pressure  on  the  direct  wave  at 
np  *■  np  i  0 

time  t  =  t.  +  h./an  where  z  =  0. 

l  i  0 

For  an  approximate  evaluation  of  the  motion  characteristics  of 
the  cavitation  layers  and  the  plate,  let  us  employ  the  law  of  con¬ 
servation  of  energy  and  momentum.  Let  us  consider  a  system  consist¬ 
ing  of  a  plate  and  its  adjacent  cavitation  layers  (thickness  h^) . 


Towards  the  separation  time  of  the  i-th  layer*,  this  system 

acquires  a  momentum  which  is  equal  to  the  pulse  of  pressure  forces 

acting  on  it  as  it  converges  with  the  plane  z  =  -h.  of  the  direct 

tl 

wave  front  (t  =  -  i) : 


(32.24) 


*We  should  once  again  stress  that  the  formation  time  of  the  i-th 
cavitation  layer,  generally  speaking,  does  not  coincide  with  the 
time  of  convergence  with  plane  h.  of  the  reflected  wave  front. 
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(pressure  of  saturated  vapors  on  the  part  of  the  i-th  layer  can  be 
disregarded).  According  to  this  principle,  momentum  of  the  system 
at  some  point  in  time  t  >  t^  will  be 


<*-*<>• 


(32.25) 


On  the  other  hand,  after  the  i-th  layer  adjoins  the  plate,  the 
momentum  of  the  system  can  be  expressed  using  some  average  velocity 

•  «rx(t) 


K,U)  =  (m  +  r*ft, )•#,<<). 


(32.26) 


Comparison  of  (32.25)  and  (32.26)  yields 

liP  ■—  M  V  —  *<)  ^ np  (0  +  J orp  (|)  —  P>  (*  —  U) 

m  (.Jit  m  -f  p0hi 


(32.27) 


( 


The  kinetic  energy  of  system  motion  is 

Tl(t)  =  m±^iLw2t(t). 


(32.28) 


Apparently,  this  quantity  must  be  equal  to  the  energy  of  the 
direct  and  reflected  waves  which  is  transmitted  to  the  system,  minus 
the  work  of  atmospheric  pressure  forces*. 

The  energy  of  the  direct  wave  is 


£„P(0 


Po<J# 


(32.29) 


The  energy  of  the  reflected  wave  which  is  lost  by  the  system 
toward  the  separation  time  of  the  i-th  layer, 

*We  should  bear  in  mind  that  if  the  direct  wave  introduces  some  ener¬ 
gy  to  the  system,  the  reflected  wave  removes  it.  Consequently,  due 
to  wave  propagation,  toward  time  t.  the  system  acquires  energy 
E  (i)  -  E  (i).  r  ' 

np  otp 

1 
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or, 
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Specifically,  for  an  exponential  shock-wave 


.2  — LL 

*  ]• 


^orp  (0  — 


2fca« 


1  - 
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<?-U* 


»{«r  yT 


—  2e 


\p-«; 

for  a  triangular  shock-wave 


£'-w=^[3(^9-3(^)(^l) 


"’OTP 


The  work  of  atmospheric  counterpressure  forces  is 

A  ~  Pu  I  ^Vj  (0  —  N7 1 0i) |. 


(32.30) 


(32.31) 


(32.32) 


(32.33) 


(32.34) 


(32.35) 


Gathering  the  derived  evaluations,  we  arrive  at  the  relationship 

T<  (0  =■'■  £np  (0  “  £orp  (*)  —  A. 


(32.36) 


likewise , 


J12JA  W\  (/)  =  £np  (/)  _  £otp  (i)  -  Po  I  r ,  U)  -  (01. 
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(32.37) 


where  W^(t^)  can  be  found  according  to  formula  (32.16). 


Therefore/  to  define  the  quantity  of  plate  travel  W^(t),  we  get 


—  ^nu  (*)  ~  J otp (0 

f'O^U 


up 


(‘)  —  Eoj  p(0 

- - - -  u 


Pll 


-Po 


(32.38) 


The  motion  of  a  plate  described  by  expressions  (32.38)  and  (32.27) 
will  take  place  after  the  i-th  layer  adjoins  the  plate  and  before  the 
i  +  1  layer  adjoins  it. 


Let  us  define  the  point  in  time  t*  where  the  i-th  layer  adjoins 
the  plate.  We  can  easily  write  a  quadratic  equation  relative  to  t* 
from  the  condition  of  equality  in  travel  of  the  plate  and  the  i-th 
layer,  according  to  (32.38).  After  solving  this  quadratic  equation, 
we  find  that 


It  =  +  b,  +  V  bj  +  q , 


(32.39) 


where 


b  m  ./..jiHat  _  (2,np <(>+,,„+  p„|, 


Pn 


£,  =  HujM  |E„  (o_  em mi  -  ''»»<'> 

Po 


Pi 


(32.40) 

(32.41) 


The  quantity  t^  for  a  given  h^  can  be  defined  by  (32.13). 


The  maximum  plate  travel  is  attained  at  the  point  in  time  t, 
for  which 


m 


«MU  =  o. 


(32.42) 


From  (32.27)  and  (32.42),  we  get 

t  —  /  y  ,>nP  M  +  ^OTP  (N) 


(32.43) 


where  N  -  the  number  of  layers  adjoined  to  the  plate  toward  time 


t  =  t  . 
m 
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Employing  (32.39)  and  (32.43)  to  evaluate  ^  and  tN,  after  per¬ 
forming  some  simple  transformations  we  find  the  transcendental  equat¬ 
ion 


&np  (N)  £otp  \N)  — 

-  -±-  |2pnp  (S)  +  p„  +  Pol  Mnp  (Af)  +  ^otp  Wl 
Moreover,  we  previously  had 


(32.44) 


-  Pop  M  +  Porp  (A’)  *  —  (P*  +  P«). 


(32.45) 


These  two  equations  include  two  unknown  quantities  hN  and  tN. 
After  defining  these  quantities,  we  can  easily  calculate  the  quant¬ 
ities  of  the  pulses  and  energy  in  the  direct  and  reflected  waves, 
and  likewise  define  all  the  parameters  of  motion. 


According  to  (32.38),  maximum  plate  travel  is 
It"  (  V)  -  */qip  W  ,  .  j£lll>  (A/>-  foTp(  V) 

’  ’  .V»u  Pa 


(32.46) 


The  plate  subsequently  (where  t  >  tm)in  the  reverse  direction. 
New  cavitation  layers  adjoin  it.  At  a  certain  moment,  the  entire 
system  collides  with  the  main  bulk  of  fluid:  a  shock  wave  is  formed 
which  defines  the  secondary  effect  of  cavitation. 


Let  us  make  an  approximate  evaluation  of  these  effects.  The 
last  cavitation  layer  will  be  formed  at  time  tfi,  where  pressure  on 
the  direct  wave  is  close  to  zero.  This  assumption  made  be  made  with 
conviction  for  a  triangular  or  parabolic  wave.  Consequently, 

Pip  j 

Pw(t  =  *n.  z  =  -/»„)  =  — <PR  -»  /»«)•  I  (32.47) 


For  the  exponent,  pressure  becomes  equal  to  zero  in  infinity. 

We  thus  usually  consider  that  where  t  =  t  ,  p  =  0.2p  . 

n  np  cm 
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Consequently/ 

Pn =  z  =  hn)  Or  0,2pm,  \ 

Po,p  V  =  2  =  —hn)  ■•>=  -  (0 ,2pm  +  p*  -I  pu).  I  (32.48) 

The  cavitation  layer  will  reach  the  plate  where  t  =  t*,  where  the 
value  of  t*  can  be  found  with  the  aid  of  (32.39):  h  =  h^  and  t  =  tn, 

as  calculated  according  to  formulas  (32.47)  or  (32.48). 

\ 

Where  t  >  t*,  the  plate  will  move  according  to  the  law  (32.38), 
(32.27).  The  moment  of  collision,  which  defines  the  end  of  this 
motion,  is  found  as  before  from  the  condition  of  equality  in  travel 
of  the  boundary  of  the  main  bulk  of  water  (of  the  last  cavitation 
discontinuity)  and  the  system  of  the  plate-and-ad joining-cavitation 
layers.  Travel  of  the  surface  of  the  last  cavitation  discontinuity 
at  the  time  of  its  formation  can  be  defined  by  (32.16).  Subsequent¬ 
ly,  this  motion  is  similar  to  the  motion  of  a  free  surface  where 
P0  =  0,  i.e., 


»v„0„ (/)  =  W, «n)  +  f  — ’ <“  - 5 

'•n 

=  -;-fp«(/-0  i-  27,ip(7-r  £j-  Jnp(n)~  7otp(/<)|. 


(32.49) 


Employing  (32.39),  (32.38),  and  (32.49),  and  performing  some 
simple  calculations  similar  to  those  shown  above,  we  find  that 


,  _  ,  i _ •fiivJl’) _  /o  l>  ((l)  i 

**Oy,i  ~  */i  p~  ' 


+  ./  2j5L.fst.-L 
»  p;> 


('«)!• 


(32.50) 


The  velocity  of  the  plate  at  the  moment  of  collision  can  be 
defined  according  to  formula  (32.27). 
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Fig.  134.  Rate  of  Speed  of  Plate  3  mm  Thick 

Under  Influence  of  Shock  Wave  p  =  37  kG/cm2  ; 

m 

6  =  71  ys. 


calculated  by  proposed  method; 
experimental  data; 

-  Shauer  theory,  no  atm.  counterpres¬ 
sure; 

Shauer  theory,  allowing  for  atm. 
-  calculated  without  cavitation. 


The  pressure  of  collision  which  corresponds  to  this  velocity 
(cf.  §8) 


•  u>. 


Ui) 


(32.51) 


The  secondary  shock  wave  formed  as  a  result  of  the  collision 
will  propagate  in  two  directions  from  the  collision  plane.  After 
reaching  the  plate  surface,  it  will  induce  the  formation  of  a  re¬ 
flected  wave.  The  parameters  of  this  wave  may  be  defined  from  the 
equality  of  pressure  and  velocity  on  the  plate. 


Considering  that  the  coefficient  of  reflection  is  equal  to  1, 

for  t  >  t  +  h  /a_,  we  get 
coyfl  n'  0 


PcoyA  ^otp.  coy#  ^0* 


(32.52) 


U7  _  pcoyfl  Pqtp.  coya  i  U7  ,,  \ 

~  +  W  »  V'coy*;- 


(32.53) 


Combining  (32.52)  and  (32.53)  yields 

mW  +  iyj0U>  -  -Pcoy#  ~Po+  PoOotf,  (tcoyA).  (32.54) 
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t.  MMCfK 


Fig.  135.  Net  Pressure  in  front  of  a  Plate  3  nun 
Thick:  (a)  in  front  of  the  plate  at  a  distance 
of  1.1  cm  from  it,  during  underwater  explosion 
G  =  0.6  g  (pm  =  7225  kG/cm  ,  6  =  26  us) ;  (b)  in 

front  of  the  plate  at  a  distance  of  0.7  cm  from  it, 
during  underwater  explosion  G  =  53  g  (pm  =  37  kG/cm  , 

6  =  71  ys). 

- experimental  data; 

- theoretical  data. 


At  time  t  =  t  m  +  h  /a^  with  initial  data 
coyfl  n'  0 


the  solution  of  equation  (32.54)  appears  as 


fVNt  1  A  \  1 

j  _ ^  ~  »«'  ajj 


;v.i 


(32.55) 


whence 


IF (/)  =  \Vy(t  t)-|-  1 1  —  e~  »  ('  '“W  *)] 

*  •  L  J  * 


(32.56) 
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(32.57) 


Fig.  134  gives  a  comparison  of  the  theoretical  rates  of  speed  of 
a  plate  at  the  experimentally  obtained  velocity.  We  can  see  that 
our  proposed  scheme  is  in  good  agreement  with  the  experimental  result. 
The  Shauer  theory  produces  much  greater  error. 


An  additional  support  for  the  validity  of  the  ideas  developed 
in  thes  section  can  be  found  in  oscillograms  shown  in  Fig.  135.  A 
certain  amount  of  discrepancy  in  the  nature  of  variation  of  pressure 
seems  to  be  associated  with  the  absence,  under  actual  conditions,  of 
clear-cut  cavitation  discontinuity  surfaces. 


In  summary,  we  should  note  that  consideration  of  cavitation 
effects  must  be  considered  as  an  obligatory  condition  of  dynamic 
structure  calculation.  Serious  errors  which  may  tend  to  be  danger¬ 
ous  are  possible  in  evaluating  the  maximum  velocities  and  travel  of 
plates.  Analysis  of  foreign  experimental  data  [29]  leads  to  the  same 
conclusion. 


The  subject  of  the  last  two  sections  of  this  book  are  devoted 
to  the  simple  tasks  of  dynamic  calculation  of  plates,  allowing  for 
cavitation. 
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§33.  Dynamic  Calculation  of  an  Infinite  Plata  on  a  Solid 
Elastic  Foundation/  Allowing  tor  Cavitation 

The  results  derived  in  the  preceding  section  may  easily  be 
expanded  to  a  plating  lying  on  a  solid  elastic  foundation. 

The  equation  of  motion  of  such  a  plate,  not  allowing  for  cav 
itation  effects,  will  be 


m  W  r  W0\V  +  K\V  =  2 pmf  (/).  (33.1) 

Equation  (33.1)  differs  from  the  equation  of  motion  of  a  free 
plate  by  only  the  term  which  takes  into  account  the  rigidity  of  the 
elastic  foundation  K.  In  problems  which  are  of  the  greatest  import¬ 
ance  from  a  practical  standpoint,  this  rigidity  is  not  great  and  does 
not  exert  any  noticeable  effect  on  the  initial  period  of  motion.  Con¬ 
sequently,  the  formation  and  development  of  cavitation  in  this  case 
will  occur  just  as  in  the  interaction  of  an  underwater  shock-wave 
with  a  free  plate. 


Limiting  ourselves  to  the  consideration  of  plates  having  low 
rigidity  of  their  elastic  foundation,  let  us  note  that  the  forces  of 
rigidity  in  this  case  will  only  be  revealed  in  the  nature  of  subseq¬ 
uent  motion  of  the  plate,  and  in  the  temporal  picture  of  cavitation 
layers  of  water  adjoining  it.  The  easiest  way  to  consider  the  effect 
of  rigidity  is  to  employ  the  law  of  conservation  of  energy  and  mom¬ 
entum.  We  must  calculate  the  pulse  of  rigidity  and  the  potential 
deformation  energy  of  the  elastic  foundation. 


The  pulse  of  rigidity  is 


Jm  “  J  K\X'dl  =  K  I  W(U. 

<>  ii 


(33.2) 


Because  we  did  not  know  the  function  W(t),  let  us  use  the 
approximate  method  to  define  the  quantity  J  .  Let  us  assume  that 


in  a  rather  small  time  interval  t^  -  t^ 


-1 


w 


,  the  quantity  of  rigidity 
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is  equal  to  K 


,  r  (/Jj  -;  wjO-i] 


3 

l 


Then, 
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/-i 


(33.3) 


where  t*  -  the  time  that  the  j-th.  cavitation  layer,  formed  at  time  t^ 
at  a  distance  of  h^ ,  adjoins  the  plate  (where  j  =  0,  t*  = 

=  tH,  tj_x  =  0;  W(tjg)  =  W1(tH);  W(tj  _  h)  =  0) ; 

W (t* j )  -  plate  travel  at  the  time  that  a  layer  of  water  h^  thick 
adjoins  to  it; 

t*^  -  the  time  that  a  layer  of  water  h^  thick  adjoins  the 

plate,  for  which  we  define  travel  and  plate  velocity. 


The  law  of  conservation  of  momentum,  allowing  for  (33.3)  and 
(32.25),  can  be  written  as 


(33.4) 

whence,  by  total  analogy  with  (32.27) 

W  (/()  =  "m"  '  p";~  ! ^ "p  W  ^°tp  W  (^i  0  Po  (33.5) 

Let  us  now  evaluate  the  potential  deformation  energy  of  the 
elastic  foundation.  Apparently, 


«• 
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(33.6) 
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Consequently,  for  the  moment  in  time  t  »  t*,  by  analogy  with 

(32.37)  ,  we  can  write  the  law  of  conservation  of  energy  in  the  fol* 
lowing  manner 

>'  r’l/,1  $'2 (/))  =  £np (i)  —  £otp (i)  — 


(33.7) 


whence 


1-1  + 


+  ^\P°W<  W  +  £np(0~£'otp  («)  -  -—£4.  W  (/;)jJ  ( 

where  Wi(ti)  can  be  defined  according  to  formula  (32.16). 


(33.8) 


The  moment  ti  of  adjunction  of  cavitation  layers  h.  thick  to 
the  plate  can  be  found  from  the  condition  of  equality  in  travel  of 
the  plate  and  the  i-th  layer.  Reiterating  the  arguments  from  §32 
[cf.  (32.39)],  we  find  that 


=  h  +  -j-  I  bij  ~'r  Cj  i 


(33.9) 


where 


Pu 

~ff  w  +  p.  +  P .)  I KV,  (0  +  p,  I, 

-'(Toro 


(33.10) 


po  2  2K  J 

-  “V  (/)  +  Jor>  (0- 


(33.11) 
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Maximum  plate  travel  Is  attained  at  time  t  -  t^.  At  the  same 

time  WCt  )  =  0.  According  to  (33.5),  we  get 
m 


*n  T=t,\  + 


Jno  (V)  *i~  ^otP  jN)  ~~  (tm) 
Po 


(33.12) 


where  N  -  the  number  of  layers  adjoined  to  the  plate  at  time  t  -  t^. 

The  thickness  of  the  layer  hj^  adjoined  to  the  plate  at  time 
t  =  t  can  easily  be  found  from  the  condition  t  =  t*  [cf.  formula 
(33.9),  (33.12),  and  (32.13)].  After  performing  the  given  calcul¬ 
ations,  we  can  derive  the  quantity  of  maximum  buckling  with  the  aid 
of  (33.8),  assuming  that  W(tm)  =  0, 

W  =  -£2.  ( _ 1-4- 

w  max  —  ^  I  1  * 

+  ]/i + y[p.  e„ (/V) - e„ (*T)]j . 

(33.13) 


Upon  subsequent  motion  of  the  plate  in  the  opposite  direction, 
the  remaining  incipient  layers  will  adjoin  it.  The  last  of  these 
layers  will  adjoin  at  time  t*,  which  can  be  defined  by  formula  (33.9). 
Then,  motion  will  occur  at  a  constant  mass  under  the  influence  of 
the  forces  of  rigidity  and  atmospheric  counterpressure.  Motion  can 
be  described  by  the  differential  equation 


(m  -h  W  +  K U7  =  —  p0. 


(33.14) 


Integrating  (33.14)  at  time  t  =  tn  with  the  initial  data 

W~Wt  (/I). 

*»*,(/;). 


we  will  find  that 


W 


=  Wt  {Qcos ).{t  -  Q  .'r  -  ft  - 


p„ 


1 


in  -r  1  ** 


|l -COS  >.(/  —  /«)], 
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^  =  ^1  (/«)  cos  >.(/  —  /•)  — 


(33.16) 


where 

m  f  fjin 

Equations  (33.15)  and  (33.16)  are  valid  up  to  the  moment  of 
collision  of  the  plate-layer  system  with  the  main  bulk  of  water.  As 
before,  this  moment  can  be  found  from  the  condition  of  eq"ality  in 
travel  of  the  plate  and  the  boundary  of  the  cavitation  area  [com¬ 
paring  (32.49)  and  (33.15)].  The  velocity  of  the  plate  and  its 
adjoining  layers  can  be  defined  both  with  the  aid  of  (33.16)  and 
(33.7) . 


Employing  the  law  of  the  conservation  of  energy  [in  the  form  of 
formula  (33.7)],  we  find  that 


W  ('voy»)  =  ~  j /  VTIaT  (£flp  {n)  £otp  {n)  2  W  {K° 


Poi^(w-^o; 


(33.17) 


Where  Pm  >>  PH  +  Pg  anc*  small  K,  eliminating  small  second-power 
terms,  we  find 


^('coy,) 


V  m  +  p, 


(Enp  W  ~  E0rp  («)!• 


(33.18) 


The  collision  pressure  which  corresponds  to  this  quantity  is 


„  „  |  /  £np(rt)  —  ^orp  (n) 

Pcoyn-f'oOo]/  2  (m  -I-  pjin) 


(33.19) 


After  collision,  the  motion  of  the  plate  occurs  in  almost  the 
same  way  as  the  motion  of  a  free  plate,  and  can  be  defined  by  formulas 
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Fig.  136.  Kate  of  Speed  of  a  Plate  4  nun  Thick, 

Lying  on  a  Solid  Elastic  Foundation.  Under  the 
Influence  of  Pressure  of  an  Underwater  Shock-Wave 
Pm  =  37  kG/cm2;  (a)  -  k  =  6.85  kg/cr. *;  0  =  llOus; 

(b)  -  K=  137.5  kG/cn?  ,0  =  110  us;  (c)  -  K  =  6.85  kG/cm2; 

0  =  1000  ys. 

-  calculated  acc.  to  stated  method; 

-  calculated  according  to  Shauer, 

without  allowing  for  atmospheric  counter¬ 
pressure; 

— . — . — . —  calculated  according  to  Shauer, 

allowing  for  the  effect  of  atmospheric 
counterpressure; 

-  -  -  _  -  _  calculated  without  considering 

cavitation. 
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(32.52)- (32.57)  . 

In  most  cases,  we  are  interested  in  the  interval  10,  t  ]  and 

UlaX 

in  evaluating  maximum  plate  travel  W  .  Fig.  136  shows  the  curves 

luciX 

for  the  rate  of  plate  speed,  calculated  with  the  aid  of  different 
methods.  As  we  can  see,  at  small  values  of  K  and  0,  calculation  of 
the  parameters  of  motion  not  allowing  for  cavitation  produces  the 
greatest  error. 

The  action  of  the  adjoining  cavitation  layers  is  partially 
neutralized  by  the  action  of  atmospheric  counterpressure.  Conseq¬ 
uently,  calculation  of  maximum  plate  travel  according  to  Shauer's 
theory,  without  allowing  for  atmospheric  .counterpressure,  produces 
a  result  which  is  close  to  the  true  value.  If  we  employ  the  Shauer 
theory  allowing  for  atmospheric  counter pres sure,  both  the  rate  of 
plate  travel  and  the  travel  itself  come  oat  to  be  too  low. 

An  increase  in  the  rigidity  of  che  elastic  foundation  K  (Fig. 
136b)  or  in  the  time  constant  0  (Fig.  136c)  yields  a  much  greater 
error  i"  calculating  the  parameters  of  plate  motion  using  the  Shauer 
theory.  Under  these  conditions,  the  action  of  atmospheric  counter¬ 
pressure  is  small  in  comparison  with  the  effect  of  the  motion  of  cav¬ 
itation  layers. 


There  is  often  no  need  to  calculate  all  the  parameters  of  mot¬ 
ion  in  evaluating  the  effect  of  an  underwater  explosion.  If  suffices 


to  find  the  maximum  buckling  Vi 


In  this  case,  since  the  difference 


between  times  t*  and  t  is  small,  it  is  possible  to  assume,  without 
making  serious  errors,  that  at  time  t  all  tho  cavitation  layers  have 
succeeded  in  adjoining  the  plate.*  Then,  formula  (33.13)  acquires 
the  form  . 

1-f 


1  j.  T r,  —  Jct0{n)  .  c  t  . .  ,  k|| 

+  nl  r  i^T - +  f™p<«)-*o,p(n)| J. 


(33. 2Q) 


*Moreover,  the  energy  of  the  last  incipient  cavitation  layers  is 
also  small. 
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Where  pm  >>  p^,  the  role  of  the  term  Po —  PoW„(t„) 
is  small  in  comparison  with  initial  kinetic  energy  Tq  =  TR(t  ^ 

=  E  (n)  -  E  (n)  which  is  transmitted  by  the  shock-wave  to  the 
np  oTp 

plate  and  cavitation  layers.  We  can  therefore  write 


+  \fx  +  (n!]i 

-•$-(-'  + 1/  l  +  7rr')- 


(33.21) 


Let  us  consider  the  relationship  of  the  quantity  of  initial 
kinetic  energy  TQ  as  a  function  of  inertial  properties  of  the  plate 
for  an  exponential  shock-wave  having  a  limited  effect-time  of  pos¬ 
itive  pressure  phase  (t  ) .  Because  the  cavitation  discontinuity 
in  a  fluid  cannot  arise  after  pressure  on  the  direct  wave  becomes 
equal  to  zero  (in  this  case  where  t  +  h  /aft  >  t  ) ,  the  parameters 

t  and  h  ,  which  define  the  quantity  T_,  can  be  found  from  the  re- 
n  n  1  J  0 

lationships 


Pnp  ~ 


(33.22) 


)  —  (3Pm  H*  P*  'H  P»)’ 


(33.23) 


where 


% 


(33.24)* 


* Relation  (32.24)  is  valid  where  t  <1.80.  For  t  >  1.80,  the  form 

3  K 

of  the  underwater  shock-wave  differs  greatly  from  the  exponential. 
Where  t  >  1.80,  we  can  roughly  assume  that  a  -  -.17. 

a  K 
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r 


after  transformations 


(33.25) 


*„  = 


(33.26) 


where  x  _  g 


can  be  defined  by  the  equation 


x 


23 

1  -f-  .1 


fi  =  ?na«9 
f  m  * 


3-1 
3H  1 


P*  ■  P«  \ 
Pm  )  * 


(33.27) 


Considering  (32.31)  and  (32.32)/  and  performing  the  appropriate 
calculations,  we  will  find  that 


r0  =  £np  (n)  —  Eorp  (n)  = 


(33.28) 


With  the  aid  of  these  same  relations,  we  can  easily  calculate 
kinetic  energy  of  the  plate  at  the  beginning  of  cavitation  (with  an 
adjoining  layer  of  water  h  thick) : 

H 


Tnn  —  £np  (^)  ^otp  {fy  — 


Pi  8 


*  + 


— — — I  e  •  —  2e  1 

<i  —  3)5  L 

>(<.-£) 


+ 


-  <»  + 
*r  43 


(33.29) 


Where  pm  >>  p^  +  Pq,  we  can  roughly  assume  that  p  -•  Pq  =  0, 
h.  =  0,  t  =  tn  =  (0/6  -  l)ln6  .  In  this  case,  the  expression  of 

H  K  u 

kinetic  energy  of  the  plate  becomes  simplified 
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•,  '•» 't  ,*.*•? "  v«>, 


«*  4  J.+i. 

T  ■  — -  43  1  -■* 
nfl  • 


(33.30) 


and  coincides  with  the  expression  established  in  study  [10] . 


We  can  achieve  considerable  simplifications  for  the  expression 
of  Tq  is  we  assume  that  the  quantities  p^  +  PQ/Pm  and  a  are  small. 
Then,  according  to  (33.27) 

,  2,i  \i=5 

*177?)  *  (33.31) 


Hence,  on  the  basis  of  (33.28) 


r  Pm° 

i  2,1  \U  Pm6  ..yf 

t«7?)  r 

n.n 

1  /  2  \r-> 

(33.32) 

°~u<r 

2  l  •  x  ? 1  J’ 

or  because 

tnp-  2m.  ’ 

(5.56) 

S,  Li 

T  P"1*  W~* 

1  n.1  —  o  ^  * 

(33.30) 

'T  _ 

'  „  — 

(  2  f*. 

\l  +  ?/ 

(33.33) 

The  ratios 

of  Tn/T  and  Tn/E  for 

u  n/i  0  np 

several  values 

of  the 

parameter  are  given  in  Table  7. 


Table  7 


i  :►  i  io 

i 

15 

20 

25 

r.  i 

—  -  o  ,7* 

7*11.1  j 

4.02 

5,36 

6.75 

7.75 

r  * 

rnp  f 

0  96 

0.98 

0.98 

0.99 
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We  can  easily  see  that  kinetic  energy  acquired  by  the  plate  and 
the  cavitation  layers  is  roughly  equal  to  the  energy  of  the  direct 
wave,  and  exceeds  by  several  times  the  kinetic  energy  of  the  plate 
alone. 

We  can  arrive  at  the  same  result  on  the  basis  of  stricter 
evaluations.  Thus,  Table  8  shows  the  calculated  results  of  Tg/En/i 
for  Pm  =  30  kG/cm2  according  to  precise  relations  (33.27),  (33.28), 
and  (33.29). 


Table  8 


•  I  5 

i.i 

15 

20 

25 

T0 

r  »•*> 

**np 

0.94 

0,95 

0.95 

0.90 

We  can  see  that  again  TQ  *  Enp. 

Because  the  range  =  5-25  encompasses  almost  all  important 
cases  of  the  effect  of  an  underwater  explosion  on  a  ship's  plates, 
we  can  conclude  that  the  basic  parameter  which  characterises  the 
deformation  of  structures  in  the  formation  of  cavitation  is  the 
energy  flux  density  of  the  direct  wave. 


We  will  arrive  at  the  same  conclusion  by  considering  a  shock-wave 
of  arbitrary  profile.  Therefore,  according  to  (33.21),  the  theoret¬ 
ical  relation  for  maximum  buckling  will  be 


(33.34) 


At  small  values  of  KE 

np 

117  -v.  Pm  Pm  n  (33.35) 

»'•**  —  ~n  ‘  —  — J- 
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2  4 

If  KEnp  is  large  (KE  >  50  kg  /cm  ) ,  then 


W 


(33.36) 


§34.  Dynamic  Calculation  of  Plates  Attached  by  their  Edges, 
Allowing  for  Cavitation  Effects  ~ 

The  conditions  of  deformation  of  the  exterior  clad  sheets  in 
a  ship's  body  are  considerably  different  from  those  considered  in 
the  preceding  section.  The  distinction  mainly  amounts  to  the  dis¬ 
placement  of  all  points  on  an  infinite  plate  lying  on  a  solid  elas¬ 
tic  foundation  being  identical,  whereas  the  presence  of  a  set  deter¬ 
mines  a  non-uniform  distribution  of  mass;  consequently,  there  is 
a  heterogeneous  field  by  the  sheath  covering.  Pressure  near  the 
support  contour  becomes  greater  than  at  the  middle  of  span.  There 
is  a  fluid  return  flow  and  the  diffraction  processes  associated  with 
it.  The  pliancy  of  supports  exerts  a  considerable  effect  on  the 
nature  of  the  hydrodynamic  field. 

All  these  facts  are  also  reflected  in  the  development  of  cavi¬ 
tation  effects.  We  can  no  longer  speak  of  plane  surfaces  of  the 
cavitation  discontinuities.  A  mathematical  description  of  the  pro¬ 
cess  of  interaction  of  the  shock  wave  with  the  ship's  body  becomes 
extremely  unwieldy.*  We  must  design  a  simplified  model  which  is  suit¬ 
ed  for  practical  evaluations.  Let  us  consider  such  a  model. 

As  the  object  of  our  study,  let  us  select  a  rectangular  plate 
on  a  rigid  support  contour  forming  an  infinite  casing.  We  can  in¬ 
dicate  the  areas  which  are  hydroaynamically  independent  of  each  other 
(due  to  symmetry)  for  this  type  of  plate  (cf.  §30). 

*Because  cavitation  occurs  rather  rapidly  when  the  plate  travels 
almost  parallel  to  itself,  and  its  form  at  this  time  is  quite  dif¬ 
ferent  from  the  form  of  the  main  vibrations  of  the  basic  tone,  we 
can  no  longer  limit  ourselves  to  considering  the  motion  of  a  body 
in  form  alone,  as  we  did  in  preceding  section. 
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The  analysis  of  numerous  experimental  materials  has  indicated 
the  extremely  diverse  nature  of  plate  deformation  in  the  initial 
period  of  motion.  The  moment  of  incidence  of  the  shock  wave  is 
accompanied  by  the  progressive  motion  of  the  plate  along  almost 
its  entire  surface.  Henceforth,  a  portion  of  the  progressive 
motion  gradually  decreases  and  ultimately,  its  area  becomes  equal 
to  zero.  The  mean  rate  of  propagation  of  the  portion  boundary,  as 
a  rule,  is  less  than  the  rate  of  propagation  of  longitudinal  and 
transverse  waves  of  the  plate  material. 

These  facts  can  be  explained  in  view  of  the  ideas  stated  in 
§26.  Indeed,  during  the  incidence  of  a  shock  wave  onto  a  plate,  a 
reflected  and  refracted  wave  is  formed.  In  propagating  through  the 
metal,  the  refracted  wave  reaches  the  lee  surface  (the  steel-air 
interface) .  All  points  on  the  plate  are  drawn  into  motion,  acquir¬ 
ing  identical  velocity.  The  process  of  multiple  reflection  and  re¬ 
fraction  of  waves  induces  an  abrupt  change  in  the  rates  of  motion 
of  the  plate  sides.  The  nature  of  this  change  totally  corresponds 
to  the  similar  process  in  an  infinite  plate  until  the  flexural  wave 
propagating  from  the  support  contour  reaches  the  point  in  question. 
After  the  flexural  wave  arrives,  the  presence  of  the  supports  will 
retard  the  motion  at  the  given  point.  Vibration  begins  which  rough¬ 
ly  corresponds  to  the  basic  tone. 

Therefore,  in  order  to  evaluate  how  the  formation  conditions  of 
cavitation  by  plates  of  finite  dimensions  differ  from  those  for 
infinite  plates,  we  must  know  the  distance  x  which  is  traveled  by 
the  flexural  wave  from  the  edges  to  the  point  in  the  center  of  the 
plate  where  negative  net  pressure  is  established.  A  semi-empirical 
relation  may  be  used  for  this  purpose.  This  relation  is  established 
as  a  result  of  analyzing  materials  of  specially  conducted  tests*, 


x  -  A  |/of, 


(34.1) 


* Tests  conducted  by  Novoselov  and  Basov  under  guidance  of  Zamyshlyayev. 
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where  6  -  plate  thickness,  cm;  t  -  propagation  time  of  the  flexural 
wave,  sec.,  A  -  dimensional  coefficient  (for  rigidly  fastened  steel 
plate  A  =  830  cm^^/sec^^2) . 

For  the  plates  which  are  most  frequently  encountered  in  prac¬ 
tice,  where  a  relatively  rapid  formation  of  negative  net  pressure  in 
the  central  portion  is  capable  of  inducing  fluid  cavitation,  the 
flexural  wave  propagates  from  the  edges  at  a  comparatively  small 
distance.  Cavitation  encompasses  almost  the  entire  plate  plane, 
except  for  the  immediate  proximity  of  the  support  contour.  The 
ship's  covering  seems  to  tear  away  from  the  water  along  almost  its 
entire  surface.  It  would  seern  that  under  these  conditions,  we  can 
fully  employ  the  previously  developed  scheme  for  dynamic  calculation 
of  a  plate  lying  on  a  solid  elastic  foundation.  However,  this  is 
not  completely  so. 

In  the  motion  of  a  plate,  three  basic  periods  can  be  noted: 

1.  From  the  moment  of  incidence  of  the  direct  wave  front  to 
the  moment  of  formation  of  cavitation  (0  <  t  <  t^).  During  this 
period,  the  central  plane  of  the  plate  which  is  not  subject  to  the 
effect  of  the  edges,  travels  progressively  like  a  plate  of  infinite 
dimensions.  Where  t  =  t  ,  a  cavitation  discontinuity  arises  along 
almost  the  entire  surface  of  the  fluid,  directed  parallel  to  the 
plane  of  the  plate. 

2.  From  the  moment  of  the  inception  of  cavitation  t  until 
the  flexural  waves  arrive  at  the  center  (t  <  t  <  t  ) .  During  this 

K  H 

period,  the  central  portion  continues  its  progressive  motion.  Its 
motion  is  affected  by  air  counterpressure  as  well  as  that  resulting 
from  the  cavitation  layers  adjoining  the  plate. 

3.  From  the  moment  the  flexural  waves  arrive  at  the  central 
point  on  the  plate  (t  >  t  ) .  Motion  occurs  in  roughly  the  main  tone 
of  vibration.  For  our  generalized  coordinate,  we  can  adopt  the 
buckling  of  the  central  point  on  the  plate  with  respect  to  the 
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immobile  supports  W^(t).  In  addition  to  the  adjoined  cavitation 
layers  and  atmospheric  counterpressure,  the  forces  of  ridigity  exert 
a  considerable  influence  on  plate  motion. 

In  the  first  period  (0  <  t  <  t  ) ,  the  motion  of  the  central 
point  on  the  plate  can  be  described  by  the  differential  equation 

mW(t)  -|-ryi0lP  (0  --  2p (/)  (34.2) 

with  initial  conditions  W(0)  =  W( 0)  =  0.  The  velocity  and  travel 
of  the  central  plate  point  at  time  t  =  t  have  been  defined  accord- 
ing  to  the  formulas  in  §22.  The  formation  time  of  the  first  cavi¬ 
tation  discontinuity  in  the  fluid  t  and  its  distance  from  the 
plate  h  can  be  found  from  relations  (32. 5) -(32. 8) . 

K 

Motion  in  the  second  period  (t  t  <  t  )  can  be  described  by 
the  relations  of  §32  and  are  not  very  different  from  the  motion  of 
a  free  infinite  plate,  allowing  for  the  effect  of  atmospheric 
counterpressure  and  the  adjoining  cavitation  layers  of  water.  The 
evaluation  of  subsequent  cavitation-layer  formation  during  the  motion 
of  a  plate  in  a  given  form  of  buckling  is  not  easy  matter.  It 
generally  requires  the  examination  of  nonlinear  effects.  However, 
as  our  calculations  have  shown,  this  fact  can  be  considered  in 
approximation,  considering  that  at  time  t  =  t  ,  only  one  layer  has 
adjoined  the  plate,  whose  thickness  is  equal  to  the  total  thickness 
of  all  actually  formed  fluid  cavitation  layers. 

Under  this  assumption,  travel  and  velocity  of  the  central  plate 
point  can  be  found  with  the  aid  of  the  laws  of  the  conservation  of 
energy  and  momentum  for  the  pla ^e-fluid  system. 

According  to  (32.38)  and  (32.27),  we  get 


W'V  „> 


Aip(n)  —  JOJI)  (n) 

fftOo 


£np  (ft)  £prp  (ft) 

p. 


fft  -  fpftrt 
2p0 


*"(/,). 


(34.3) 
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|jv  |  =  Aip  (n)  f  A>tp  (*l)  —  Pit  (tf,  —  tn) 
m  Pj*n 


(34.4) 


where  t  ,  h  -  the  moment  of  formation  and  the  distance  from 
n  n 

the  plate  of  the  last  cavitation  discontinuity. 

The  quantities  tn  and  hR  can  be  defined  by  equations 
(32.47)  and  (32.48); 

J  (n) ,  E  (n) ,  J  (n)  and  E  (n)  -  the  momentum  and  energy 
np  np  OTp  OTp 

of  the  direct  and  reflected  waves,  calculated  with 
the  aid  of  relations  (32.19)- (32.22) ,  (32.31)- (32.34) ; 
t  -  the  arrival  time  of  the  flexural  waves  at  the  center 

H 

of  the  plate  (cf.  (34.1)]. 

Where  t  >  tH ,  the  differential  equation  of  motion  of  the  central 
point  on  the  plate  will  be 


»' (/)  +  «?ir  (/)  =_  q 


(34.5) 


with  initial  conditions  (at  time  t  =  t) 

H 


where  w  -  the  frequency  of  vibration  of  the  plate  in  the  basic  tone: 


~i  __  u *  _  A'np 

!  ,  fjin  «t(m  +  pQA,,)S  ’ 
m 


(34.6) 


Knp  -  the  reduced  coefficient  of  rigidity,  defined  according  to 
formauls:  for  a  plate  rigidly  fastened  along  its  edges 


EV 

12(1  -:i») 


■£*■(“ +£+t)- 


(34.7) 


for  a  freely  resting  plate 


Knp  = 


—  ;»*)  16  0  \  **  / 


(34.8) 


E  -  the  Young  modulus  (for  steel,  E  «  2. 1*10 6  kg/cm2); 
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y  -  Poisson  factor  (for  steel  y  =  0.3); 
k  =  b/a  -  the  ratio  of  plate  sides  (2b  -  the  long  side) ; 

Q  -  the  generalized  force  of  atmospheric  counterpressure: 


O  B  Pm  l  • 

(34.9) 

al'  a2  “  coefficients  of  evenly-distributed  load  and  reduced 
mass  (for  a  rigidly  fastened  plate  =  0.25;  = 

=  0.141  and  for  a  freely  resting  plate  a1  =  0.405; 
cl  2  =  0.25); 

S  =  4ab  -  the.  sure  a  of  the  plate  surface. 

The  travel  and  the  rate  of  speed  where  t  >  tH  can  be  defined 
by  the  relations 


117(f)  + 

+  [*(!.)  + 


-^4^sini(f  —  ij  + 

m 

4-]co»-(/-fJ; 

—  (/.)•*+  4-J*in«T(<  —  tj. 


(34.10) 

(34.11) 


The  quantity  of  maximum  buckling  If  and  its  time  of  acquis it- 

max 

ion  tm  can  be  found  from  the  formulas 
m 


*Vm) 


,  ,  ,  *  _ 

—  *rc*8  I  7T  * 


(34.12) 

(34.13) 


For  the  approximate  evaluation  of  maximum  buckling,  we  can 
also  employ  relation  (33.20) 


f 


x 


np 

X  [  | ,/~ 1  -f  —  | !*) -£°1P 4.  W»)J  1 1 
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(34.14) 


2 

Where  pm  >  30  kg/cm  and  6  =  5-25  (which  is  most  often  encount- 
4^  ered  in  practice),  with  a  precision  of  jp  to  10%,  it  follows  from 
(34.14)  that 


It’  ..  = 


1  _L  F 

+  r£  np 


(/!)- 


(34.15) 


If 


then 


£c1(|  ^'npPnpJfj  ->  50  K^/CJM4. 


r„.  =  ]/  — M 


(34.16) 


This  scheme  is  valid  for  plates  making  up  casings  and  cover¬ 
ings  where  the  counterflow  of  fluid  is  encumbered,  due  to  the  symmet¬ 
ry  of  the  process.  For  plates  which  are  fastened  to  a  rigid  wall, 
or  end  plates,  the  diffraction  phenomena  become  quite  substantial. 
Diffraction  waves,  propagating  at  the  speed  of  sound,  rapidly  over- 
r ' take  the  flexural  waves,  changing  the  hydrodynamic  field  and  the 
form  of  plate  buckling.  It  follows  from  (34.1)  that  the  rate  of 
propagation  of  flexural  waves  even  when  x/6  *  2.3  is  less  than  the 
speed  of  sound  in  water.  Until  diffraction  waves  from  the  support 
contour  reach  the  central  point  on  the  plate,  a  central  portion  w  11 
exist  whose  motion  is  similar  to  the  travel  of  an  infinite  plate. 
Then,  this  portion  ceases  to  exist,  and  conditions  are  created  whf  :e 
cavitation  is  either  not  formed  or  if  it  forms,  it  exerts  not  sub¬ 
stantial  effect  on  the  nature  and  magnitude  of  the  external  load. 


There  is  much  interest  in  comparing  the  diffraction  time 
t  =  a/an  the  cavitation  occurrence  time  t  . 

A  V  K 

Kirkwood  suggested  the  following  condition  [10]  as  a  criterion 
for  the  formation  of  cavitation: 


t 

where  -  diffraction  time  (short  side  of  plate  =  2a); 
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t  -  the  moment  of  formation  of  cavitation  in  the  center 

ri 

of  the  plate,  if  we  consider  it  in  our  assumption 
of  infinity  of  dimensions. 

The  analysis  of  experimental  materials  confirmed  the  validity 

of  the  Kirkwood  criterion  and  permitted  him  to  slightly  refined  it. 

It  was  found  that  for  individual  plates  fastened  to  a  rigid  wall 

and  for  end  plates,  three  typical  cases  of  motion  can  be  indicated: 

t  <  0.5t  ;  0.5t  <  t  <  t  and  t  <  t 

«  A  aha  A  k 

Where  tK  <  0 . 5t^ ,  when  cavitation  is  formed  much  earlier  than 
the  arrival  time  of  the  diffraction  wave  at  the  plate  center, 
it  too  defines  the  nature  of  motion.  Diffraction  effects  do  not 
exert  any  substantial  effect  on  the  external  load.  In  this  case, 
the  end  plate  and  the  plate  fastened  to  a  rigid  wall  move  just  like 
a  casing  plate.  To  evaluate  the  parameters  of  this  motion,  we 
can  employ  the  preceding  formulas.  If,  however,  the  time  of  cavit¬ 
ation  is  greater  than  the  time  of  diffraction  (t  >  t  ) ,  then  cavi- 

K  A 

tation  has  little  effect  or  has  no  effect  on  the  net  load  during 
interaction  of  a  shock  wave  with  a  plate. 

The  hydrodynamic  fields  and  the  first  and  second  category  gen¬ 
eralized  forces  can  be  calculated  on  the  basis  of  the  hypothesis 
of  continuity,  as  was  done  in  the  main  sections  of  this  book.  Mot¬ 
ion  of  the  central  portion  of  a  plate  prior  to  time  t  =  t^  =  a/aQ 
can  be  accurately  described  by  the  formulas  in  §22.  After  the 
convergence  of  the  diffraction  wave  with  the  center,  vibrations 
begin  in  the  basic  tone.  First  and  second  category  generalized 
forces  and  F2  can  be  defined  according  to  the  formulas  in  §27 

and  §31.  At  the  same  time,  in  the  time  interval  t  <  t  <  2a/aA  = 

=  2t^,  the  function  F^Ct)  can  be  written  as  the  sum  of  the  terms 
which  are  linear  functions  of  velocity  and  travel.  Where  t  >  2t^ 

second  category  generalized  force  is  proportional  to  acceleration 
(hypothesis  of  noncompressibility  of  a  fluid) . 
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The  case  0.5t^  <  t  <  represents  the  greatest  difficulties. 
Both  diffraction  and  cavitation  processes  are  substantial  at  this 
point.  Based  on  our  previously  developed  ideas,  we  could  design  a 
theoretical  plane  for  it.  However,  in  practice,  such  temporal 
relationships  are  not  that  frequently  encountered.  Consequently, 
we  can  simply  recommend  the  use  of  linear  interpolation  of  the 
two  solutions  we  have  given  (t  <  0.5t  ;  t  >  t  ). 

In  conclusion,  let  us  note  that  the  enormous  amount  of  work, 
which  was  recently  been  published  in  the  field  of  envelope  dynamics 
compels  us  to  consider  the  problem  of  underwater  shock-wave  inter¬ 
action  with  an  envelope  as  an  independent,  highly  important,  and 
interesting  problem.  Even  a  brief  statement  of  the  primary  aspects 
of  this  problem  would  require  a  separate  monograph. 
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